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IlepeamoBa

Tema «YwucnoBi Ta (yHKIIOHATIBHI PSIIM» € YaCTUHOIO KYpPCY BHIIO]
MaTeMaTuku. YKuciioBi Ta PyHKI[IOHAIBHI PAOU LIKPOKO 3aCTOCOBYIOTHCS B
pI3HMX PO3AUIaX MaTeMaTUKU Ta IPHU PO3B’sI3yBaHHI NMPUKIAJHUX 3a]ad.
Psnn € omHuM 3 HaWOUIBII yHIBEpCAIbHUX 1 €(PEKTUBHUX 3ac00iB SK
JMOCHIJUKEHHS, TaK 1 OOYMCIIEHHS, OCKUIBKH JO3BOJISIOTH 3a JOIIOMOIOIO
HAOIM>KEHUX OOYMCIIEHb OTPUMATH PE3YJIbTaTH 13 3a/IaHOK0 TOYHICTIO. B
MaTeMaTHlll YUCIIOBI PSIIM BUKOPUCTOBYIOTHCS ISl OOUUCIICHb 3HAYCHD
byHKIIM Ta 1HTErpadiB, MJIS PO3B'SI3yBaHHS TPAHCICHACHTHUX Ta
anreOpaidyHuX PIBHAHD, JOCIHIKEHHS PI3HOMAHITHUX MPUKIATHUX 3ajad,
NOB'A3aHUX 3 HAOJIM)KEHUM 1HTETPYyBaHHSIM JTU(PEPEHIIaTbHUX PIBHSIHb.

[lepmi npukiIagv YKCIOBUX PANIB 3yCTPIUYAIUCh B AHTHYHIN
mareMaruili. Tak B CtapogaBHbOMY €TUNTI BUBYAIWCS apu(PMETHUHI Ta
T€OMETPUYHI MPOTpecii, YICHN SKUX CYMyBaJIWCA. 3HAXOAUTH CKIHYCHHI
CyMH apu(METUYHOI Ta TEOMETPUYHOI MPOrPECiii BMUIM TAKOXK IPELbKI Ta
KUTANCBhKI CTapOJAaBHI MAaTEMATHUKHU.

3 mouatky XVII ctomiTrs po3BUTOK Teopii psiaiB Oa3yeTbcs Ha
pO3MJISIII  YMCJIOBOTO PSINy SK HECKIHYEHHOI CYMH TI€BHUX JIOJAHKIB.
Itaniiicbkuit MmaTematuk I1°eTpo Menromi (1626 — 1686 pp.) nepiium cTaB

JOCITIKYBAaTH HECKIHYCHHI PSIAM B 3arajibHOMY BUTJIsiAl. BiH po3rsiHYB

KBaJpaT 31 CTOPOHOIO JIOBXHHHU | 1 TUJIOIIEIO,
1 sgka BIAMOBIAHO JopiBHIOE 1. IlomimuBim
IJIONLY KBajpara HaBMOUI, NOTIM OJIHY 3

MOJIOBUH 3HOBY HAaBMNUI 1 T.J., OTPHUMAaB

% 1 HECKIHYEHHY  KUIBKICTb  IPSIMOKYTHHKIB,
1 4 TUTONII SIKUX YTBOPWJIM YHMCIOBUH psia. Takum

16 YUHOM, PHUCYHOK MeHronl  JAeMOHCTpye

JIOBEACHHS TOTO, IO



Y XVIII cr. anraiticekuii MmatemaTuk bpyk Teitnop (1685—-1731 pp.)
3aMpoONOHYBaB BXKJIMBUI METOJ po3Kiaay (PyHKIi B CTENEHEBUM psii Ha
OCHOBI IHTEepHOJSALiiHOT popMynn HetoToHa. BuBUeHHs 301KHOCTI ps/IiB
3HAYHOI0 MIPOI0 OOYMOBJIIOBAJIOCS MOTPEOOI0 3HAXOJKEHHS JUISl JESAKUX
GyHKINA ~ palioHaJIbHUX BHUpa3iB, SKI J03BOJSIM O  3iMCHIOBATH
iHTerpyBanHs Takux QyHkui. Y 1812 porui Himenpkuit Mmatrematuk Kapi
@pinpix Taycc (1777 — 1855 pp.) HaBiB mepmmil 3pa30K TOCIIIKEHHS
301KHOCTI psAxy. Haa3BuuailHO BaroMuii BHECOK B PO3BUTOK TEOPIl PsAIIB
3poOuB miBeinapcbkuii Mmarematuk Jleonapy Eiinep (1707 — 1783 pp.). Bin
IIUPOKO KOPHWCTYBABCSA psAdaMU JJIsi  TMpeACTaBlIeHHS (QYHKIH B
PI3HOMAHITHUX OOYHCICHHSX, MPUYOMY TOPAI 31 CTENEHEBUMHU psAamMu
3aCTOCOBYBaB TPUTOHOMETPUYHI psiau. Eiliep BUKOPHUCTOBYBAB Ta BUBYAB
TaKOXX PO301KHI pAIM Ta OAHUM 13 MEPIIMX JOCHIPKYBaB IUTAHHS
MOKpAIIeHHS 301)KHOCT1 PSIIB.

3HauHMI Martepian Mo psijaaM, [0 HAKOMWYMBCS Ha movatok XIX
CTOJIITTS, TOCTABUB MEPE]l HAYKOIO 3a7a4y CTPOTOro OOIPYHTYBaHHS TeOpii
psaaiB. Y 1821 poui ¢panny3bkuii matematuk Ortocten Jlyi Komi (1789 —

1857 pp.) BCTaHOBUB OCHOBHI Cy4YacH1 MPUHLMUIIA TE€OPil psiAiB, JaB YiTKI
O3HAYEHHSI CYMH YHCJIOBOTO PsTy, 301KHOCTI Ta po301KHOCTI psiay. B ei
yac Oynu cpopmysiboBaH1 JOCTaTHI O3HAKH 301KHOCTI PSAIIB 3 JTOJaTHHUMHU
yreHamMu. Pe3ynmpraTd B 1bOMYy HampsMmky oTpumanu JKan Jlepon
JI” Anam6ep (1717 — 1783 pp.), Orrocren Jlyi Komri, Ho3ed JTronsir Paa6e
(1801 - 1859 pp.), Epucr Enyapn Kymmep (1810 — 1893 pp.), Hinsc
Tenpik A6ens (1802 -1829pp.) Ta in. 3 mouarky XXcr. y
MaTeMaTUYHOMY aHali31, YUCEIbHUX MeToAaX, (i3ulil, IH)KEHepii Ta THIIUX
pO3/JIax HAYKH METOAM TEOPil PSAIB € HIUPOKO 3aCTOCOBHUMM.



Beryn

Mera HaB4aNbHOTO BUJAHHS — HAJATU CTyJEHTaM (PyHIaMEHTAJIbHI
MaTeMaTU4HI 3HaHHS T4 HABUYKU 3 BUKOPUCTAHHA TEOpIi psiiiB, HEOOX1HI
JUIsL YCHIIIHOTO 3aCBOEHHS 3arajlbHUX TEOPETUYHUX Ta CIEeliaIbHUX
JTUCLMIUTIH, mnepeadaueHuX HaBYAIBHUMM MporpaMaMu OyJiBEIbHUX
CrelaJIbHOCTEMH.

VY pe3ynbTari BUBUECHHS po3Ainy «HucioBl Ta (yHKIIOHAIBHI PN
JTUCHUILTIHU «BHIlla MaTeMaTukay CTyJEeHTH TOBUHHI

3HATH:

- OCHOBHI TOHSTTS Ta O3HAYECHHS YUCIIOBUX PS/IIB,;

- TMOHATTA psAy TE€OMETPUYHOI MpOorpecii, TapMOHIYHOIO psay,
y3arajabHEHOTO TAPMOHIYHOIO PAY;

- JIOCTaTHI O3HAKHU 301KHOCTI PAJIB 3 TOAATHUMHU WICHAMHU: MEPITY
Ta APYry O3HaKu MOpPIBHSAHHSA, o3HaKy JI’AnamOepa, paauKalbHy O3HAKY
Ko, inTerpansny o3naky Korii;

- JIOCTaTHIO O3HAKy 301KHOCTI 3HAKOIIOYEPTOBHUX PAJIIB — TEOPEMY
JleiiOHiua;

- OCHOBHI TIOHSATTS Ta O3HAYCHHS (QYHKIIIOHAIbHUX PSIIB;

- TOHSATTS pajilyca 301KHOCTI Ta IHTEpBaJa 301KHOCTI CTEIEHEBOTO
psany;

- TOHATTS PIBHOMIPHOT 30DKHOCTI  (DYHKIIOHANIBHOTO Py,
Teopemy Beliepiirpaca;

- psau Teinopa Ta MakiiopeHa, iXHi OCHOBH1 BJIACTUBOCTI;

- psanu Oyp’e, OCHOBHI MOHATTS Ta O3HAYEHHSI.

yMiTH:

- JIOBOJAMWTH 3a O3HAYCHHSIM 30DKHICTh UM PO3ODKHICTH YHCIOBOTO
psany;

- 3aCTOCOBYBaTU Il JOCHI/DKEHHS Ha 30DKHICTH pSIiB 3
JOMaTHAMH WICHAMH JOCTATHI O3HAKHM 301KHOCTI: MEepITy Ta APYTY O3HAKH
nopiBHSAHHS, 03HaKy /I’ AnamOepa, panukanbHy o3Haky Ko, iHTerpajibHy

o3Haky Kori;



3aCTOCOBYBATH JIOCTATHIO O3HAKY 301KHOCTI, Teopemy JleiOHina,

JUISL JOCIIIKEHHS 3015KHOCT1 3HAKOMOYEPTOBUX PSI/IiB;

3aCTOCOBYBaTH  JOCTaTHKO  O3HAaKy  BeHWepmrpacca — mis

JOCIIIJIPKEHHS PIBHOMIPHOI 301)KHOCTI (DYHKI[IOHAIBHUX PS/IIB;

3HaXOJIUTH 00JIACTh 301’KHOCTI CTETICHEBUX PSIJIIB;
po3kianatu GyHKIi B psia Teisiopa Ta MakiopeHa;
po3knanaTtu B pan Oyp’e 2n-nepioauyHi QyHKIIIT;
po3kiaaatu B psag Oyp’e PyHKINIT 3 TOBUIBHUM MEPIOJIOM;

po3kiiagatu B psg Oyp’e HenepioanyH1 QyHKIII.



Tema 1. Yuciosi psiau

Jekuia l. 30icnicmv i cyma wuucnoeozo psaoy. Pao
ceomempuyunoi npocpecii. I'apmoniunuint psao. Y3azanvheni
2apmoniuni paou. Heobxiona o3znaka 30ixcnocmi psaoy

30isKHICTD i cCymMa YHCJIOBOTO Py

Hexait 3ajana HecKiHYEHHA MOCIIIOBHICTh JIMCHUX YKcea (YUCIoBa
MOCIIOBHICTB)
a1,85,...,8pn,.",

TOOTO BiJOME TPaBHWJIO, 3a SKUM JJI1 KOXKHOTO HATypajJbHOIO YHclia N
MO’KHA BU3HAYUTH N-1 YiI€H HOCIIJOBHOCTI.
Osnavenns. Bupas

o0
H+a,+...+a,+..= D a, (1)
=1

Ha3MUBAETBCA YUCTIOBUM p}laOM.

Yuciaa dq,dy,ds,... HA3UBAKOTHCS UWleHaAMU pﬂdy, d, — 3a2anbHuUm

YneHoM psoy.

Bupa3 (1) moku mo TOYHOTO CEHCY HE Ma€, OCKIIBKM HECKIHYCHHE
YHCIIO OJJaBaHb 3ICHUTH HE MOXKHA.

O3nauvennsi. Cyma N mepmux uwieHiB psaay (1) HasuBaerbcs N-io

YACMUHHOIO CYMOIO POy 1 TO3HAYAETHCS S,

Sp=a +a,+...+a,.
To6To uucnoBomy psay (1) MokHA IOCTaBUTH Y BiJAMOBIIHICTH
YHCJIOBY MOCiJOBHICTh
S| =9,
S, =a;+ay,
S;=a; +a, +as,
I HaBmaku, 4YHMCIOBIM NOCIIAOBHOCTI 8q,dp,...,8,,... MOXHa

MTOCTaBUTH y BIJMOBIIHICTD PSJT



y+(@—q)+@g—a))+..+(a, —a,_1)+-...

VY OaraThox BHUMaAKax MPEJCTABICHHS YUCIOBOI MOCIIJIOBHOCTI Yy
BUTJISZII PSSy € 3PYYHIIIUM JJIS JOCHIIKEHHs 301KHOCTI 1 BU3HAYEHHS

CYMH pSTy.
O3HavenHsl. SIKiIo ICHye CKIHYEHHAa TPaHUI TIOCITIIOBHOCTI

gacTHHHUX cyM S =1imS,, To 1 rpanuns S Ha3MBa€THCS cyMoI0 psdy i
n—oo

P Ha3MBAEThCS 30icHum (psi0 36icaemucs). SIKIO 1 TPAHMIS HE ICHYE
a00 € HECKIHYCHHOI0, KOJIH N —> 00, TO sl HA3UBAETHC po3bidchum (psio

po3bicaemubcs) 1 TAKUHM Psifi CYMU HE Mae.

o0

Teepmxenns 1. fkmo psin D &, 30iraerses i oro cyma piBHa S,
n=1
(0.0]
TO psig ), C-a,, Ae CeER, takox 36iraetbest i Horo cyma piBHa C-S.
n=1

e 0] e 0]
SIkmo x psig Y, 8, po3diraeThes, To po3biraeTses i psg Y, C-a, .
n=1 n=1

o0 o0
Teepaxennst 2. fIxkmo nBa 30DKHHX pagd X @, 1 X bn MAaroThb
n=1 n=1

o0
cymu 4 i B Bigmosigno, To psin Y. (8, £b,,) Takox 36iraerscs i ioro cyma
n=1
nopisuioe A+ B.
3ayBaxenHsi. Cyma (pi3HHIIS) 30DKHOTO Ta PO3ODLKHOTO PSAIB €
po30DKHUM psiioM. Cyma (pI3HULISI) TBOX PO301KHUX PsIIIB MOXKE OyTH SIK

3015)KHUM, TaK 1 pO301>)KHUM PSJIOM.

Psan
o0
Ih=ap tapp taq3+...= Z Ay
k=n+1

Ha3uBaeTbcss N-m sanuwkom psoy (1). Bin yrBoproerbes 3 psmy (1)

BIAKMAAHHIM N MEPIIUX HOTro YJICHIB.



TBepakenns 3. SKiio 30iracThes s

o0
Z an :a1+a2+a3+...+an +an+1+...,
n=1
TO 301raeThCA 1 HOT0 3aJIUIIIOK
I’n :a.n+1+an+2 +an+3+....

Tob6T0 Ha 301KHICTh PAAY HE BIUIMBAE BIIKUJAHHS a00 MpUETHAHHS
JI0 HBOT'O CKIHUYEHHOI KUTHKOCT1 YWICHIB.

Hpukaan 1.
Pag 0+0+0+...+0+... —36iraerscs i fioro cyma pisua 0.
Pag 1+1+1+...+1+... — posdiraerscsa. JlificHo, N-a YacTUHHA
cyma pagy S, =N.I'parnus lim S, = limn=oo.
N—>a0 N—>0
Pan 1-1+1-1+1-1+..+1—... — po30iraerbcs, OCKIIbKHU

MOCJTIJOBHICTh YacTKoBUX cyM 51 =1, S, =0, S3=1,... rpanuui He mae.

© 1
Hpukaan 2. Jlocniautu Ha 30DKHICTH P z ——— 1 3HaAWTH
= n(n+1)

HOr0 CyMy.
Po3p’si3anns. 11 3HAXOMKEHHS CyMH psiy 3alulIeMoO MHOTo

3arajbHUN WICH Y BUTJISAI CYMH MPOCTUX APOOIB:

1 (@+n-n_1 1

a. = = = .
" nin+) n(+1) n n+l

[TizcraBnstoun B 1€ BUpa3 JJIA 3arajibHOTO 4YjieHa psay 3amicTh N
rocaigoBHo 1,2,3,..., N, 3anumemMo

1 1 1 1 1 1 1
S M R R R R ]

Yactunna cyma S, =8 +a, +...+a,, abo

)

Y mpaBiii YacTWHI PIBHOCTI BCl JOJAHKH, KpIM TEPIIOTO 1

10



OCTaHHBOT'O, B3aEMHO 3HHILYIOTBCS, TOMY O =l——1. TobTo cyma
n+

pany
S=Ilim§, = lim (1—ij:1.
N—>00 N—o0 n+1

OTtxe, psan 30iraeTbes 1 HOro cyma JOpiBHIOE 1.
Psiax reomeTpu4yHOI nporpecii (reoMeTpU4YHUN psij)

BaxuBuMu TpUKIaHaMHu PAIIB € PO TE€OMETPHUYHOI TpOrpecii.
I'eomempuunoio npoepecicro Ha3UBAETHbCA YMCIOBA TOCTIOBHICTD, Y SIKOI
KOXKE€H HACTYITHUW YJieH JOPIBHIOE TIOMEPEeIHBOMY, ITOMHOKEHOMY Ha
Jesike, HE3MIHHE NIl JaHoi mporpecii, uucio. ['eomeTpuuHa mporpecis
3aMHUCY€ETHCA Y BUTIISI

a,aq,aq’,...aq",... ,

e a — nepwiul 4ieH npozpecii, ( — 3HaAMeHHUK Npozpecii.

Psini, wieHaMu SIKOTO € WIEHH r€OMETPUYHOI MPOTrpecii,

a+aq+aq2+...+aqn+... = iaqn_l (2)
=1
HA3UBAETHCS PAAOM 2eOMeMpPUUHOL NPOcpPecil.
TBepaxennsn 4. Psao  ceomempuynoi  npoepecii io: aq”‘l
=1
30icacmbess [ U020 cyma  OopisHioe S = 11 akwo |Ql<l, i

posbicacmocs, akuo | [>1.

JNosenennsi. JlificHo, gocmiauMo Ha 301kHICTh psa (2). Bimomo, 1o
cyMma N MepuIrMx 4WieHIB reOMETPUYHOI Mporpecii

A
g _a-a-d)
1-q
MokIHMB1 Takl BUIIAIKH.
a-1-q") a

1) |q| <1. V¥ usomy pazi limS,, = lim , TOOTO psiJ

N—s00 N—o0 1—q 1—q

11



QD

30iraeThCs 1 HOro cyma JIOpiBHIOE S = —a

2) |q| >1. dxkwo >1, lim S, =20 i psan posbiraerbes. Skuio
N—00

q=1,710 limS, = lim(an)=co ipsxTakox po3diraeTbcs.
N—00 N—o0

o0
Sxkmo (=-1 maemo psx Y a-(-1)"=-a+a-a+a-a+.. i
=1

lim S,, ue icuye. fxmo 0 <—1 rpanuns limS,, Takox se icuye. Orxe,
N—>o0

N—o0
skio ( < —1, To psix po3biraeThes. n
Hpuxaan 3.
o 1\"
Psan dl= 301raeTbCsi, OCKUIBKM HOr0 WIEHH € YJIEHaMHU
n=1
reoMeTpu4HOi Tporpecii, y sKoi a:g, q :g<1. Cyma psay
1
_ 5 _1
S=——-=—.
-1 3
5
> ()01
Psn D> (3) " posbiraerbes, OCKIBKH HOrO0 HWICHH € YICHAMU
n=1

reoMeTPUYHOI Tporpecii, y sxoi a =1, q=3>1.
HeoOxigHa o3HaKka 301KHOCTI psxy

Kpim 3HaXO0/KEHHS CyMU PsIy BOKIWBUM MMHUTAaHHSIM IPU BUBYCHHI
pSAMIB 1 IXHIX 3aCTOCYBaHb € JOCIIKEHHS 30DKHOCTI psay. HaBememo
JesIK1 O3HAKU 301:KHOCTI PSI/IIB.

Teopema 1 (HeoOXigHa 03HAKA 30iKHOCTI PsAAY). SKIIO psn

o0
YA =q tay+ag+...+a, +aAyg t... (3)
n=1
30Ira€THCS, TO 3aTAUTHHUIN WIEH I[HOTO PSIY MPAMYE A0 HYJs, KOJTH N —> o0,
TOOTO
lim a, =0. (4)
N—00

12



Hosenennsi. Hexait S — cyma pany (3), a S, — N-a yactunaHa cyma

uporo psigy, toai lim S, =S.
nN—o0

Ockinbku &, =S, —S,,_1, N=2, 10

lima,=1limS,-1limS, ;=S-S=0. n
N—0 N—0 N—o0

Hacainok. Skmo lim a, # 0 a6o s rpaxnus He icHye, To psia (3)

N—0o0
po30iraerhcs.
, o ® n+2
Hpuxnanx 4. locniantu Ha 301KHICTD PS/I. Z an 1
n=19N—

Po3p’sizanns. [lepeBipuMO BUKOHAaHHS HEOOXIJHOI  O3HAKU
301KHOCTI psify. 3HAHIEMO

HeoOxinHa o3Haka 301KHOCTI psAly HE CIPaBIKYETbCS, OTKE P
pO30IraeThesl.

n
o 1

Mpukaan 5. JlocnianTy Ha 301KHICTD pAmx Y, (1+ —j .
n=1 n

Po3p’sizanns. [lepeBipuMO BUKOHAaHHA HEOOXITHOI  O3HAKU
301KHOCTI psify. 3HAUIEMO

Nn—o0 N—o0 n

1 n
lim a, = lim (1+—j =e#0.

HeoOxinHa o3Haka 301KHOCTI pAly HE CIPAaBIKYETbCS, OTKE P
pO30IraeThesl.

I'apMmoHniunui psia

Posrnsiremo psip

Z£:1+1+E+...+1+... (5)
n=1 N 2 3 n

BIJIOMUH TI1]] HA3BOIO 2APMOHIYUHO2O0 PSO) .
[lepeBiprMO BUKOHaHHSI HEOOX1THOT O3HAKH 301KHOCTI pALY:

13



. .1
lim g, = lim —=0.
N—o0 n—o N

Heo0ximHa o3Haka 301KHOCTI TapMOHIYHOTO PSAY CIPaBIKYETHCS,
ane psi po3oixaui. JloBeaemo 1ie.

n

. ) 1 .

Bimomo, mo lim (1+ — | =e (apyra BusHauHa rpaHuiis). OCKIIbKH
n—oo n

n
YUCIIOBA TOCIIIOBHICTh {(1+—j ,N>1} crporo 3pocraroua, TO IS
n

kokHOTO N € N MOXKEMO 3amucaTi HepiBHICTh

n
[1+EJ <e.
n

[IponorapudmyemMo  HEpIBHICTH Ta  OTPUMAEMO  JIAHIFOXKOK
HEPIBHOCTEH:

1
n-In(1+1]<1; In(n—ﬂ)<£; In(n+1)—Inn<—.
n n n n

3 OCTaHHBOI HEPIBHOCTI MAEMO:
n=1= In2<1;

n=2 — In3—|n2<%;

n=3 = In4—|n3<%;

n=n = In(n+l)—|nn<£.

n
CkJaBIIM MOYJIEHHO OTPUMaHi N HEPIBHOCTEH, TiCTaHEMO
1 1 1
IN(n+1) <1+—+—+..+—=S,.
2 3 n

Ockinekr lim In(n+1) =0, Toi lim S, =o0. To6to rapmoniuHmit
N—»c0 N—c0

psin (5) po3oiraeThes.
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Y3arajbHeHI rapMOHIYHI psiau

O3HaveHHsl. Y3acanvhuenum eapmoniunum psioom (psoom Jlipixue)
HA3UBAETHCS Pl BULY

S |
n=1N
JIe oL — TIACHE YHUCIIO.
Vzacanvnenuti  eapmoniunuii  pso  36icacmecs, sakuo o>1, i

posbicaemocs, axkwo o <1 (aus. [lpuxmnan 14).

1 1 1 © 1 .
Hanpuknan, psag 1+ Stttz t..= > — 30ira€eThes,
2° 3 n n=1N
OCKIJIBKA O = 3 >1.
OO . . 1
Pang 1+ — p0361raeTI>c;1, OCKUIBKH ¢ = = < 1.

\/_ \/_ —1n2

KoHTpoJbHi 3antuTaHHA

1. 1o Ha3UBaAETHCS YHUCIOBUM PSAIOM?

2. Sxuiil UnCcIOBUHM Psii HA3UBAETHCS 301KHUM, a IKHI pO301)KHUM?

3. Sxuil psia HA3UBAETHCS PAIOM T€OMETPUUYHOI mporpecii? 3a siKoi
YMOBH Psii TEOMETPUYHOI Mporpecii 301raeTbesi, BIAMOBITHO pO30Ira€Thes?

4. ChopmymroiiTe HE0OXITHY 03HAKY 301)KHOCTI YUCIOBOTO ALY ?

5. Sxuil yncnOBUM P HA3UBAETHCS TAPMOHIYHUM PSIOM?

6. Axuil yuCIOBUN psii HA3UBAETHCS y3arajJbHEHUM TapMOHIYHUM
psaom?

Bnpasu

1. 3anumIiTe YOTUPHU NEPIINX WICHH PAIY:

* n+1 © n? * T 1
a) 2. — 6) > —, B) >, nlsin—; ) Z
nn? +1 n=1 2" n=1 n aanin(n+1)

2. loBeniTh pO301KHICTD PSY:

0 o0 2
)Z4n 3 6) > 2“ 2 ,  B) Zsm il
18N +5 n=13n°—=3n+1 ‘2 4n+2

15



© ) +1
f ¥ n-sin— )z(” 3) D o Lnet
n=1

n+2 _1In(n +1)

3. loBeniTh 3a 0O3HAYEHHSAM 301KHICTD Py Ta 3HAUIITH HOTO CYyMY:

Y nio:ln(nl+ 3’ ? %(n 1)1(n+2)
") él(n+3)l(n+6)’ ) Z_ll(Zn 1)1(2n +1)
A é(Bn 1)1(3n +1) ) %I %;

") 2_116”_1’ g %612”4” |
P 15

Jexuia 2. Jlocmamui  o3naku  30idcHOCmI  paodie
3 000AMHUMU YIEHAMU

PosrnsiHeMo muTaHHA JOCHIKEHHS 301KHOCTI 4YMd  PO301KHOCTI
psaaiB. Lle nuTaHHa HaWOpocTilie BUPILIYETHCA AJIS PSiB 3 JAOJATHUMHU
YJICHAMH.

Hexaiu psin

o0
da, =y +ay+...+a, +... (7)
n=1
mae ponartai wienn, Tooro a, =0, (N=12,3,...). Psax (7) B Takomy pasi
I1I€ Ha3UBAIOTh 3HAKOOOOAMHUM.

Teopema 2 (nepma o3naka nopiBHsiHHs1). Hexait maemo aBa psiau 3

JTOJAaTHUMHU YIECHAMHU

e} o0
Y. a,,a,20, > by, b,=0
n=1 n=1

1 U1 BCIX N, IOYMHAKOYH 3 JISIKOT'0 HOMEPa, BAKOHYEThCSI HEPIBHICTh

16



a, <b,.

o0 o0
Toni, sxmio psax Y| b, 30DKHUH, TO 30DKHUH 1 pax Y. ay, . JAKmo psax
n=1 n=1

o0 o0
> a, po30ixHHMA, TO po30bKHUM 1 psin Y. by, .
n=1 n=1

Teopema 3 (npyra o3Haka nopiBHsiHHs1). Hexaii maeMo 1Ba psiau 3
JOTATHUMHU YJIEHAMU

o0 o0
Ya,, a0, S b, b, >0
n=1 =1
1 ICHy€ CKIHYEHHA, BIJIMIHHA B1J HYJI TPaHUILIS

lim 23—k (k20, kzwm)
Nn—oo n

o0 o0
Toni psau Y a,, 2. b, abo omnouacHo 36ixHi, a0 OxHOYACHO
n=1 n=1

PO301XKHI.

JInst nociipkeHHsT 301KHOCTI PsiiiB 3a JIOMOMOT'OK0 MEPIOoi 1 APYroi
O3HAK TOPIBHSHHS BUKOPHUCTOBYIOTHCS PO, 30DKHICTh YM PO301KHICTH
SAKUX Hamepen BioMa. 30Kpema, MOPIBHIOBAHUMHU PSAaMU 4acTo € PSAIu
reoMeTpu4Hoi mporpecii (2), rapmoniunmii psg (5) 1 y3arajabHEHi
rapMoHiuHi psau (6). Haragaemo:

. © 4 |30Ira€eThes, SKIIo |q| <1,
— reOMeTpUYHa IIporpecis Y. ag .
n=1 pos6iraeTsest, sKwo [q| > 1;

5 L © 1 [301raerbcs, IKIIO o > 1,
— y3araJbHEHHUI TApMOHIYHUN Py D, —

—1n® | posbiraerees, skmo o < 1.

X 1

Mpuxmaax 6. Jlocaiguru 301KHICTE psgy Y| —.
n:l (n + 1) * 5

Po3p’sizanns. [lopiBHSEMO 3aranpbHUN Yl€H JAaHOTO  PSAY

1 , 1 © 1
8y = —————— i3 3ara’bHUM WICHOM b, = —  pany > —!
(n+1)-5 5 n=15

17



1 <i,I[J'I}IBCiX n=12,.....

(n+1)-5" 5"

o0
Psn Z—n 30iraeTbCs K psii TEOMETPUYHOI Mporpecii  3i
n=15

3HAMEHHUKOM (] = g <1. Tomy, OCKiTbKHM YIEHH MOCHIIKYBAHOTO PSIY

MEHII, HIK BIAMOBIIHI WICHH 30DKHOTO PsIy, 3a MEPIIOK O3HAKOIO

: % 1 .
TOPiBHSAHHSA pSIl > ———— 30iraeThcs TaKOX.

X 1
Ipuxaan 7. Jlocmiaut 301KHICTD Py Y, ————.
n=2+/n(n—-1)
Po3B’sizanns. [lopiBHsSeMO 3aranpHUl 4jieH pALy 13 3arajbHUM
o0
YJIEHOM PO301XKHOTO TapMOHIYHOTO psimy Y, — . Maemo
n=1N

1 1 :E,I[JIH Bcix N=2,3,.... .

>
Jn(n-1) +/n-n n

OCKUIBKY BC1 YJI€HU JOCIIIKYBAHOTO sy, TOYMHAIOYN C APYTOrO,

OLMBIN BIAMOBIIHMX YICHIB PO30DKHOTO TapMOHIYHOTO psAay, TO 3a
NEPIIOI0 03HAKOIO MOPIBHIHHS PO3TIISYBAHUN Pl TAKOXK pO30IraeThes.
: o *x 1 .1
Ipuxaan 8. locmianTu 301KHICT paay > ——-sin=.
* 1 * 1

y3araJbHCHUN TapMOHIUYHUHN psJ 1 BiH 30iraeThcs, ockinbku oo=1,5>1.

Po3B’si3anns. [lopiBHsEMO psan 13 psaoM

CxopucTaeMocs Ipyror0 03HAKOIO MOPIBHSHHS:

7.Sin1 il
lim M: lim ‘/H N =1=-const #0-

N—o00 1 n—o 1

n/n n/n

OTxe, TOCHIKYBAHUHN Psi/i TAKOXK 301raeThesl.

3a3Hau¥MO, WO A8 BU3HAYEHHS TPAHULi  CKOPUCTAIMCS
eKBiBaJIEHTHICTIO HECKIHUEHHO Majux BequuuH:; SINX ~ X, X = 0.

18



' o X n+2
Mpukaan 9. JlocmianTy 301KHICTE paay Y,

o1 (n® —1)?
Po3p’s3anHsa. KoOpuUCTylOYHCh JIPYro0 O3HAKOK IIOPIBHSHHA,
: S © 1
TIOPIBHAEMO P51 i3 301KHUM y3aralbHEHHM FApPMOHIYHUM PSIIOM —
n=1N
n+2
3 2 5)
. (" -1 . (n+2)-n
lim u: lim %zlzconst #0.
n—o0 i N—»o0 (n _]_)
n5

OTxe, TOCHIKYBAHUHN PsI/l TAKOXK 301raeThes.

3 OCTaHHBOT'O MPUKJIAAY BUHO, 110 MPU JTOCIIKEHHI 32 JOMTOMOI'OK0

0 Pk(n)’ e B(n) -

Apyroi O3HAKM MOPIBHAHHS 30DKHOCTI psmy Y,

n=1 Ql (n)

muorounen K-ro cremens Big N, a Q;(N) — muorounen |-ro crenens Bin

N, 3a TOpPIBHIOBAHUW CIIiJl OOMpaTH y3araJibHEHUH TapMOHIYHUN psij

x 1
> — , ae a.=|—k. 3a raKoro sHaueHHs 0. rpaHML € CKIHYEHHOIO i HE
n=1N

JTOPIBHIOE HYIIIO.

Teopema 4 (o3naka /I’Anambepa). Sxuo qis paay 3 J0AaTHUMH

o0
4JCHaMHU . d, ICHy€ CKIHYEHHA a00 HECKIHYEHHA IPaHMI
n=1
. a
lim L =
n—oo a,
TO:
1) sxmo | <1, To psan 36iraernes,
2) sixmio | > 1, To psag posGiraerses,
3) axmwo | =1, To psg Moxe sk 30iraTrcs, Tak i posoiratucs. ToOTo
y pasi | =1 osmaka JI’Anambepa He WigXOMUTh OIS JOCIiIKEHHS

3015KHOCTI psify.

a-n +1

V pasi lim
n—o a,

= 400 psii pO30IraeThesl.
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Oznaky /I’ AnamOepa JOIUIBHO BUKOPUCTOBYBATH, SIKIIO 3arajlbHUAN
YJICH PsIIY MICTUTh (PakTopiall a00 MOKa3HUKOBY 3aJICKHICTh.

. .. © n(n+1
Hpuxaan 10. Jocmiautu 301KHICT PATY Z ¥ .
5

n=1
Po3p’s13anns. Bukopucraemo o3Haky /I’ AnambOepa. 3anumiemMo n-i
ta (N +1)-i 4ieHu paay:

:M q :(n+1)(n+2).

n 5n ! n+1 5n+1
(n+)(n+2)
n+1 .gn
lim 2041 _ Jim —2 _ Jim (n+D(n+2)-57
n—>w a, N-o® n(n+1) N—>o0 5n+1.n.(n_|_1)
5n
_qimM*2 L g
n—o 5N 5

OTtxe, 3a o3Hakor J1’ AnamGepa psij 30iraeTbes.

: o  n!
IMpuxiaan 11. Tocoigutu 301KHICTD iy Y -

n=12
Po3B’si3anns. Bukopucraemo o3Haky I’ AnamOepa. 3anuiiemMo N -if
ta (N +1)-ii 4ieHu psaay:

_n! _(n+1)!
an ~on T o
(n+1)!
n+1 1.2n
lim 20+ — fim 20 _ im (n+Hht2”
n—oo a, n—o0 Il n—o0 n!.2n+1
2n
I .on
_ lim nt(n+1)-2 _ lim (n+1) o
n>x nk2".2 N—>0

OTtxe, 3a o3Hakow0 [’ AnamOepa psia po30iraeThes.
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o0
Teopema 5 (pagukanabHa o3naka Komri). Skuio wis pagy Y 8, 3
n=1

JTOJATHUMHM YJICHaMH ICHy€ CKIHYeHHA a00 HECKIHUCHHA TPaHMII
lim Ya, =1,
n—oo
TO.
1) sxmo | <1, To psn 36iracThes,
2) sxmio | > 1, To psan posbiraernes,
3) axmo | =1 psag moxe sk 36irarucs, Tak i posdiratucs. To6To y
pasi | =1 o3naka Kowi He migXoauTs A8 JOCIIIKEHHS 301KHOCTI psLy.

YV pasi lim {/a,, =+o0 psin po3biraerses.
N—00

0 n
Ipuxaan 12. JlocoiauTtu 30DKHICT pAgy > ( n j :
n=1 2n + 1

Po3B’sa3anns. Bukopucraemo paaukanbHy o3Haky Koimi:

n
) ) n ) n 1
lim Y/a, = lim 0 = lim =—<1
" (2n+1j

n—oo n—o0 n—»o2n+1 2

OTtxe, 3a o3Hakoro Ko psi 30iraeTbest.

2
0 n

Mpuxaan 13. Jocniguru 361KHICTS pagy > ( :n +; j |
n=1\ 2N —

Po3B’si3anns. Bukopucraemo panukanbHy o3Haky Kormi:

2
] i 5n+2)" ) 5n+2)"
lim {/a, = lim ? = lim =
N—>00 n—wo \(\ 5Bn—3 n—wo\ 5N —3

: 5n+2 )" . 5n+2-5n+3)"
=lim| 1+ 371 = im |1+ =

Nn—o0 5n— n—oo 5n-3
5
I 5n-3 1"5n3
_him(1e—> | =tim|[1+ > ° _
N—>00 5n-3 N—00 5n-3
_5n
lim

—en>»5n-3 gl 51
21



Otrxe, 3a paaukagbHOW o3Hakoro Komri psg  posOiraerbes.
3a3HauyuMoO, IS BU3HAYCHHS TPAHUIl BUKOPUCTAIH JPYTy BU3HAYHY

t—oo

t
. 1
rpanuiro lim (1+—j =e.

Teopema 6 (inTerpaabna o3Haka Komi). Hexait 3amano
3HAKOJAOJATHUM DAL

o0
YA, =t + ... +a,+... (8)
n=1

YJICHU SIKOTO € 3HAYEHHSIMU HEIEepPepBHOI, T0JATHOI 1 MOHOTOHHO CMaJHOI

dynkuii f(X) ma mpomixkky [L; +), To6t0 f(N)=4a,. Toxi pan (8)

o0
30iraeThcst, AKIIO 30iraeThes HemacHuit interpan [ f(X)dX i psa (8)
1

pO30iraeTbes, SIKIIO e IHTerpan po301KHMIA.

Hpukaan 14. Jocnigutu 30DKHICTH Y3arajlbHEHOTO TapMOHIYHOTO

paay Y, —, Je o — aiiicae uucio (auB. psx (6)).
n=1N

Po3p’s3anns. Sxmo o <0, To 3aranpHuil YieH psany a, He IpsIMye
Yy 9y y

0 HyJsl, KOoau N —>o00, TOOTO HE BUKOHYEThCA HEOOXIJHA O3HaKa
3015KHOCTI PSiAY 1 psifi po30iraeThes.
st oo > 0 3acrocyemo inTerpanbhy o3uaky Komri. st taHOTO psity
1 :
f(x) =— . QyHKuis f(X) € HemepepBHOIO, IOJATHOK Ta MOHOTOHHO
X
CIIAJHOIO Ha MPOMIKKY [1;+00).

Henacuuii iHTErpa

In X|;O = lim(Inx)—Inl=00, sxmo a=1,
d X—00
o0
J_X:< ! o o 1 00, AKOIo o<l
1 x* X = lim| 2— |- =l 1
—a+1 1 xooll-a) l1-o , Ko o > 1.
a-1
. © dx : © 1 :
Omxe, iHTErpad |[—, a 3 HAM 1 psaag >, —, 30Iraerbes, SAKIIO
1 x% n=1n®

o >1, i po3biraerscs, sxmo o <1.
22



1
Ipukaax 15. Jocmauty 301KHICTb Py Z

n-Inn’
Po3B'si3annsA. 3actocyeMo iHTerpaiabHy o3Haky Kommi. [[ns manoro
1 :
pany f(x)= Iy ®ynkiis  f(X) 3amoBoibHAE yMOBH Teopemu 6
XinXx

(inTerpansuoi o3naku Komri): ¢yukiis f(X) € mHenepepsHOIO, 101aTHOO
Ta MOHOTOHHO CITaJHOIO Ha MPOMIXKKY [2;+00).

HesnacHuii iHTErpan

© odx T d(Inx)

J

>XInx 5 Inx

=mmqj=w.

IaTerpan posoiraerbes. Tomy 3a iHTEerpanpbHOr o3Hakoro Ko

© 1
pO30iraeThest i psa
5n-Inn’

Tak camo, 3acTocyBaBIIM IHTETpaibHy oO3Haky Ko, MoxxHa

% 1
MEPEKOHATHCS, IO pAg Y, — 30iraerbes, skmo K >1, i
n=2N-(Inn)

po30iraerses, sxmo K <1.

KoHTpoJbHi 3antuTaHHA

1. SAxuit yucIoBUM psAJl HA3UBAETHCS 3HAKOOAATHUM ?
2. ChopmymroiiTe mepiry 03HaKy MOPIBHSHHS.

3. Chopmydroiite Ipyry 03HaKy MOPIBHSHHSL.

4. Copmymroiite o3Haky I’ Anambepa.

5. Chopmymroiite pagukanbHy o3Haky Kormri.

6. Chopmymroiite iHTETpaibHy 03HaKy Koriri.

Bupasu
1. BUKopHuCTOBYIOUHM MEpUTYy Ta IPYTy O3HAKU MOPIBHSAHHS, JOCTIIITh
Ha 30DKHICTh PAJIU:
T P =i e D P
_1\/2n+3 5" +3 _1In(n+5) N2n+1
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Q0 0.8} 2 Q0
6) 3 n+1 - Z 2N +n+21 D Zsin%; 0 Zsm
n=1

n13n? 12 nin®—3nd -1 n n=-1 3n—

2. BukopucroByroun o3Haky J[’Amambepa, mOCHiAITh Ha 301KHICTD
pAaan:

o 3" © 2n+5 © 3n-1 ° (n+1!
) nZ=:1( 1)' 0 Z—:1 P Z—:19'”(n+2)' K nz=:1(n—1)!2” ’
® 1.3.5....(2n-1) = 4.5.6..-(n+3)
);12 7-12----(5n-3)° )2157 9..--(2n+3)’
© Inn 2 n"

. < . T
)21(2 o 3) El(n+2)!, 1) Z::(n+1)sm5—n.

3. BuxopuctoByroun pagukanbHy o3Haky Korr, mochigite Ha
301KHICTb PAJIU:

n+2 6n° +2n-3 X o[ 2n? _
Y Z( +1) 0 21( 2n® +1 ] P nzzllarcsm (4n2—3}

r) Zarctg [ j ) isinn(ij- e) ii
") on )’ ’

n=1 n=In"(n+1)

2 2
n+1)" & . ( n Y\ 4n-1
& z15”( n j | 3)r12::13 (n+3J )21( 4n )

4. BUKOpHUCTOBYIOUM IHTErpajibHy o3Haky Ko, mocmiite Ha

301KHICTh PAJIU:

1 X 1 ® 1
0 ,
2 Z_ll(n+1)ln(n+l) )Ez n(1+|n2 n) Z_: (n+2)|n(n+3)
© Inn * arctgn. _2 . °O3J_
)ngzn(2+ln2n)’ & nZ::1 1+n? "’ ° Z_:le ) Z n
1 3
N " smH | - tgH
) Z_:1 (n? +1)In® (n+3) " nZ=:1In2(n+1)’ 9 nzzllln(n+3).
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Jekuia 3. 3unaxonouepzosi paou. Teopema Jleiibniua.
3HaKO3MIHHI paou. Adcoromua i yMoeHa 30iCHICHb

3nakonoyveprosi psaau. Teopema JleiiOHina

O3HaveHHsAA. 3Hakonouepeosum psiOOM HA3UBAETHCA PANl, Y SKOTO
OyJib-sIK1 JIBa CYCIH1 YICHU MalOTh MPOTUIICHKHI 3HAKHU.
3HAKOMOYEProBUH PsiJi MOKHA 3aMUCATU TAK:

Z( D" ta, =a —a,+a3—a,... +(-)"ta,+... , (9)

me Bci uncna a, >0 (n=1,2,3,...).

Teopema 7 (o3naka JleiioHina). SKmio as 3HaKONOYEPrOBOTO PSTY
z( D" ta, =g —ay+az—... +(-)"ta,+... (a, >0)

BUKOHYIOTHCSI YMOBH:

1) a4 <@, mmBeix N=1,2,3,...;

2) lima, =0,

nN—>00

TO psif 30iraeThCs, HOro cyma S mojaaTHa i HE IEPEBHIIYE MEPIIOro YIcHA
pany: 0<S <q.

Psau, s sxkux copaBeniuBa Teopema JIeiOHINa, Ha3UBaIOThCS
paoamu Jletioniya abdo nevbuiyesumu psaoamu, ado psoamu JelioHiye020
muny.

9"

Hpukaan 16. Jocniautu Ha 301KHICTH P Z
n=1
Po3B’sizannsi. Maemo 3HakomoueproBuit  psg.  [lepeBipumo

BUKOHAHHS YMOB Teopemu JlelOHimna:

1 1 .
1) a”+1:m<ﬁza” s Beix =1, 2, 3,...,

2) lima, = lim 1:O.
n—o0 n—oo N

OTtxe, pan 30iraeTbcs 3a TeopeMoro JlelOHia.
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JI1st psiAiB IeHOHIIIEBOTO TUITY HEBAXKKO OILIIHUTHU MOXUOKY.

Hacuainok (ouinka 3anumky JeilOHineBoro psiay). Bin 3aminu
CyMH S JIEHOHIIIEBOTO psily HOro YacTHHHOIO CyMOIO S, IOXHOKa Mae

3HAK MEPIIOro 3 BIIKUHYTHX YJIEHIB 1 HE TIEPEBUIIYE MOTO 32 aOCOFOTHOIO

BEJIMYUHOIO:
|S_Sn |S A4 - (10)
Crpasai, S =S, +1;,, e 30K
n
h=5S-S,=(D" (@ —an2+auz— ).

Bupa3z B nyxkax € JelOHILIEBUM pAIOM 1 3a TeopeMoro JleiOHima
fioro cyma jioJjaTHa 1 He MepeBUIILY€ TIEPIIOTO YJieHa.

Bix 3amiHi cymMu psily YaCTUHHOIO CyMOIO OTPUMY€EMO HAOJIMKEHE

3HAUEHHS 3 HEJ0CTAuelo, SKIO MEPIIUA 3 BIAKUHYTHX YJICHIB Ma€ 3HaK
TUTIOC, 1 3 HAJUTUIITKOM — SIKIIIO 3HAK MIHYC.

Mpuxaan 17. 3uaiity 3 Tounictio € = 0,01 cymy psay

Z(l)_ll 1.1 1.1 1

=l-—+ -+ =—-=+
P03B’ﬂ3aHHﬂ. Maemo  3makomoueproBuii  psg.  I[lepeBipumo

n3 23 33 4 55 6°

BUKOHAHHS yMOB TeopeMmu JleiOHina:

1) L ! L > 1 —=a, >a n>1;
Ahn="7%» 1= 3" 3°, .3 n n+l» ==
n (n+1)® n* (n+1)°
: .1
2) lima, = lim—=0.
N—o0 n—>o N
Otxe, psa 30iraeTbest 3a o3Hakoro JlelOHIna. OCKIIBKU 4—13 >¢g, a
1 1
3 <€, TO, BIIKMHYBIIA BCi WICHU POy MOYMHAIOYH 3 3 OTPUMAEMO

CyMY 13 33JJaHOI0 MTOXHOKOIO:

1 01 1 1.1 1 1549
Sp=l-gtg-—g=l-o+ oo
2@ £ 8 27 64 1728

[lepmnii BIAKMHYTHI 4JI€H Ma€ 3HAK IUIIOC, TOOTO OTpUMaHa

HaOIMKEHA CyMa 3 HEAO0CTAUCHO.
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3HaKko3MiHHI paau. AOCOJIOTHA | yMOBHA 301KHICTH

O3nauveHHsl. P Ha3uBae€TbCS 3HAKO3MIHHUM, SIKIIO BIH Mae€ SK
BII'€MHI, TaK 1 TOJATHI YWICHH.

BBaxkaeTbcs, 110 psA/l Ma€ HECKIHYEHHY KUIBKICTh JOAATHUX YJICHIB i
HECKIHYCHHY KUIBKICTh BIJ'€MHHMX. [Hakime, BIAKUHYBIIM YacTHHY PSIy,
[0 MICTUTh CKIHYEHHY KUIBKICTh YJICHIB OJTHOTO 3HAKy, MOYKHA OTPUMATH
3HAKOCTAJIUU PsI.

Po3rnsHyTi y mnonepegHbOMYy IIyHKTI 3HAKONOYEpProBl psAau €
YAaCTHHHHUM BUIMAJAKOM 3HAKO3MIHHUX PSIIB.

Hexai

o0
da, =t + ... +a,+... (12)
n=1

3HAKO3MIHHUH P, TOOTO MOro 4JE€HW MOXXKYTh MATH JOBUIbHI 3HAKH.
Pazom 3i 3Hako3miHHUM psgoM (11) po3risgaroTh 3HAKOAOJATHUH s,
YTBOPEHUI 3 MOAYJIIB OTO YJIEHIB:

o0
lean|:|a1|+|a2|+ A+ (12)
n=

Teopema 8. Skmo 3nakomonarauii psana (12), yrBopeHuid 3 MOIYJIiB
uieniB psany (11), 36iraerses, To 30iraeThes 1 3Hako3MiHHME psag (11).

JloBeneHHst. 3anumieMo N-i 4jieH psaay a,, y BUIVIAIL
an = (an+|an |)_|an .
Ockinbkn cmpaBemausi  Hepisocti O0<a,+|a,[<2|a,| i1 3a

(0.0]
YMOBOIO psii . |@,| 30iraerbes, TO 3a MEPIIOI0 O3HAKOI MOPIBHSHHS
n=1

o0
3HAKOJOJAaTHHX PsidiB pax Y. (8,+]a, |) 30iraerscs.
n=1

o0
Otrxe, pan X @, 30iraerbcd, 00 € pI3HHLEI JBOX 30DKHHMX PAIIB

n=1
o0 o0
Z(an+|an|)TaZ|an|- u
n=1 n=1
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3ayBakeHnsi. [[s Teopema mae JuIiie JTOCTaTHIO YMOBY 301HOCTI
3Hako3MiHHOTrO psay (11). 30ikHicTh psany (12) He € HeoOXiTHOI YMOBOIO
30ikHOCTI psany (11).

O3navenHsi. 3Hako3Mminuui psn (11) Ha3uBaeThCcs  abconomHo
30iichum, ko pag (12), ckiaameHuid 3 MOAYJIIB HOro 4jeHiB, 30ira€Thes.
Sxmo 3Hako3Minaui psaja (11) 30iraeTbest, a ckiaaeHui 3 MoayiB psf (12)
po3oiraeTncs, To psia (11) Ha3UBAETHCS YMOBHO 30IHCHUM.

n-1
H" .
Hanpuxknaz, Buiile po3riisiaBcs psjl Z (= , AKUH € 30KHUM SIK
n=1
o0
psin JleiOuina. BogHovac, rapMOHIYHUE psii Y, — po30biraeTbesi, TOOTO
n=1N

n-1
pﬂﬂZ(l

l'[pmc.ﬂazl 18. JlocniauTu Ha a0CONIOTHY Ta YMOBHY 301KHICTb Pl

& (D"-(@2n+1)

n=1 n(n "‘1)

301raeThCsi yMOBHO.

Po3B’s130k. Crnouarky AOCHIIMMO psAl Ha aOCOJIIOTHY 301KHICTb.

(2n+1)

CkuiazieHuii 3 MOAYJIB Pl Z (1) NOPIBHSAEMO 3 TAPMOHIYHUM PSIOM
n=1 +

> — 3a Jpyror0 03HAKOI MOPIBHSIHHA:
n=1N
(2n+1)
2n+1)-n
rKn+D = lim g———l——:Z:cthio.
n—>oo 1 n—o0 n(n + 1)
n
OCKUTBbKH Pt i 1 po30iraeTbes, TO 3a JPYrOH O3HAKOIO
n=1N
2n+1
HOPIBHSIHHS PO30IraeThbes i psij Z ( )
an(n+1)
© (-D)"-(2n+1
Orxe, pag Y. =D ( ) He € abCOMIOTHO 301KHIM.
n=1 n (n + 1)
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3amaHuil psn € 3HaKonmoueproBuM. [l Horo JOCHIIKEHHS Ha
301KHICTh NIEPEBIPUMO BUKOHAHHSA YMOB TeopemH JlelOHina 7:

1)a__Qn+D_}H{n+D_ 1 +1 P 1 N 1
"“nin+) n(n+d) n+l n’ " ni2 n+l
1 1 1 1
—— 4> +
n+l n n+2 n+l

2) lima, = lim N+ _
n—o0 n—o0 n(n+1)

= a, > a1 A Bcix N>1;

Orxe, yMoBH Teopemu  JIelOHIIA  BHKOHYIOTHCS, TOMY
JOCITIKYBaHUN 3HAKOMIOYEPTOBUHM Psifl 301Ta€ThCs 1 € YMOBHO 301KHHM.

Mpukaan 19. Jlocniaguty Ha aOCOMOTHY Ta YMOBHY 301KHICTD Psif

iCOSHa
n=1 n2 .

Po3p’si3annsi. MaemMo 3Hako3MiHHUM psa. PosrmsHemo psg 3
MOJYJIIB YJIEHIB POy
|cosna|

JlocmiauMo 1edl 3HAKOJOJATHHWHM PsAI  3a TEPIIOK  O3HAKOIO

coSna 1
nopiBHsHHS (Teopema 2). [TopiBHSEMO psig Y| % 3 PSIOM z —
n=1 N n=1 n
o cosna| 1 * 1
HepiBHicTb | | < BUKOHYETHCS Jutst BCix N>1. Pan D> —
n2  n? n—1n?

30iraerbcs, 00 € y3araJbHEHHM TapMOHIYHHM psgoM 3 o =2>1 (mus.
topmyna (6)).

: ® |cosna|
OTxe, 3a TIEPIIOD O3HAKOK TIIOPIBHSHHS  PsJI 2—2
n=l N
301raeTbCs.
. . X [cosha X cosha
OCKUIBKH PsIJT 3 MOJTYJTIB Z |—2| 30Ira€THCS, TO PSJT Z 5
n=1 n n=1 n

301iraeTbcs a0COJIIOTHO.

3ayBaxkxumo, 10 abCOIOTHO 301KHI 1 YMOBHO 301KHI pSIIM MaroTh
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1CTOTHO BIJIMIHHI BJIacCTUBOCTI. HaBeneMo Taki TeopeMu.

Teopema 9 (HipixJie). SIkmo psig 30iraeTbcs aOCONIOTHO, TO BiH
3aJIMIIAETHCS A0COMIOTHO 301KHUM y pa3l OyAb-sAKOi MepecTaHOBKH HMOro

yiieHiB. [Ipu mbomMy cyma psiiy He 3aJ1€KUTh Bl OPSAKY HOTO YJICHIB.

Teopema 10 (Pimana). SIkmio psij 30ira€TbCsi yMOBHO, TO MOYKHA Tak
NEPECTaBUTH WOIr0 YJIEHHW, 10 HOTro cymMa JOpPIBHIOBAaTUME OYyIb-SIKOMY
Harepes 3aJaHoOMy YUCIy, a00 HaBITh PAJ CTaHE PO30O1KHHM.

Teopema 11. Slkmo psg 30ira€ThCs YMOBHO, TO PSiAM, CKIQJACHI 3
Horo JomaTHUX 1 BIA'€MHHUX 4WICHIB, 0oOuJBa po301kHI. SAKImo ps
30iraeThcsi aOCOJIFOTHO, TO PO, CKJIAJEHI 3 WOro JOJAaTHUX 1 Bl €MHHUX
YJIEHIB, OOMABa 301>KHI.

KoHTpoJbHi 3antuTaHHA

1. Skuii YUCITOBHI psii HA3UBAETHCS 3HAKOIIOUEPTrOBUM?

2. ChopmymroliTe AOCTAaTHIO O3HAKY 301KHOCTI 3HAKOTIOYEPTOBOTO
psany — reopemy JleitOHima. Skuil psan Ha3UBA€THCA TEHOHIIIEBUM PSIIOM?

3. SIkuii YMCIOBUI psiJl HA3UBAETHCA 3HAKO3MIHHUM?

4. ChopMmymroiiTe o3Ha4eHHS aOCOMIOTHO 301KHOTO Ta YMOBHO
301)KHOTO 3HAKO3MIHHOTO PSITY.

Bnpasu

JlocmiaiTe Ha aOCONIOTHY Ta YMOBHY 301KHICTh 3HAKO3MIHHI PSJIN:

( 1)n+1 ( 1)n+1 0 (_1)n+1
0 —;

Y Z n+1’ : Z_"ln +4 & E‘lnx/lnn
F) iol (_1)n+11; II) Z( 1)n+1 e) i (_1)n+1 2n+1 n;

n=1 5" n+2 n=1 3n+1

o0 n o0 o0
)K) Z (_1)n+l|n(%j , 3 Z sin 7Z'n , H Z CO?S):Tn |

n=1 n=1
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Tema 2. ®yHKIIOHAJbLHI PAIH

Jekuin 4. @yukuionanvHi paou, OCHOBHI NOHAMMA
ma o3nauenna. Pienomipna 30icnicmo ghynkuionanonozo paoy

O3nauenHns. Psn
U (X)+Us(X)+ ... +U(X)+... = iun(x) (13)
-1

HA3UBAETHCS PYHKYIOHATbHUM, KO MOTO WICHH € (QYHKIISIMH BiJ X, 110

MaloTh CIUIbHY 00JIaCTh BUSHAUCHHS.

3a IEBHOTO 3HAYCHHA X = X3 MA€MO YMCIOBHHU Pl

U (X)) +Us(Xg) + -.. +U (Xg)+... = %un(xo). (14)

Skmo uuciaoBuit  psx (14) 30iraeTtbesA, TO  KaxyTh, IO
¢ynkionansauit paa (13) 36iraerscs, SKIMO X =Xy, 1 Xy Ha3UBAETHCH
moukoio 30ixcnocmi QyHKkyionanvhoeo psaody. Slkmo uucnoBui psag (14)

po30iraeTbes, To QyHKIioHaNBHUH psax (13) po3diraeTbes, KO X = X, i
X Ha3UBAETBCS MOYKOIO pO30IidHCHOCHI PYHKYIOHANbHO2O psAdY. MHOXIHA

BCIX 3HA4Y€Hb apryMEHTa X, 3a SKUX (PYHKUIOHAIBHUM psa 30iraerbcs,
HA3MUBAEThCS 0O1acmio 30ixcnocmi QyHKyionaibHo2o psady (abo ooracmio
NOMOYK0B0I 30idCHICMI).
YactuHHa cyMa QYHKIIIOHATBHOTO PAy € QYyHKINEO BifT X'
S, (X)) =u (X)+ Uy (X)+ ... +u,(X).
JIist BCiX 3HaueHb X 13 00yacTi 301KHOCTI (DYHKIIIOHAJIBHOTO PSITY

ICHY€ CKIHYEHHA T'PaHULIs

lim S, (x) = S(x),

N—o0

sIKa HA3UBAETHCS CYMOIO PSIY:

S(X)=u(X)+u,(X)+ ... +u,(X)+...
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Hpuxaan 20. 3nalitu 06:1acTh 301KHOCT! (DYHKITIOHAILHOTO PSITY

2

- ,n-1 n
DX T =14 XHXT X+
=1

Po3w’sizanns. lleit psn € psmom reomerpudHoi mporpecii (2) i3
3HaMeHHUKOM (] = X. OTxe, SKIIO0 |X| <1, To psj 30ira€Thes, AKIO |X| >1,

TO pax posbiraeTses. O6macte 36ixkuocTi pagy (—1,1) i gns xoxHOro

1
sgauenns x € (-1,1) cyma pagy nopisaoe S(X)= T Orxke, B
—X
: : . : 1
inrepsani (—1,1) nauwii psin BusHayae GpyHkiio S(x) = s
—X
1 2 n
—— =1+X+X"+...+X +... xe(-11). (15)
1-x
Hpukaag 21. 3naiiTn 001acTh 301)KHOCTI (PYHKIIIOHAIBHOTO PAY
© 1 1 1 1
Y —=l+—+—+...+—+....
n—Ln* 2% 3 n*

Ile € y3aranpHeHUI TapMOHIYHUHN psiJl, IKUH 30iraeThes, Ko X >1,
i posobiraerscst, skmo X<1 (psa (6)). Obnactio 30iKHOCTI psAAy €
npomixok (1,+00).

Hpukiaag 22. 3naiiTu 001acTh 301)KHOCTI (QPYHKIIOHAIBHOTO PAY

o0
Ye ™ pe Xy e ™.
=1
Po3B’si3annsi. OCKUIBKM WICHH MAaHOTO PsAy NPUHAMAIOTH JIUIIIE
TOAaTHI 3HAYEHHS, TO B KOXHIM TOYIl X PSAI € 3HAKOJOJATHHM.
3acTocyemMo panukanbHy o3HaKy Kormri:

lim Ya, = lim Ve ™ =e~*

n—o n—o

<1, gxkmo X>0,
>1, axkmo X<O0.

Otxe, psag 30iraeTbes y pasi JOJATHUX 3HAUYCHb X 1 PO30IraeThes y
pasi Big'emuux. Sxmo X =0, To Mmaemo psg
1+1+1+.. . +1+...,
AKUWA € po301KHUM. Takum 4MHOM, 00JacTh 301KHOCTI JTOCIIIKYBaHOTO

pany (0,+00).
32



PiBHOMIpHA 301KHICTH (PYHKIIOHAJIBLHOTO PSAY

O3navennsi. OyHKIIIOHATBHUHN DS
o0
2 U (X)) =u(X)+u(X)+ ... +u,(X)+...
=1

HA3UBAETBCA pigHoMmipHo 30icnum Ha MEOokuHI G C R 1o ¢ynxuii S(X),
aKkio it Oyap-saxoro € >0 icaye Takuit Homep N(€) € N, mo mma Beix

n> N(€) ta nna Beix X € G crnpasBenyBa HEPIBHICTE
1S, (X) - S(x)| <e.

BiaMmiHHICTh 3BHYaiHOI TOTOYKOBOi 1 PIBHOMIPHOI 301KHOCTI
(GyHKIIOHATBHOTO Py Ha MHOXKHI G momsirae B ToMy, IO y pasi
3BUYaHOI 301)KHOCTI HEPIBHICTh |Sn (xX) - S(X)| < €& BUKOHYETBCS JUIS BCIX
N> N 3a nesroro 3xHauenuss X € G i Homep N 3aneKuTh HE TIILKU BiX €,
a 1 Bixm 3HaueHHa Xe€G. VY pa3i piBHOMIpHOI 301KHOCTI ICHYE TaKui
cribHMM JuTst BCiX X € G HOMep N, 1110 3a/1e’uTh TUIBKH Bif €.

PiBHOMIpHA 301KHICTh (PYHKIIIOHAJIBHOTO PsIAY Ha ACSIKOMY BiApi3KY

|a,b] osnauae, mo nms N> N(g) rpadixu (puc. 1) Beix HacTHHHHX CyMm
S,,(X) Ha Bimpizky [a, b] MICTATBCSI BCEPEMHI CMYTH, OOMEKEHOI JHISIMU

y=S(X)—¢ i y=S(x)+e¢.

A

y

y =S(X)

y= Sn (X)

Puc. 1
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3ayBaxkenHsi.  PiBHomipHO  30DKHME Ha ~ MHOXMHI G
(yHKLIOHAILHUM pAJT 301raeThes HA L1 MHOXKHKHI. TOMy IIpH AOCII1KEHH1
PIBHOMIPHO1 301KHOCTI Ha JaHiil MHOXHHI OOMEXKYIOTHCS PO3IJISIIOM
PAIB, SIK1 301Tal0OTHCS HA 11 MHOYHHI.

PiBHOMIpHO 301kHI (QyHKIIOHANBHI PSAAA  MalOTh  BaXXJIUBI
BiacTuBOCTI. CripaBeJIvB1 TakKl TEOPEMHU.

Teopema 12 (HenmepepBHicTL cyMH (PYHKUHIOHAJBLHOTO PSAY).

Q0
Sxmo ¢dyukmionansHuit  psig Y U,(X) piBHOMIpHO 30iraerhcsi Ha
n=1
npomikky X =[a,b] mo ¢ymkuii S(X) i wmemnm pamy U,(X) €
HemepepBHUMU (YHKIIAMH Ha LBOMY IPOMIKKY, TOo cyma pamy S(X)

HerepepBHa B X .

Teopema 13 (mowieHHe iHTerpyBaHHsl (PyHKUIOHAJIBLHOTO PSIY).

(e8]
SIKIO Ha BIAPI3KY [a,b] ¢ynkuionansHuit pax Y| U,(X) 306iraerbes
n=1

piBHOMipHO 10 QyHKuii S(X) i wienn psgy nenepepsi Ha [a,b], To jioro
MO>KHA MOYJICHHO IHTETPYBaTH B MEKax (oc, B) , 1€ (oc, B) C [a, b] :

?S(x)dx =?(§ un(x)jdx -y Lfun(x)olx.

a\n=1 n=1gq
Teopema 14 (mowienHe audepeHilOBaHHA (YHKI[IOHAJIbHOTO

psiay). Skimo ¢yukuii U, (X) (N=1,2,...) Bu3HAa4YeHi B IPOMIXKKY [a,b],

0
MalTh B IIOMY HPOMDKKY HemepepBHi moximai Un(X) 1 psag Q. u,(X)
n=1

o0
36iraetbest 10 Gynkiii S(X), a pax Y. Up(X) 36iraeTbes piBHOMIpHO, TO
n=1

o0 o0
cyma S(X) pagy Y. U,(X) mae B [a,b] moxinay i S'(X) = X up(X).
n=1 n=1
3ayBaxkeHHsi. Bumora piBHOMIpHOI 30DKHOCTI psALy 3 MOXITHUX
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o0
Y Un(X) € icrotHOrO, 1i HEBUKOHAHHS MOKE MPH3BECTH IO HEMOXKIIHBOCTI
n=1

MOWICHHOTO TU(EepeHITIFOBAHHS PSIY.

[Tpu mocmimkeHH1 QYHKITIOHAIBHUX PAJIIB HA PIBHOMIPHY 301KHICTD
KOPUCHOIO € Teopema, L0 JAa€ JOCTAaTHIO YMOBY PIBHOMIPHOI 301KHOCTI
pamy.

Teopema 15 (o3Haka BeiiepmuTpacca).  OyHKIIOHATBHUN  psif

0.0]
> Un(X) € aGcomroTHO i piBHOMIpHO 30iKHMM Ha Bipisky [a,b], sxumo
n=1

o0
ICHY€ 3HaKOJ0AaTHUM 301KHUN YUCTIOBUN Pl Z Cp TaKWi, 1110
n=1
uy(¥)| < ¢y, Vxela,b], n=12,...

o0
Y upoMmy pasi KakyTh, 10 (yHKmioHambHUH psx Y, U, (X)
=1

o0 o0
MAdHCOPYEMbCsi YUCIOBUM PAIOM ), ¢, 00, IO YHCIOBUH Pl ), ¢, €

Q0
MAACOPAHMHUM pidom JULs pyHKIioHATBHOTO psigy Y, U, (X).
n=1

3ayBakeHHsl. ICHYIOTh psiiM, SIKI HE Ma)KOPYIOThCA Ha BIIPI3KY
[a,b] 301)KHUM YHCIIOBUM PSJIOM, alle € PIBHOMIPHO 301)KHUMH Ha LIbOMY
BIJIPI3KY.

Hpukaan 23. [lokazaTty, 1m0 GyHKIIOHAIBHUH psif

© COSNX COS2X COS3X COS NX
> =COSX + + +...+ +
n— N! 2! 3! n!

€ piBHOMIpHO 30iKHHM Ha iHTepBami (—o0,+00).

Nosenenns. Jns Bcix X e (—o,+©) i n=12,... crnpaBeanusa
.. cosnx 1 L COSNX
HEPIBHICTh <—. Orxe, pax Y, MaXKOpPY€eThCsS Ha
n! n! n=1
o0
intepani  (—00,49)  yucIOBUM psaomM > — Le#t psx 36iraeTbes
n=1N:

35



3a o3Hakor /I’ Anam6Gepa. JliticHo:
d, = L a = !
" ™ T (g

. a ) n! ) 1
lim =2 = |im ——— = lim — =0<1.
Nn—o0 an N—>00 (n +l)! n—oon+1

* 1
Orxke, pag ), - 30iraeteca. Tomy 3a Teopemoro Beitepitpacca
n:]_n.

. Ny L COSNX
(QYHKIOHATEHUI DAL
n=1

PIBHOMIPHO 30Ira€ThCsi Ha 1HTEpBal
(—o0, +0).

o0 o0
3ayBakMMO, WO psad ., 8,COSNX i . a,SINNX MaxopylThCs
n=1 n=1

o0
YHCJIOBUM PsSIIOM Z |an| B 6yILB-$IKOMy HpOMi)KKy. TOMy, SIKIIIO  PsIA
n=1

o0 o0 o0
> |an| 30iraeTbest, TO paau p, 8,COSNX Ta Y a,SINNX piBHOMIpHO
n=1 n=1 n=1

36iraroThcs Ha iHTepBani (—0,49) i iX cyma € HermepepBHOIO PYHKILIEIO.

KoHnTpoJbHi 3antuTaHHA

1. Sxuii psng HasuBaeTbea (QynkiioHaasHuM? Illo Take o6macth
3015KHOCTI (DYHKI[IOHAJIBHOTO ATy ?

2. Sxuil pal Ha3UBAETHCA PIBHOMIPHO 301)KHUM?

3. ChopmymroiiTe TeopeMy npo HETMepEePBHICTh CyMHU
(GyHKIIIOHATEHOTO PSY.

4. ChopmymoiiTe  TeopeMy TpO  TOWICHHE  IHTErpyBaHHS
(yHKI1OHABHOTO PSAY.

5. ChopmymroiiTe TeopeMy TMpo TMOUYICHHE AUGEPCHIIIOBAHHS
(GyHKIIIOHATEHOTO PSY.

6. ChopmymntoiiTe HOCTaTHIO O3HaKy pPIBHOMIPHOT  301KHOCTI

GbyHKIIIOHAILHOTO Psy — O3HaKy BeliepiTpacca.
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Bupasu

1. 3HaiiaiTh 001aCTh 301)KHOCT! (DYHKIIIOHAIBHOTO PAJY:

00 l n X 1
—,; 0 ;
Y nglxn : Z—:14+x & n§1n4+x4
0 i sinnx ; D icosan ) ie‘”x,
n=1N(N+2) n=
) 22 ) TI"(2x-D: W ¥ (25
n= n=1 n=1
o (x+2)" = nl © (2n—1)"
9 Z—ll(x Zj | & nZ=:1 X" g nZ=:1 (n+1)3"

2. JloBeniTh pIBHOMIpHY 301KHICTh (YHKI[IOHAJIBHOTO psiy Ha

BKa3aHOMY TIPOMIXKKY'

©  sinnx
, X€(—00,+0); 0 X € (—00,+0);
) S X WA TrEi
B) Z%, X € (—o0;+0); r) OZ":COSZHZX’ X € (—o0;+00);
n=12 + COS“ X n=1 N4 X
n n
1) 2 , Xe[-11]; €) Z , Xxe[-11];
noin® +1 n—2nin®n
, 0;40) ; _ 0;400) ;
) ;11+n 3y2 xel0i4e0) ) Z_lln +1 xel0ie)
< n . (2x)" 11
_— 0;+0); ———.
) nz=:14”(1+xn)’ xel0ie) )Z—:1n(n+1) Xe{ 2 2}
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Jekuia 5. Cmenenesi paou

Osnavenns. Cmenenesum psoom Ha3UBAETbCS Pl BULY

o0
ag +aX+aX’ +...+ax"+ ... =Y ax", (16)
n=0
e ag,81,89,...,8,,... — YNACJIOBI KOEPIIIEHTU. Y 3arajJbHOMY BHIIAJKY,

SKIIO YWICHH PsAy € HE CTCNCHsAMU X, a CTCNCHsAMHU ABOWICHA X — X,

MaEMO P/
g+ (X—Xg)+...+a,(X=%)" + ... =Y a,(x=x)" . (17)
n=0

Jani posrasaatumemo psaau Buay (16), ockinbku psia (17) 3BoauThest
1o (16) 3amiHOIO 3MiHHOT X — X =1.
Skmo X =0, to crenmeneBuii psg (16) 36iraerbes i Horo cyma
S = ay. Jlst Bu3Ha4YEHHSI 001acTi 361KHOCTI CTEIIEHEBOTO Py Ba)KITHBOO
€ Taka Teopema.
- n
Teopema 16 (AGesst). SIkio creneHeBuit pag Y, a,X  30iraerbes
n=0
Wit nesikoro 3uadeHHst Xg =0, To BiH abcomoTHO 36GiraerThes st BCiX

3Ha4Y€Hb X, [0 3aJI0BOJIBHSIOTH HEPIBHICTH |X| < |X0|- SIKImo [i1s NesIkoro

3HA4YEHHS X PsJl po30IiraeThcs, TO BiH po30iraeTrbes AJis BCIX 3HAYEHb X,

JUISL IKUX BUKOHYETBHCS |X| > |X1

Teopema AOenst 703BOJSIE BUSHAUUTH CTPYKTYPY 00J1acTi 3015KHOCTI
creneHeBoro psaxy. JliiicHo, SKIO X; € TOYKOK 30LKHOCTI, TO psiX

30iraeThcsi aOCOMOTHO ISl BCIX TOUOK iIHTEpBay (—|XO|, |X0|) Skmo X —

TOYKa PO301KHOCTI, TO Psii pO30Ira€ThCs JJIsi BCIX TOYOK 3J11Ba BiJi TOUKHU

—|X1| 1 cpaBa BiJI TOYKHU |X1 , TOOTO psAn po30IracThCs Ha IHTEpBAJIaX
(—oo,—|X1|) i (| X1|, + 00). 3BijcH BUIUTMBAE, 110 iCHY€E Take 4ucio R , mo
TS 3HAYEHb |X| < R psan abcomoTHO 30iraerbes, a IS 3HAYCHD |X| >R

psan posoiraerbes. ToOTO chpaBemMBa Taka TeopeMa MPO CTPYKTYPY
007acTi 301)KHOCTI CTENIEHEBOTO PATY.
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Teopema 17 (o6s1acThp  30ikHOCTI  cTemeHeBOro psiny). [l

o0

n . .

KOXKHOTO CTEHEHEBOTO pAmy Y, 8,X , icHye Take uncio R (moxe OyTH i
n=0

+00), mo psa adCOMIOTHO 30iraeThCs A BCIX 3HAYCHD |X| <R 1 pan

po30iraeTbes IS BCiX 3HAYCHb |X| >R (axkmo R <o0). Ie uncao R

HA3UBAETHCS PAdiycoM 30IHCHOCMI CIMEeNneHe8o2o psio).

Psan 30iraerncs

Psin posbiraeTbes Psin posbiraerbcs

>
>

-R 0 R X
Puc. 2
- n
TakuM 9HHOM, 00JAaCTh 30DKHOCTI CTENEHEBOrO psiay . a,X
n=0

apisie coboro cyuineHmii intepBan  (—R,R) (Puc.2). V Toukax, mpo
nanexats (—R,R), psax 36iractecs abGcomoTHO, mNO3a iHTEpBAIOM

(-R,R) psan posodiraerses. Inrepsan (—R,R) masusaersca inmepeanom
30idcHocmi cmenenesoco psdy. Ha KiHISX 1HTepBaly 301KHOCTI, TOOTO B
Toukax X =—R i X = R psaa moxe sk 30iratucs (adcoiroTHO ado Hi), Tak
1 posOiratucs. Y KOXHOMY 3 KIHIIB IHTepBaJly 30DKHICTb PSAIY CIIIJ
JOCITIIKYBATH OKPEMO.

[aTepBai 301kHOCTI psay (17) 3HAXOAATh 3 HEPIBHOCTI |X — X0| <R,

T00TO iHTepBan mae Burisn (Xg — R, X + R).

TakuM 4YMHOM, I 3HAXOJDKEHHS 00J1acTl 301>KHOCTI CTEIEHEBOIO
psALy MOTPIOHO:

1) Bu3HauUTH pajiyc 30iKHOCTI R;

2) mocmiguTH 30DKHICTH pPSAy Ha KIHIMX IHTepBany X=-—R 1

x=R.

Jn1s BU3HaueHHs pajiyca 30DKHOCTI CTEIEHEBOro psay MOKHA

BUKOPHUCTOBYBaTH 03HaKy /I’ AnmamOepa abo pagukanbHy o3Haky Komri.
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Cxitagemo psna 3 moaymiB psay (16):

o0

2

n=0
HpI/IHyCTI/IMo, 111 (0) iCHye Ir'paHuIs

ax"| . (18)

n+1
. d,. 1 X .
lim |22 | = |im
N—>00 aan n—oo| a,

an +1

|x| =L-|x|¢0, x#0.
3a os3nakor JI’AmamOepa psg (18) 30iraerbcs, SKIIO L-|x|<l,

TOOTO SIKIIIO |x| < E 1 po30iraeTbes, AKIIO L|x| >1, Tobro |x| > %

1

Omxe, psa (16) 36iraeTbest aOCOMIOTHO U1 3HAYCHD |x| < T

1
Skmo |x| >E i L|x| >1, o psan (18) posdiraerbes. Kpim toro, B

1boMy pasi wieHu psaay (18) 3pocTaroTh 1 HOTro 3arajibHUM WieH HE MPsAMYe
710 HyJIs, TOAI 1 3aranbHuil wieH psaay (16) He npsmye mo Hyasa. OTxe, IS
HbOI'O HE BUKOHYETHCSI HEOOXIJIHA O3HaKa 301KHOCTI, 1 psii po30iraeTbcs

1

JJI 3HA4YCHb |x| > E

: 1 1 : . :
Takum 4YwHOM, 1HTEpBa (__ ~ | € 1HTEepBaIOM 301KHOCTI

L'L
creniereBoro psaay (16) i paxgiyc 30ixHOCTI R = e TOOTO

R = lim |20 (19)

N—o|ap g

AHaNoOriyHo, KOPUCTYIOUHUCHh paJuKalibHOIO o3Hakor Ko, MoxxHa
OTpUMaTH

(20)

R 1
lim Yfa,|

n—o0
SIxkmo L =0, o psix 36iraeTbcst abCOMIOTHO Y BCIX TOYKAX YUCIOBOI
oci. Y npomy pasi BBaxawots R =o00. Sdxkmo R =0, psag 36iractecs B
onniut Touri X =0.
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3ayBaxxenHsi. Pajiyc 301KHOCTI cTeneHEBOro psiay 3a ¢hopmyiamu
(19) abo (20) 3HaxOAsATH y BHIIAJAKY, KOJIH CTCICHCBUN PSAJ € MOBHUM,
TOOTO MICTUTB BCl CTENEHI X YU X — Xp. SIKIO CTeneHeBUl psl MICTUTH

HE BCl CTeleHl X 4u X — X, TOOTO 3alaHO HEMOBHUI CTEIIEHEBUH P, TO

JUIsi BU3HAQUEHHS 1HTEpBAy 301KHOCTI KOPHUCTYIOThCS 0€3MOCepeHbO
o3Hakow J[’Anambepa abo panukanbHOO oO3Hakow Komn s psny,
CKJIQZIEHOT'0 3 MOAYJIIB YJIEHIB JOCHII)KYBAHOIO PALY.

X+2
Ipukaan 24. 3aiiTi 007aCTH 301KHOCTI PSITY Z ( Zn)
n=1 N-

Po3p’si3anHsi. OCKUIBKM CTEIICHEBUM P € TOBHUM, TO pPajiyc
301KHOCTI 3HaiemMo 3a popmysioro (19):

1
n-1 .on
R= lim|-2n :IimLzlimwz
n—w|d,,q| n-oo 1 n—ow| n-2""
(n+1)-2"
_jim |(0D-21 nm( 1]:2.
Nn—>c0 N N—o0 n

Omxe, pamiyc 30ikHOcTi piny R=2. Buswmaummo iHTepBan

3015)KHOCTI CTENEHEBOTO PANY:
—2-2<X<-2+2 = 4<x<0.

Intepsan 36ixnocti (—4, 0). Jocmimumo 301kHICTL psay Ha KiHIAX

1HTEpBaTY.
VY touri X =—4 maemo psin
2(4+2)" & (2" _&(Dn"-2”

o _1)”
2 D il S A -
o n-2"t pan2™ 54 on2™t n=1 N
Lle € 3HakomoueproBui psia, skuil 30iraerbes sk psna Jleitbonina
(Teopema 7).

VY rourii X =0 maemo psn

z(0+2) o n

-5 iy

1 n-2" T

Lleti psim po30iraeTbcs, OCKUIBKA PO30IraeThcsi TAPMOHIYHHMA P
*1
n=1N
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Omke, skmo X=-—4, to psn 36iraerses, sxmo X=0, 1o pan
po36iraerscsa. O6macTio 361KHOCTI 3amaH0ro0 pany € nisinrepsan [—4, 0).

Paniyc 30DKHOCTI CTENEHEBOrO psay, HE3aJIeXKHO B TOTO €
CTENIEHEBUM psii TTOBHUM UM HEMOBHUM, Ha MPAKTHUIIl YaCTO 3HAXOJSTh,
KOPUCTYIOUHMCH Oe3rocepe/IHbo 03HaKow J[’AnmamOepa abo paauKaibHOIO
o3Hakow Komn 115 psiny, CKIaAeHOro 3 MOAYJIIB WICHIB JAOCIIKYBaHOTO

pany.

y . . © (x=2)"
ITpukaan 25. 3uaiiti 06macTh 301KHOCTI psgy Y, ——————— .
n=In"(n+1)

Po3B’s13anns. Bukopucraemo panukanbHy o3Haky Kormi:

—2)" X—2
ey 222y
IN"(n+1)| n—o=In(n+1)

lim {/la,| = lim p
nN—o0 nN—o0

Jns manoro paay lim ,”/|an| <1 He3zanexHo Bix 3HaueHHS X . OTxe,
nN—oo

3a pajuKaabHO0 03Hakow Ko psi 30iraetbes s Bcix X € R. Pagiyc
30ixkHO0CTI R = 00, iHTepBan 36ixH0CTI (—00, + 0).,

Ipukaan 26. 3xaiiT 007aCTh 301)KHOCTI CTENIEHEBOTO PATY

o (—1)"ix2n-L W3 x5 T
=X-—4——"—+
zi on—1 3 5 7

Po3p’si3anns. 3agaHuil CTENEHEBUM psJ HEMOBHUM, OCKIJIbBKU
MICTUTH HE BCI1 CTEIEH] X .
Posrnsaemo psia, cKaaaeHuid 3 MOAYJIIB HOTO YJICHIB
n+l,2n-1 2n-1
(-1)""x 2| x|

nzzll 2n—-1 :nZ::l 2n—-1

3acTocyemMo 10 OTpUMaHoro psiay o3Haky 1’ AnamoOepa:
Nug O] X2 ong) kT ona
lim|—=——=|= lim ——|= lim | =

n—o| Uy(X) | noxl2(N+1)-1 x"| nox2n+1 x"~
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_im x".x® on-1f . | x* 2n-1] 2 m |20l
nool 2n+1 x| nowl2n+l1 1 noo|2n+1|
51
= x° lim —2 = x° <1,
N—oo 2+7
n

Psin, cknmapenuit 3 mMonydiB, 30iraerbcs 3a o3Hakow J[’Amambepa,

0 (_1)n+1X2n—1
SKIIIO x% <1 abo —1<x<1. Tobro paa D,
n=1 2n_1

abcomoTHo Ha inrepBani (—1;1). docmigumo 30iKHICTH psoy Ha KiHLAX

301raeTbCs

1HTEpBaTY.
VY Touni X =—1 maemo psa
o (1l 1y2n-1 3n
&M e ” 111
n=1 2n-1 n—1 2n-1 3 5 7

Ileit psg 30ira€Tbes, OCKIIBKH € 3HAKOMOYEPTrOBHM JICHOHIIICBUM
psoM (Teopema 7).
VY Touni X =1 mMaeMo psij

%O: (_1)n+1(1)2n—1 0 ( 1)n+l 1_;_{_1_3_{_
— 2n—1 ~ 2n—1 3 57
n=1 n=1

Ileit psim 30ira€Thes, OCKIIBKH € 3HAKOMOYEPTrOBUM JICHOHIIIEBUM

psaaoM (Teopema 7).
Omke, 0611aCTIO 301XKHOCTI 3a7aH0ro psany € Biapizox [—1; 1].

Teopema 18 (piBHOMipHA 30i2KHiCTH CTeNeHEBOI0 PsY).
Hexau creneneBuit psia

(0.0]
ag+aX+aX +...+ax"+ ... =3 ax"

mae inrepsan 36ixknHOCcTi (—R,R) i O0<r<R. Toxi psax piBHOMIpHO

30Ira€ThCs Ha BIAPI3KY [—r, r] :
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Hosenenns. Ockineku I €(—R,R), To uncnoBwuii psin
lag|+|ag|r +]ag|r? +...+fagr" + ... = S a1
n=0

30iraetbcsa. OCKUIBKM IS BCIX X e[—r,r] BUKOHY€TbCSI HEPIBHICTh

a,x"| < |an | r" ,n=12,..., T0 3a Teopemolo Beiiepmrpacca psn
- n

Y. a,X  pIBHOMIpHO 30iraeThcst Ha BiIPI3Ky [—r, r]. n
n=0

Jljist cTeneHeBUX psiiiB COPaBEJIMBI TaKi TEOPEMHU.

Teopema 19. Cyma creneHeBoro psiay BCepeauHl HOro iHTEpBalLy
301’)KHOCTI € HEMepepBHOIO (QYHKIIIETO.

Nosenennsi. Hexait xy €(—R,R) — Oyap-sika TOdYKa iHTEpBay

30ikHOCTI. BubOepemo pmomatHe umcio I Tak, mod X, e[—r,r] i

o0
O<r<R. 3a Teopemoto 18 psx > a,Xx" pisHOMipHO 36iKHHMiI Ha
n=0

[—r, r], YIEHU 1[bOTO Py — HENepepBHI (yHKIII, OTKE cyMa psAIy 3a

Teopemoro 12 HenepepBHa Ha [—r, r], 30KpeMa, B TOULl X .

e8]
Teopema 20. Sxmo crenenesuii pax S(X)= > a,x" Mae pasiyc
n=0

30ikHOCTI R, TO psig, yrBopeHuil HOro mowieHHUM AM(EPEHIIIFOBAHHSIM,
Mae Tol camuii paiyc 36ixHocTi R, cyma pany S(X) mae moxinny i
o0 o0
') =Y (@a,x") = Y na x"t, xe(-R,R).
n=0 n=0
ToOrto, cremneHeBuil psAx BcepeAuHl MHOro IiHTEpBaly 301KHOCTI
MOXHa MOYJIEHHO JIU(EPEHLIIOBaTH JOBUIbHY KUIBKICTh pa3iB 1 cyma
CTETNICHEBOTO PSAly Ma€ BCEPEIMWHI 1HTEpBaTy 301KHOCTI MOXIAHI OYIb-

SAKOTO TIOPSIIKY.

o0
Teopema 21. Sxmo crenenesuii pan S(X)= > a,x" Mae pasiyc
n=0

30ikHOoCTi R, 1 Bigpizok |o,B| < (—R, R), To crenenesnii psin, orpumannii
p P
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MOYWICHHUM IHTETPYBaHHIM JaHOTO Py B MEXax Big o 1o [3, 30iraeThes,
Ma€e TOW camMuid pajiiyc 301KHOCTI 1 MOro cyma JIOpPIBHIOE 1HTErpaity Bif
CYMH BUX1THOTO PSY:

jS(x)dx— Z a, jx”dx
n=0 o
30kpema, SIKITOo |X| <R, T0
X o0 X 00 a 1
[S(x)dx= 3 [a,x"dx =Y —-x"".
0 n=00 n=on+1

o0
To6to creneHeBuit psia Y, aan , [0 Mae pajiyc 30ikHOCTI R, Ha
n=0

BIJIPI3KY [O,X], |X| < R moxHa inTerpyBary i 1udepeHIiroBaTH MOYWICHHO

JOBUIBHY KUIBKICTh pa3iB ISl OyJb-IKOI TOUKH X. Y LOMY pa3i pajlyc

301:KHOCTI R He 3MiHIO€THCS.

Teopema 22. Slkmio creneHeBuil psm ), anx” Ma€e 1HTEpBal

soixnocti (—R,R) i 36iracTees (xoua 6 HeaGcomoTHO) y pasi x =R, To

iioro cyma S(X) B Touwi x = R menmepepBHa 31iBa, TOOTO

(e 0]
n
S(R-0)= Xﬂm_ nzoa X" annR :

Take TBepKEHHS CHpaBeUIMBE 1 JJIsi JIIBOrO KIHIIS 1HTEpBAITY
301kHOCTI X =—R.

Hacaigok. Sxmo mus neaxoi gynkuii f (X) orpumano poskmax B
CTeNeHeBMi psax y Bimkpuromy mpomikky (—R<X<R) , ame ynxuis
BU3HAUCHA 1 HEMEpPEpPBHA, a PsiJl 301ra€ThCsi 1 Ha KIHI I[OTO MPOMIXKY,
CKa)XIMO B TO4Il X = R, TO poO3Kjaa B CTCHCHEBUU PAJ € BIPHUM 1 JUIA

3Ha4YeHHI X = K.
X

Hpukaan 27. 3uaiitu cymy psagy Z —
n=1 N
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Po3p’sizannsi. Y mpukimaai 20 mokaszaHo, IO CTENEHEBUM Psif

i 1
> x1L y pasi |x| <1 30iraeTbcs i Mae cymy T« (po3kiax (15)):
X

n=1
1 O e
= lex XX = XM Y <L
1-x =1
[IpoinTerpyemo 1ei psij MOYJICHHO B MEXax BIJ HYJA JO X, |x| <1
(Teopema 21):
n
X X
> — =—=In(1-Xx).
-1 N
Orxe, cyma pagy S(X)=-—In(l—X), a obmacts 36ixHOCTI psay €
intepsan (—1;1) .
Mpukaan 28. 3uaittu cymy psgy > NX' .
n=1
Po3B’si3anns. 3anumiemo poskiaz (15) y Burisi
1 ® n
v <t
1-x n=1
1 e 0] o0
- 1= X", X osx,
1-x n=1 1-x 3

JludepeHniroemo 1iei psia nouaeHHo (teopema 20):

X _ 1-x+ X _ 1 X _
(xj:znxnlz> X ;:annlj 2:annll
1-x n=1 (1—x) n=1 1-x)" n=1

[ToMHOkUMO JTIBY 1 MpaBy YaCTUHM OTPUMAHOTO PO3KIAAy Ha X 1

OCTATOYHO JICTAHEMO

> nx" = .
n=1 (1—x)2

OTxe, cyma psagy S(X)=W, a 00JacTh 301KHOCTI POy €
—X

inrepsan (—1;1) .
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KoHTpoJIbHI 3anMTaHHSA

1. SIkuii psia HA3UBAETHCS CTEIICHEBUM PSJIOM?

2. Mo Take pamiyc 301KHOCTI Ta 1HTEpBaJ 301)KHOCTI CTETIEHEBOTO
pany?

3. ChopmynoiiTe TeopeMy MNpo TMOWICHHE AU(EpEeHIIIIOBAHHS
CTEIIEHEBOTO PAYy B IHTEPBaJ 301KHOCTI.

4. Chopmynwoiite  TeopemMy  TpO  MOWIEHHE  IHTErpyBaHHS
CTENEHEBOIO sy B IHTEPBal 301KHOCTI.

Bupasu
1. 3nalaiTh 007aCTh 301’KHOCTI CTETICHEBOTO PSITY:

a)ix—; 6)Z(Zn 1) :

n=1N S\ 2n+1
= (x-3)" 5 X
g nZ::1 n-s" r)r1z—:1(n+1)|n(n+1)
%) fz”z X &) ¥ (3n+2)-6"(x—-1)";
=1 n=1
) z (n - 3;(nx+1 2" ) S N+ (x+1)"
n=1
(x+5)" i (x=1)"
D
) ;1 n2+1 " 9 Z1( ) (4n—3)%"
2 (=0 2 X",
& El(n +1)8" W nZ::1 5"
0 " (X_4)2ﬂ—1 0 nn(x+1)4n
-1 -—_
A=A V2 o3y
2. 3HalITh CyMy CTEIEHEBOTO PSAY:
0 2n+1
a) 3 (Bn+Dx’"; 6) Z( D>
n=0 "‘1
n 0
®) z—- ) ¥ n(x-2)".
n=1N5 n=0
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Jekuin 6. Paou Teiinopa i Maknopena

Jlocl posrisaanucs BIaCTUBOCTI 3aJaHUX 301KHUX CTEIEHEBUX
psaniB. OCKIUIBKM BIApI3KaMU CTENEHEBOrO0 pAIYy € MHOTOWICHH, TO
CTEIICHEB1 PN € 3pYYHUM 3acO00M ISl HAOMMKeHUX oO0uuciaeHb. Tomy
BAX/IMBO BMITH poO3KiIagaTy Hamepen 3azany ¢yskuiro f(X) 3a
CTeneHssMu X abo X—a, TOOTO MPEACTaBISITH (PYHKIIO Y BUTIISAAI CYMH
CTETICHEBOTO PSY.

Hexaii ae R, 0< R < +4o0.

Teepmxennsn 5. Sdxmo ¢ymxuis  f(X) B  nmeakomy oxomi
(a—R;a+R) Touku a mae Bci moximai 1o (N+1)-ro mopsaKy BKIIIOYHO,

1o f(X) MoxHa momaru y BUIISAi CymMM MHOrO4YIEHa N-rO CTENEHS i

sanmmikosoro wiena R (X) :

F(x) = f(a)+ f'l(la)(x—a)+ fﬂz(la) (x—a)2+...+
K - (21)
(@ )(x a)" + R, (),
n!
e
" (@+0(x - a)) 1
R,(X) = (x—a), 0<06<1. (22)

(n+1)!
®opmyna (21) wasuBaerbest gopmynoro Tetinopa, a R, (X) -
sanuwKosum wienom y popmi Jlazpamndica.
Osnavennsi. Hexaii ¢ynkuis f(X) amdepenuiiioBna moBinbHy
KiIbKiCTh pasiB B okosi Touku a. Psoom Teinopa nna dynkuii f(X) B

OKOJI1 TOUKH @ Ha3UBAETHCS Pl BUY

rr (I’l)
f(a)+ ()(x a) + 2()(x a) +...+ ()(x a)'+ ... =

o £(N)
_y @ gy (23)
n=0 n!
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Teopema 23. Jlns Toro, mob psax Teitmopa (23) dynxmii  f(X)
30irascs o Buxiguoi ¢yskuii f(X) B okom (a—R;a+R) Toukn a
HEeOOXiIHO 1 mocTaTHbo, 00 y npoMy okomi Gyskmis f (X) mana moximmi

BCIX MOPSJIKIB 1 BUKOHYBaJIacs yMOBa

limR,(X)=0, xe(a—-R;a+R). (24)

n—>o0

Skmo ymoBa (24) He BUKOHYETBCS, TO P MOXe po30iraTtucs abdo
30iratucs A0 1HIIO01 PyHKIIII.

OT1xe, 17151 TOTO, 1100 MEepeKoHATHCS, 10 (PopMaTbHO 3alMMCaHUuN IS
dynkuii f(X) psan Teitnopa mae cymy f(X), tpeba nepesiputu ymoBy
(24), abo noBecTH Iie B iHIIMIA CITOCIO.

HaBenemo TeopeMy, sika Ja€ JOCHUTh MPOCTY JOCTaTHIO YMOBY
poskinany (yskmii B psm Teilmopa 1 SKOW YacTO KOPHUCTYIOThCS Ha
MPaKTHII].

Teopema 24. SIxmo ¢pynxuia f(X) B oxom (a—R;a+ R) rouku a
Mae TOX1/IHiI BCiX mopsiakiB Ta icuye yuciao M > 0 take, 1o

1 f W) |<M, xe(@a—R:a+R), n=12,...,
to Qynkuiro f(X) mMoxna poskmactu y 30DKHME 10 wiel QYHKIHT psj
Tennopa

n

-3 @
n=0 n!
npuyomy s R < +oo 36ikuicts pamy pisHomipna Ha (Aa—R;a+R), a

(x—a)", mx Vxe(@a-R;a+R),

mis R =400 30DKHICTE psay piBHOMIpHA Ha OyJb-IKOMY BiIpi3Ky
[a—R;a+R], R <+wo.

TBepmxenns 6 (exunictb psaay Teisopa). SIkio B n1esKOMy OKOJI
(a—R;a+R) touku a pynxuis f(X) npencrasmserses y Burasni cymu

pany

f(x)=cq +cl(x—a)+cz(x—a)2 +ote,(x—a)" +..., (25)
TO 1eH psin € ii psgom Teitnopa, To6TO
- f(”)(a)
"o
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JoBenenns. [TocaigoBHo mpoaud)epeHIiiroeMo crerneneBuii psay (25):
f'(X)=c+2c,(x—a) +3c3(x—a)2 +...+I’lCn(X—a)n_1 + .
f"(X)=1-2-C,+3-2-Ca(x—a) +...+n(N—=1)c,(x—a)" % +...;
f"(x)=1-2-3-Cq+4-3-(x—a) +...+n(N—1)(n—2)c, (x—a)" > +...;

[Toknamaroun B yCix mux (opmyiax i y Bupasi (25) X = a, 3uaiigemo
BUpa3u 1t KoedilieHTiB psay (25):

Co = f(a);
f@)=c = 6 =18
1!

f"(a)=1-2-c2:»c2:%;
f(a)=1-2-3-Cg = C; = fs(la);

(n)
fM(@)=1.2-3-....n-¢c, =¢,= I(a)

n!

OsHaveHHsl. Psdom Maknopena Ha3UBa€ThCsl YACTUHHUN BUIAJIOK
pany Teinopa (23), komu a =0 :

’ " " (n)
f(0)+ f (O)x+ ) X% + f (O)x3+...+ O

X"+ ... (26)
1! 2! 3! n!

Mpuxaan 29. Posknactu B psag Maknopena gpynkuiro f (X) =¢”.

Po3p’si3anns. J{ns 3HaxomxeHHs koedilieHTIB psaay MakiopeHa
(26) mocnigoBHO JUGBEPECHIITIOEMO:

f'(x)=e*, f"(x)=¢", f"(X)=¢", .. fTMx)=¢",..
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Tomi it x=0 wmaemo

f(0)=f'(0)=f"(0)= f"(0)=...= f(MW(0)=¢" =1
1, IMICTaBUBIIIN 3HAWICHI 3HaYUeHH: y pax (26), aictaHemMo
2 3 n

AL (27)
1 21 3 n!
3a popmyioro (19) pamiyc 301KHOCTI IILOTO PSITY
.| a . (n+D
R=I|m—”:llm( ) = lim(n+1) =oo.
n—wld, 1| N n! N—o0

Orxe, pax (27) 30iraeteea B inTepBami (—o0, +0) .

Tokaxemo, mo psix (27) 36iraeTbes 10 QYHKIT € KOPHCTYIOUHCH
Tteopemoro  24. Posrismemo jmoBinbHuMit npomikok  [-R;R] s

noBimeHOTO N >1 Ta MoBimbHOrO X € [—R; R] BUKOHYETHCS YyMOBa

1 f V) He <eR =M.
Omxe, 3a Teopemoro 24 psn Makiiopena (27) 30iraeTbest 10 QyHKIIiT

e* B inrepBami (—00, +00) :
2 3 n
X x° x X

e =1+ —+—+—+...+—+ ...
1 20 3 n!

VY Garatbox BuUMagKax po3kiaan (yHKIII B CTENEHEBUU PSAJ MOXKHA
OTpUMAaTH, BUKOPUCTOBYIOUM 1HII BijioMi po3kiaau. Hasememo Tabiuifto

po3kyaaiB B psaa  MakiopeHa  JgeskuxX — QyHKUIA, AKI  9acTo

BHUKOPHUCTOBYIOTBLC.
X X2 X3 xn
e =l+=+—+—+...+—+ ... (FO<X<+©) ; (28)
1 21 3! n!
x3 x5 x2n+1
SinX=X——+——...+(-D"——+ ... (o< X<+®); (29)
31 5 (2n +1)!
2 4 2n
cosx:l—x—+x——...+(—l)n al (—o< X< +o) ; (30)
21 4l (2n)!
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(1+X)m=1+m-x+wx2+m'(m_l)'(m_z)x3+...+
1 2! 3!
+m'(m_1)"“|'(m_n+1)x”+... (~1<x<1) (31)
n!
%:1+x+x2+...+x”+... (-1l<x<1); (32)
—X
W2 y3 N
INL+X)=X——+——...+ ()" =—+ ... (-1<x<1); (33)
2 3 n+1
3 5 . x2n+1
arctgx =X ——+—-— — . (-1<£x<)); 34
g (1) 2n+1) ( ) (34)
: 1 2 1.3 x° 1-3-...-(2n-1) X2t
arcSinX =X+ =+—+——-—+...+ : +
2 3 24 5 2-4-...-(2n) (2n+1)
(-1<x<1):  (35)
3 5 2n+1
shx:x+x—+x—+...+x—+... X € (—o0;+0); (36)
31 5l (2n +1)!
2 4 B 2n
chx=1+X—+X—+X—+...+ X + ... Xe& (—o0;400). (37)
21 41 6! (2n)!
Psan (31) HasuBaerbcst Oinomianvnum. SIKIIO M — HaTypajibHE

4YUCJI0, MAaEMO BiIOMHUH po3kiiaj aABowieHa (0iHom HrroToHa). 301XKHICTH

Ginomianeroro psagy o dymkuii f(X)=(1+X)" B kiHuesux Toukax
1HTEpBaTy 3aJICKUTH Bl M:

xe[-1, 1] , sxkmo m>0 ;

xe (-1, 1] , axmo -1<m<0;

Xe(-1 1) ,saxmo m<-1.

Poskiagati @yHkiii B psaa Teinopa iHKOIM MOXHA JIOCUTH MPOCTO,
BUKOPHUCTOBYIOUM HaBEJIEHI pO3KJIaau a0o 1HII, paHile 3HalJeHI.
Hanpuxnan, psaam Mo)kHa A0JaBaTH, MHOXKUTH PAIl Ha JIesKe 4UCIO abo
3aMIHATH y BIJJOMOMY PO3KJIaJl X Ha JIOBUIbHY CTEMEHEBY (DYHKIIIIO.

Posknamaroun  Qyskmiro B pax  Teisiopa, MOXHa  TaKoX
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BUKOPUCTOBYBATH JW(EpEHIIIIOBaHHS 1 1HTErpyBaHHs psAniB. Hampuxmnan,
dopmyny (33) moxua orpumaru 3 popmyu (32), noxiaasum (—x) 3amicThb
X 1 MPOIHTErpyBaBIIU MOYICHHO OTPUMaHHUK psia. Tak camo, MOKJIABIIN B
dopmyi (32) (—x2) 3aMiCTh X 1 MPOIHTErpyBaBIIN OWICHHO, JiICTAHEMO
pan (34). Pan (33) mns dyuxuii IN(1+X) y pasi Xx=1 i pag (34) mis
arctgx y pasi X =1 36irarorbcs sik psau JleiOHira.

3ayBakuMo, mo i3 poskiaany (34) y pasi X=1, BpaxoBywouu
HACJIO0K 3 TEOpEeMH 22, MAEMO

_n\h-1
arctg1=l—l+l—...+( Y + ...,
3 5 (2n-1)
abo
m 11 (-t
—=l-—4+=—...+ + ...
4 3 5 (2n-1)

Ie € Bimomuii psig JIeitOHIa — nepiuil psijg po3KIIaLy yucia 7.

Hpuxaan 30. Po3knactu B psig Teitnopa 3a crenensMu X GyHKIIO

X
e” -1
f(x)= :
X
Po3B’si3anns. Bukopucraemo po3skiay (28):
2 3 n
X x° x X
e =l+—+—+—+...+—+ ... (-o<X<+»).
1 21 3l n!
3 IbOTr'0 PO3KIAAY
2 3 n
X x x° X X
—l=—t"—+—+...+—+ ... (-0<X<+x).
1 21 3l n!
[ToxiauBINM IpaBy Ta JiBy YaCTUHY BHpa3y Ha X, TiCTAHEMO
e’ -1 x  x° X"t
=l+—+—+...+——+ ... (-0<X<+00).
X 2! 3l n!

Hpuxnan 31. Po3knactu B psia Teitnopa 3a cTeneHsIMu X GyHKITIO

f(x) =x-In(L+ x?).

Po3B'sizanns. Bukopucraemo poskian (33):

53



X2 X3 Xn+1
IN(L+X)=X——+——...+(-D"=—+ ... (-1<x<]).
2 3 n+1

3aMIHMBIIIY B IIbOMY PO3KJIal X Ha X2 , JICTAaHEMO
4 6 2n+2

X X X

In(L+x3) =x2 -2+ = — 4+ (-D" + ... (-l<x<1).
2 3 n+1

IToMHOXHMMO Ha X!

) 3 X5 X7 2n+3
x-IN(l+x7)=x"——+"——.. . +(-1" + ... (-1<x<1).
2 3 n+1

Ilpukaang 32. Poskimactu B psa Teimopa 3a cremensmu x —1
1
dyukuiro f(X)=——.
x+2

Po3p’s3anna. IleperBopuMo 110 HKI[IF0O TaKUM 4YHHOM, II00
y

MOXKHa Oyno Bukopuctatd poskian (32) ¢yHkmii . ITo3raunmo
1 1 1 1
t=x-1,toni x=¢r+11 2= 3= n = VEERY
X+ r+ 3(1_j 3(1_—j
— -3
V posknai 1 =14 X+ X X+ (-1<x<1)
- X
x=1,

3aMIHAMO X Ha 1 TICTAHEMO

Lzl{l—x_ﬂ(x_l)z NS L D", }
X+2 3 3 32 3"

x—-1

Ieit po3knazn cripaBeIJIMBUH, SKIIIO <1, To6TO

—1<XTl<1 -3<Xx-1<3, —2<x<4.

Otmxe, iHTepBan —2 < X <4 € iHTepBasoM 301KHOCTI OTPUMAHOTO
psiy.
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KoHTpoJIbHI 3anIMTAHHSA

1. Sxwmii crenmeHeBUW psAa Ha3WBaeThbcs psaoMm Teitmopa (yHKINi
f (X) B okomi ToukH a°?

2. Cdopmymroiite HEOOXIHY 1 AOCTaTHIO YMOBY 301KHOCTI psimy
Teitnopa ¢pyukuii f (X) B oxoni Touku a mng pynxuii f(X).

3. 3anumiTh po3KIaAu B psia MakjiopeHa OCHOBHUX €JIeMEHTapHUX
GYHKITIH.

Bnpasu
Posunytu pynxuiro f(X) B psag Telinopa 3a crenensmu (X —a) ta
BKa3aTH 00J1acTh 3015)KHOCTI psY:
1. f(x)=3%, a=0;
2. f(x)=Inl-x—6x?), a=0;
1

3. f(x)= a=0;
\/1+x2
«2
4. =0;
f(x) = <1 a=0;
5. f(x)=In. =X a0
1_
6. f@)=1,a=1
7. (x)-—2X+4 a=1;
8. fuy:mu +2Xx+2), a=-1;
0. f(x)=Ih———, a=-2.
X®+4X+5
10, f(X)=—— a=-2.
X2 +4X+7
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Jekuia'l. 3acmocyeanns padie 0na HAOAUICEHUX
o0uucnens

VY pasi oOuucieHHd HAOMKEHMX 3Ha4YeHb (QYHKIIA cyma psay
3aMIHIOETHCSI YACTUHHOIO CyMOI0, TOOTO B po3Kiaal GyHKIII y CTEEeHEBUI
psa 30epiraerbcsl MeBHA KUIbKICTh wieHIB. I1Ilo0 omiHuTH mOXHOKY
HaOJIMKEHHS Tpeba OIIHUTUA CYMY YJICHIB, IO BIIKUIAIOTHCA. Y pasi, KoJu
BUKOPUCTOBYBaHUH psij € psaaom JIeiOHila, moxmuoka OIMIHIOEThCS JOCUTD
MPOCTO: JJIsl JISHOHILIEBUX PSIB BIJl 3aMIHU CYMU PSAJly YACTUHHOIO CYMOIO
MOXMOKa HE MEPEBUIIYE 32 a0COJIFOTHOI BEJIIMUYMHOKO MEPIIOrO 3 YJIEHIB,
SIK1 BIAKUTAIOTHC.

SIKIo psif € 3HAKOCTAUM, JJis OLIHKA TOXUOKH Psifl, YTBOPECHHIA
BIJIKHHYTUMHU YJICHAMH, MOPIBHIOIOTh 3 IHIIUM PSAOM 3 OUIBIIMMU
YjleHAMH, SKUH JIETKO CYMYEThCS, HANpUKIAA, 3 TE€OMETPUYHOIO

IIPOTPECIEIO.

HaOin:keHe 004YMC/IeHHA 3HA4Ye€Hb TPHUIOHOMETPHUYHUX
pyHkii

s obuucneHHS HAOMIDKEHUX 3HAYCHb TPUTOHOMETPUYHUX
(GyHKII11 BUKOPUCTOBYIOTHCS BIJIMOBIIHI PO3BUHEHHSI TPUTOHOMETPUUYHHUX

GYHKITIH.
Mpuxaan 33. O6uncanTy 31auenHs C0S10° 3 Tounictio € = 0,0001

Po3p’si3anns. /[ o6unciens Bukopucraemo poskian (30)

2 4 2n
X

cosXx=1-"+2 — 4+ (D"
21 41 (2n)!

+ ...

. ° T . T
Ockinbku C0S10™ = COSE IM1JICTaBUMO 3HAUCHHS X = E B psAa.

2 4
i) )
cos— =1 18 + 18) _ (38)
18 2! 4

OTpuMalii  3HAKOMOYEPrOBUM YHUCIOBUM psifi, SKUA € PSIOM
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2
Jleiibnina. [pyruii uiaen poskiaamy (38) %(%) ~0,0152 > 0,0001.

4
1
Tpertiit wmen po3kiaxy E(%j <0,0001, Tomy mns OTpHUMaHHS

pesynbTary i3 3amaHoro TouHicTio € =0,0001 nmocratHho 3anUIIUTH B

po3kiami (38) aBa mepivx YWICHU:

2
T 1( =
coS—~1——| — | .
18 2118
Tpetiit uneH po3kiaay JI0JaTHUM, TOOTO 1€ € HAOIMKEHHS 3
HEZOCTAYEIO.

Ha0aukeHe 004MC/ICHHS KOPEHiB

Jlns  HaOMM>KEHOTO  OOYMCIICHHS  KOPEHIB  BUKOPHCTOBYIOTH

O1HOMIATLHUH PSIJT (31):
A+x)™ =1+ xpmm-9 o m(m-b)-m-2) 5
1! 2! 3!
er-(m—l)-...-(m—n+1)XnJr (cl<x<1).

n!
Mpuxanag 34. O6unciuru Y130 3 tounictio € = 0,0001.

Po3B'sizanHs. 3poOKMO NepeTBOPEHHS

1
3130 = 3125+5 =3 125(1+ ij _ 5(1+ ij3 |
25 25
. . 1
BI/IKOpI/ICTaCMO 61HOM12UIBHI/II/I pHI[, BBAKAKOUYHU X = —, m=-—,
1

3130 = 5(1+ %)3 -
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+ - —
3-25 2! 25 3!

st av a5 (52

b | o = ==1|1==2 3

_5.l1 1 31\3 '(1J+3 3 3 '(1j+“'_
1 1.2 1.2.5 1 1 1

=5+ — + —...=5+ — - -
3-5 2.32.58% 6.33.5° 3-5 32.5% 3*.54

Maemo psan JleiOnina. 3HalgeMO 3HAYEHHS YJIEHIB OTPUMAHOTO

1 1

pagy: @, = 3z ~0,0667>0,0001, a3= 2 3 ~ 0,0009 > 0,0001.

< 0,0001.

YerBepTuil 4iieH psaay 1 4
375

Otxe, MO0 OTpUMATH 3HAYEHHS 3 3aJaHOI0 TOYHICTIO, JOCTaTHHO

3aJIMIITUTH TPU MEPIII WICHH PAILY:

3130 ~5+ 1 ! ~5+0,0667 —0,0009 = 5,0658.

OCKUJIbKY YeTBEPTUH YJI€H Py NOAATHUH, 1€ 3HAUEHHS] OTpUMaHe 3

HCIOCTA4YCHO.

Mpuxnax 35. O6uwcIUTH {fe 3 tounictio & =0,0001.

Po3p’si3anns. Bukoprcraemo posknan GpyHKiii e (28):
X x x2 x x"
e =l+—+—+—+...+—+ ... (-0<X<+o).
1 2t 3 n!

Ileit psn y pa3i 10JaTHOTO 3HAYCHHS X € 3HAKOJOJATHUM. 3AJIMIIIOK

psiAy MiciiA BIAKWIAHHS N NEPIINX YICHIB:

Rn(x): Xn+1 N Xn+2 N Xn+3 .
(n+)! (n+2)! (n+3)!
abo
x”{ X G x> }
R,(X)=—- + + +...]<
n' | (n+) M+D(n+2) (+D(n+2)(n+3)

X" { X G X }
<—- + + +... .
n' {(n+) M+DY(n+D) ("+D(n+D(n+1)
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VY KBajpaTHUX AY>KKax B TpaBiii 4aCTHHI HEPIBHOCTI MAEMO CyMy

CIIaHO1 reoMCTpUIHO1 IIporpecii 31 3HAMCHHUKOM ( 1) .
n+

[IpocymyBaBIIIH IT¥0 MPOTPECIIO, TICTAHEMO

X
X" (n+1) X" X
R,(X) <—- , abo R,(X)<—- : 39
n(X) nt , X n(X) n' n+l1-x (39)
(n+1)

1

Jl1 0OuKCIeHHS e = e4 maemo pan

et =144, 4 + 4 + 4 + 4 + ... (40)
1! 2! 3! 4] o!

[InsxoMm miabopy, 3HaiaemMo N Tak, 00 BUKOHYBaJIach HEPIBHICTh

R, (1) < 1 <g.
4" (4n+3)n14"
1 1 1

Ro(5) < = —~0,00284;

23 11.2142 352

Ry(3) < —— =L _~0,00017;
4" 15.314° 5760
1 1 1

R,(5) < _ ~0,000009 < 0,0001 .
4 19.414% 116736

Ormxe, mo0 oTpuMaTH 3HaveHHs i3 3amanoro tounictio €= 0,0001

JOCTaTHBO 3AJMILUTH MEPUIl I’ ITh YWICHIB PSAY:

%:1+1 1 1+1

+ +
4.1 42.21 43.31 4% .4

3a3HauyuMO, IO B3ABIIM CyMy MEHIIOI KUIBKOCTI UJIEHIB PSIy,

3aJ1aHa TOYHICTh HE 3a0€3MMeay€eThCs.

O04vuciaenns jgorapudmis
3ayBaXuMoO, 110 y pa3i OOYMCIICHHS JIorapu(dMiB HE € JOIIILHUM

sukopuctanHa pany (33) mna dymkuii IN(1+X) ockinpkm wmeit psn
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301raeThCsl Iye MOBIIBHO, 1 JOCATHEHHS HEOOX1THOT TOYHOCTI MOTpedye
BpaxyBaHHSl BEJIMKOI KUIBKOCTI WIEHIB PSAAy 1 BEJIUKOI KIIBKOCTI
O0OYHUCIICHb.

JIns HAOMM>KEHOTO OOYMCIICHHS JOoTrapu(pMIB HATypaIbHUX YHCEN

3py4Hillle BAKOPUCTOBYBATH Psijl

2 2 2

IN(N+1)=InN + - 3+ 5
(2N+1) 3-(2N+1)° 5-(2N+1)

+... , (41

ne N — HaTypanbHe Yucio.
3'scyeMo, SIKOIO € MMOXMOKa y pa3i 3acTOCyBaHHs i€l GOpMyJIH.

1 1
Ry(N)=2
i ((2n+1)(2N +1)2”+1+(2n+3)(2'\|+1)2n+3+ J<

1 1 1
<2 5T 1+ 5+ 7t |=
(2n+1)(2N +1) (2N +1)° (2N +1)

1 1 1
=2 2n+1 - 2n-1°
@n+)@N +1°M 1 2(2n+1)N(N +1)(2N +1)°"~
(2N +1)?
OTtxe, moxubka opmyiu, (41) BU3HaYa€THCS HEPIBHICTIO
1
R,(N) < : (42)
" 2(2n +)N(N + (2N +1)2"1
Mpukaag 36. O6uucouru IN2 3 Tounictio € =0,00001.
Po3p’sizanns. Y ¢opmymi (41) BBaxxkarumemo N =1 i orpumaemo
1 1 1 1 1 1
IN2=2-| ~+—+——F+—=+—5+ T+ |
3 3.3 53 7.3 9.3 11.3
[Insxom migbopy, 3HaiaemMo N Tak, o0 BUKOHYBaJIach HEPIBHICTH
(42)
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R, < L <g.

4(2n+1)-3%"1

Maewmo:
1 1

R,(1) < 5T = ~ 0,005556 > 0,00001;
4.5.3"1 180

Ry (D) < L 5= L ~(0,000147 > 0,00001;
4.7.-3° 6804

R,(@) < ! == L ~0,0000127 > 0,00001;
4.9.3" 78732

Rs(1) < ! L ~(0,00000115 < 0,00001.

4.11.3° B 866052

Omxe, 3aIMINIMBINM IUSTh IEPIIMX YJIEHIB psay, OTPUMACMO
3HaueHHd N2 3 3aganoro Tounictio € = 0,00001:

In2~2-(l+ L + 1 + 1 + 1)
3 3.3 5.3 7.37 9.3°)

Ha0uuxeHe 009uCICeHHS BU3HAYCHHUX iHTErPaJiB

Buxopucrtanuss ¢opmynu Herotona-JlelOHina st  oO4HCIICHHS

b
BusHaueHoro inrerpana | f(X)dx wmoxmse, sxkmo mut f(X) icmye
a

NEPBICHA, 110 BUPAKAETHCA B elleMeHTapHUX (yHKIIsX. B 1Hmomy pasi,
akmo "inTerpan He Oeperbesa", ane miminrerpambHa Qymkmis  f(X)
PO3KIIANACTECS Yy CTENEHEBMU psn, a Bigpi3ok inrerpysanHs [a, D]

HAJICXKHUTHh 00J1acTi 301’KHOCTI BOTO PsIAy, TO Psif 3TIAHO 3 Teopemoro 21
MO)KHa 1HTETpyBaTH MOWICHHO Yy 3aJlaHuX Mexax. HaOmmkeHe 3HaueHHS
iHTEerpaja O0YUCITIOETHCS K YaCTHHHA CyMa OTPUMaHOTo psiay. KimbKicTh

HEOOX1THUX JOJIAaHKIB Y CyMl BU3HAYAETHCS HANEPE] 3a/IaHOK0 TOUHICTIO.
1

4 2
Hpukaag 37. OOuucauTH  1HTErpan j e dx 3 TouHicTIO
0

€ =0,0001.
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Po3p’sizanHsi. [l  poO3BUHEHHS MiAIHTETpajdbHOi (PYHKIND Yy
CTEIICHEBH Pl BUKOPUCTaEMO po3kiaf (28):

¥ x XX X x"
=l+—+—+—+...+—+ ... (-o<X<+»),
n 2t 3l n!
3aMIHMMO B IIbOMY PO3KJIaji X Ha —X2:
2 4 6 o 2n
_ x° x Xx X
R D =3 (-)"=— (-0 < X < 4 )
mn 21 3l n=0 n!

(-1)" 11 11

— + +...
nt(2n+1)-42 4 3.483 2.5.45 7.6.47

-2

Otpumanuii psin € psgom JleiOHina. [[ns Tperboro uieHa psiay

. 51 pE <0,0001. Omxe, mia 3a0e3ledeHHs 3aJaHOI  TOYHOCTI
JIOCTaTHHO 3aJIMIIUTH JBa MEPII YICHH PAIY:
1
4 2 1 1
Ie dx~———-=0,25-0,0052=0,2448.
4 3.4°

Ile € HaOmKEeHHS 3 HEAOCTAYCI0, OCKIIBKH TPETIH YiIeH Py

JOTATHHUM.

3acTocyBaHHs psAiB 1A PO3B's3aHHA AUepeHUiaTIbHUX
PiBHSIHb

ko 1HTerpyBaHHs AUGEPEHIIaIbHOTO PIBHSHHS HEMOXJIHMBE B
eleMeHTapHuX (YHKINAX, a00 I I1HTErpyBaHHS HE IMAXOIATH I1HIII

METOAM, po3B's130K 3aaa4i Ko 17151 piBHAHHS N-TO TOPSIAKY

y™ = £y, Y,y YY)

3 IIOYaTKOBHMMH YMOBaMH
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Y(X0) = Yo. ¥ (%) = Yo - YD (x0) =y D

1HKOJIM MO’KHA IITyKaTH y BUTJISA1 psaay Teinopa

y (xo) y™ (%)
n!

(X=Xp)+...+——=

‘”>< X)
n!

y(x) =y(xg) + (X=%)"+ ... =

T (x—%g)".

[lepmi N Koe(biuieHnB Py BU3HAYAIOTHCSA NOYATKOBUMHU YMOBAMH.

n : : :
3HaueHHs y( )(XO) 3HaXOJATh, MIJCTABISIIOUYU X = X 1 IOYaTKOBI yMOBH
B piBHsAHHA. HacTtymHi  Koeiuml€eHTH  3HaXoJsATh  IOCHIJAOBHO,
IU(EepeHIIOI0YN PIBHSAHHA 1 MIACTaBIAIOYM X =X; Ta BXKE BLIOMI

3HAYCHHS MMOXITHUX MCHIIHMX IMOPSJIKIB.

Hpukiaax 38. 3HaliTH nepiIi YOTUPU HEHYJIbOBI YJIEHU PO3BUHEHHS
y CTeNeHEBUM Pl po3B'sa3Ky 3anaui Komri

" 2 '
y'=x+y°, Yy(0)=0, y'(0)=1.
Po3p’si3anns. Ockinbku 3a ymoBoio Xy =0 wacTuHHMIT po3B'sI30K

IMYKAaTUMEMO Y BI/IPJISII[i
' " m (n)
y(x) =y(0)+ y1(|0) X+ yZ(IO) X% + (|O) ..+ '(O) X"+ ... (43)

3a ymosorwo Y(0)=0, Yy'(0)=1. Migcrauum x=x3=0 =8

. . " .
piBasnas, micranemo 3HadeHHs Y'(0)=0. s 3HaxomkeHHS iHIIMX

KOe(IIiEHTIB TOCIHIIOBHO JIUQPEPEHIIIOEMO PIBHSHHA 1 M1JICTABISIEMO

x=x9=0:
ym :1+2yyr,
y|V :2y12+2yy”,
yV :4yry”+2yry”+2yym :6yry”+2yym.
y —6y y +6yrym+2yrym+2yy :6y”2+8yrym+2yy|v

VY pasi, ko x =0, gicranemo

ymzl’ y|V =2 yV =0, yV| —8.
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[TincTaBuMO 3HaiiieHi 3HaUYeHHs y (43) 1 OTpHMaeMO pO3B'SI30K:

y(x)_—x+£x3+gx4+§x6+
1 3l 4! 6!
abo
x3 x4 x6
y(X) =X+—+—+—+
6 12 90

KpiM  BHUKOpHUCTAaHOTO Yy  HaBEACHOMY NpPHUKIaAl  METOAY
MOCIOBHOTO AU(MEPEHIIIIOBAaHHS PO3B'SI30K MU(PEpEeHIIaTbHOTO PIBHSHHS
MO>KHa IIYKaTH y BUTJISI CTETIEHEBOTO PAIY, 3allUCAHOTO 3 HEBIIOMUMU

KoedirieHTamu:

o0

y(X)= X an(x—xp)"

n=0
Jlns 3HaxookeHHs HeBinomux koedimientis @, (n=0,1,2,...) psan
MiJCTABISETHCA y PIBHSIHHSA 1 TPUPIBHIOIOTBCS KOE(DIIIEHTH Mpu
OJHAKOBUX CTENEHSAX X—Xg y MpaBlid 1 JIBIM YacTHMHAX OTPHUMAHOI
PIBHOCTI.
Hpukiaax 39. 3HaliTu nepin YOTUPU HEHYJIbOBI YJIEHU PO3BUHEHHS
y CTeTICHEBUU Psifl po3B'sa3Ky 3amadi Korri

y'=xy, y(0)=1, y'(0)=1.
Po3B’sa3anus. lllykaTuMeMo po3B's30K y BUTJISAII CTETIEHEBOTO PSAY
y(X) =ag+a X+ a2x2 + a3x3 + a4x4 + ... (44)
Hudepentiiroemo:

Y'(X) =8 +2a,x + 3a3x2 +4a,x° + 5a5x4 + 6a6x5 o

y"(X) = 2a, + 6agx +12a,x* + 20a;x> + 30agx” + ...
[3 moyaTkoBUX yMOB MaEMO
ag=y(0) =1, ¢y ='(0) =1.

[Migcrasagemo Y(x) i y"(x) y piBusauns:

2a, + 6a3x+12a4x2 + 20a5x3 + 30a6x4 +...
=agx + azlx2 + a2x3 + a3x4 + a4x5 + ..
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[IpupiBHIOEMO KOE(DIIIEHTH MPU OJHAKOBUX CTEIMEHSIX X Yy JIBIH 1
npaBiid YaCTUHAX:

a2=0,

6a32610:> a3:

1

128, = a, = a=—,
4 =4 P
20&5:a2:> a5=0,

30ag =a;=> a4 = 180"
[TincraBnsitoun 3HaineHi KoedirienTn y (44), oTpUMaEMO IITyKaHUH
PO3B'SI30K:
3 4 6
y(X) “lax g X
6 12 180
KoHTpoJbHi 3antuTaHHA
1. SIx HaOMMKEHO OOYHMCIIOIOTHCS 3HAYEHHS TPUTOHOMETPUYHUX
byHKIIi?
2. Sk HAOJIMXKEHO OOYHUCITIOITHCS 3HAUYEHHST KOPEHIB?
3. SIk HaOMMXKEHO 0OUMCITIOIOTHCS 3HAUEHHS JJorapupMiB?
4, Sl HaOmmKeHO OOYHCITIOIOTHCS 3HAYCHHS BUSHAYCHUX 1HTETpaiIiB?
5. Sk 3acCTOCOBYIOTBCS PAAM N0 PO3B’si3aHHSA IU(epeHIaTbHIX

PIBHSIHB?
Bupasu

1. 3acrocoByrouM BIJAMOBIAHI CTENEHEBI PSAAU, OOYMCIUTH 13
3aJIaHOIO TOYHICTIO € 3HAYEHHS BEJINYUHU:

a) 1630, £=0,001; 6) sin15°, &=0,00001;
B) arctg%, ¢ =0,00001; r) 3/1.05, ¢=0,00001;
n) ¥/8.32, £=0,0001; e) 366, £=0,0001;

k) €0s375°, €=0,00001; ¢ =0,0001,;

1
3)%,
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1) arcsin%, €=0,001; k) arctg(0,2), £=0,0001;

1) In(1.06), &=0,00001: w) In\/1,08, &=0,001.
2. O6uwmcnuty inrerpan 3 Tounictio € =0,001:
0,21 _ a—X 1 05
2) jl dx, 6) [cos~/xdx, B) [ dxg’
0 0 0 1+ X
1
1 0,25 3
r)je‘xzdx, n In(L+~/x)dx, e) | dx
0 0 0vV1+X
1
0,5 1 2
x) | wdx, 3) [sin x2dx, ) j3 1+ x2dx
0o X 0 0

3. 3HaliTu nepi YOTUPU HEHYIbOB1 YIEHH PO3BUHEHHS Y CTETIEHEBUIA
psa po3B's3Ky 3amadl Komi:

a) y"+ycosx=0, y(0)=1, y'(0)=0;

6) y" = ye* —x(y)?, y(0)=y'(0)=y"(0)=1;
B) y'=cosy'+y, y(0)=1 y'(0)=0;

r) y'+ycosx—3e*y? —sinx =0, y(0)=1;

0y +2y* =3 +e* =0, y(0)=1 y'(0)=-1;
e) y'+sinx-y+cosx=0, y(n)=1, y'(n)=0;

®) Y X0 +y° =0, y(0)=-2, y'(0)=—1;
3) (L+x%)y"=3xy? +4y'=0, y(0)=2, y'(0)=-2;
n) 4y"—ye?* +xy' =0, y(0)=2, y'(0)=1;

k) Y =X+x°+y2, y0)=1.
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Tema 3. Psaau ®@yp’e

Jekuia 8. Paou @yp’e. OCHOGHI NOHAMMA MA 03HAYECHH

[Ipormecu, gKi TOBTOPIOIOTHCS Yepe3 TEBHI MPOMIKKH dacy,
HA3UBAIOTHCS MEPIOAMYHUMHU. Taki MPOIECH 3yCTPIYarOThCs B TEOPii
NPY>KHOCTI,  MEXaHill, eJeKTPOHilll, Teopii  aBTOMATHUYHOIO
peryitoBaHHd Ta 1H. MoJenoTbesl MEepioUYHI  MPOIECH 3a
JOTIOMOTOI0 ~ MeploAMYHUX  (YHKIIN, [OJ9 JOCHIJKEHHS  SIKUX
JTOUUIBHINIE PO3KIANAaTH i1X HE B CTENEHEBUU Psifl, a y TaK 3BaHUU
TPUTOHOMETPUYHUU P,

Haragaemo, mo ¢yskiis f(X) HasuBaerbes nepioduunoio 3
nepiogoM T >0, sSkim0 BOHA BH3HAYC€HA Ha BCIA YHMCIOBIN OCi Ta
BUKOHY€ETHCS PIBHICTD

f(x)=f(x+T), xeR.

HatinpocrimuMu niepiognyaumMu GyHKIiSIMA € QyHKIiT SinX Ta
COS X, OCHOBHM Tiepiof sikux 1" = 27.

[Mepiognuna ynrkmis X = f (t) 300paxye nepioguunamii pyx, abo
KOJIMBAHHS TOYKH, 1110 Ma€ B MOMEHT 4acy t KoopauHary X.

HaitnpocTiimmM KOJIMBAHHSM € npocme 2apMOHIUHe KOJIUBAHHSL,
AK€ 3aJ1a€ThCs (OPMYJIOHO

X(t) =a-sin(ot +¢q), t=0, (45)

Ie a — aMIUNTyJa KOJIMBaHHS, (® — LHKJIIYHA YacToTa, @y —

noyaTkoBa (asza.

®dyukiio (45) Ha3uBawTh npocmoio eapmonikoro. OCHOBHHIM

: - 21 .
nepion wiei Qysnkuii 7 =—. 3poOUMO TEPETBOPEHHS MPOCTOI

®
rapMOHIKH:
X(t) =a-sin(ot + ¢y) =a-sinot - cos¢y + a-cosot -singy =
= A-cosmt + B-sinmt, (46)

ne A=a-singy, B =a-cosqy. Omxke, mpocre rapMOHiYHE KOJMBAHHS
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OIMHUCYETHCS NEPIOTUIHIUMHU QYHKITIIME SiNmt Ta COSwt .

CknaoHe 2apMoHIuHe KOAUBAHHA — 1€ KOJMBAHHSA, 110 BUHUKAE
BHACJIIJOK HaKJIagaHHS CKiHYeHHOI (200 HECKIHYCHHOI) KUIBKOCTI
MPOCTUX TAPMOHIK.

DOyHKITIS

o(t) =g -sin(t+ @) +a, -sin(t+@,) +...+a, -sin(t + ¢,
3aJla€ CKJaJHE TapMOHIYHE KOJMBAHHS, OCKUIBKH € Pe3yJIbTaToOM
HakJagaHHA N mpocTux rapMmoHik. OcHoBHuU# mepion yHkmii ¢(t)

JOPIBHIOE HAUMEHIIIOMY CIUIBHOMY KPaTHOMY BCIX MEPI10/iB MPOCTUX
rapmoHik T, =2n, T, =E=n, T, :E, O =E, TOOTO
2 3 n
T =2m.
[Toctae nmuTaHHS: 4M BCIKY MEpIOaUUYHY (DYHKIIIIO, IO OMHCYE
NEpPIOUYHUNA TPOLIEC, MOXXKHA TMOJATH y BUIJISAI CyMH MPOCTUX

rapMoHik (45) a6o (46)?

Tpuronomerpuunmnii pag @yp'e. Teopema /ipixiie

Osnavenns. OyHKIIOHATBHUHN P BUAY

a X ]
70 + > (a, cosnx+b, sinnx) (47)
n=1
HA3UBAETHCS MPUCOHOMEMPULHUM paoom, cTaii qucia
ag, 8,, by, (n =l,2,...) HA3MBaIOTHCS Koeghiyienmamu

MPU2OHOMEMPUUHO20 PAOY.
[Mpunyctumo, mo psx (47) Ha Bigpi3Ky [— T, n] PIBHOMIPHO
30iraeTbes 10 Gynkmii f(X):
F)=2047 by s
() ==+ 3 (a,, cosnx+ b, sinnx). (48)
n=1
Ockinbku SINNX i COSNX € mepiognyHuMu QYHKIIAMH 3 HEPIoIoM

21 : : :
—, cyma pany f(X) e 2n-nepiognunoro ¢pynxuiero. [IpoinTerpyemo ps
n

(48) mousnenHo Ha Biapisky [, ]
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[f()dx= | a—zodx+ i[ [a, cosnxdx+ [b, sin nxdx}
—T —T —T

n=1 —TT

OO6YKCIUMO IHTETpaJIH BiJ YJIEHIB PAILY:

T a
J‘ 70dX:Tca0,
—TT

T . T
jancosnxdx=m =0,
-1 -n
T b, cosnx/"
jbnsmnxdx:—”T =0.
-1 -n
Otxe,

T T

J F(0dx= [ 2 dx=rna,

-7 -7

8 = [ f(x)dx.

[Momuoxumo psan (48) ma COSKX i mpoiHTerpyeMo IHOYIEHHO Ha

BIJIPI3KY [— T, n]:

J f(x)coskudx =2 [coskocx +

T

0 T e
+ Z[an [cosnxcoskxdx +by, [sinnxcos kxdxj. (49)
n=1 =’ -7
OckinpKu

T
[ coskxdx =0,

T
[ cosnxcoskxdx =

-7

j sinnxcoskxdx =0,

-7

0, sxmo K #n, T
7, Ko K =n,

10 i3 piBHOCTI (49) y pasi K =N gicranemo

T

[ f(x)cosnxdx =a,m,

-7
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TOOTO

1 T
a, =— [ f(x)cosnxdx, n=12,...
T
—T
Amnanoriuno, nomuoxuBmu pszx (48) ma SiNKX i mpoinrerpysasmm

MOWIEHHO Ha BIIPI3KY [— T, TC] , OTPUMAEMO

b, :% [ f(x)sinnxdx, n=12,...

Hexait f(X) — mepiognyna 3 mepiogom 27 QyHKIis BU3HAYEHA Ha

BIJIPI3KY [— T, TE]. Koedimientu

ag :% [ f(x)dx,

a, =% [ f(x)cosnxdx, (50)

bn:%j f(x)sinnxdx, n=12,...

Ha3UBaIOThCA Koepiyiecnmamu Pyp'e pynuxuii T (X).

Tpuronomerpuunuii psn (47), koedillieHTH SIKOTO € KoedillieHTaMu
dyp'e (50), HasuBaeTbes psoom Pyp'e pyukuii T (X):

f(x)~ % + i (a, cosnx +b, sinnx).
n=1

[lo3HaueHHs ~ O3Ha4ae, MO IHTETPOBHIA Ha BIAPI3KY [— n,n’] byHKIIIi
f (X) craBurhcs y BignoBigHicTs ii psag @yp'e.

TobTo cripaBeIMBa TeOpEMA.

Teopema 25. Skmo ¢ynkuis f(X) npencraBiaserscs Ha Bimpisky
[— TE,TE] PIBHOMIPHO 30DKHHM Ha IBOMY BIJIPI3Ky TPUTOHOMETPUYHUM
psIoM, TO Tie psin € ii psmom Dyp'e, KoeillieHTH SKOTO BU3HAYAIOTHCS
dbopmymnamu (50).

Osnauenns. Oyuxuis f (X) masuBaerbes kyckogo-monomonnoro Ha

BIJIPI3KY [a,b], AKIIO TIeH BIAPI30K MOXXHA PO3AUIUTH CKIHYCHHOIO
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KIJIBKICTIO TOYOK X1, X9,y Xpq1 Ha IHTEpBaIH
(a,x1),(x1,x5),...,(x,_1,b) Tak, mo6 Ha KOXHOMY 3 HHUX IiHTEpPBATIB

¢yHK11s Oyja MOHOTOHHOIO.

Osnavenns. Oyuxuis f (X) HasuBaerhes kyckoso-nenepepenoio Ha
BIJIPI3KY [a, b], SKII0O BOHA Ha IIbOMY BIJIPI3KYy a00 HemepepBHa, abo Mae
CKIHYCHHY KUIbKICTh TOUOK PO3PHUBY HEPIIIOTO POIY.

Hacrynna Teopema mae 10CTaTHIO YMOBY MpeAcCTaBiIeHHsS (yHKINT ii
psanom Dyp'e.

Teopema 26 ([ipixae). Hexaii nepioguyna 3 nepiogomM 27 QyHKIis
f(X) € KyckoBo-HEmepepBHOI 1 KYCKOBO-MOHOTOHHOK Ha BiJIpi3Ky
[- 7, mt]. Toni psin @yp'e dynxuii f (X) 36iracThes Ha Beiil YrcIIOBiH OCi.
Sxmo S(X) — cyma uporo paxy Pyp’e, To:

1) B ycix Toukax Henepepsuocti pynkuii f (X) inrepsany (—; )

S(x) = f(x);

2) B ycix Toukax Xy po3puBy (mepiunoro poay) ¢ymkmii f (X)

f(Xg—0)+ f(xg+0)
> :

3) B KIHIICBUX TOYKax BiJpi3Ka [— T, n]

f(-m+0)+ f(n-0)
5 :

ToOto 3a ymoB Teopemu [lipixiie cipaBeasiuBUil po3Kian

S(x) =

S(—n)=S(n) =

o0

f(x)=%+ > (@, cosnx+ by, sinnx), (51)
n=1

ne koe(ilieHTH 00unCIIorThCs 3a Gopmysamu (50).

VMoBH, sKi HaknagaoTbes Ha ¢Gynkuiro f(X) mas moxamBocrti i

nogards psagom Dyp'e, 3HAYHO TPOCTIMI, HIX y pas3l PO3KIATaHHS B
creneHeBuit pan. st posknany B psina Telnopa QyHkiis Mae OyTH CKUTbKA
3aBroJIHO pa3iB audepenitiiopHoto. [ po3kiany B psag Oyp'e nocratHbo
BUMaraty, mo0 (yHKIs Maja Ha BIAPI3KY CKIHYCHHY KUIBKICTh TOYOK
PO3pHUBY TIEPIIOro poAy 1 Oylra KycKOBO-MOHOTOHHOIO. [Ipm gocmimkerH1
MEePIOUYHUX MPOIIECIB, JOIIIBHIINIEC PO3KIIAIaTH epioAudH1 PYHKIIT HE B
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CTETEHEBI Py, a y psaau Oyp'e.

3ayBaxkeHHsl. [cCHyIOTh (QyHKINI, 110 HE 3aJ0BOJBHSAIOTH YMOBU
teopemu /[lipixiie, ajie poskianarTbess B psa Dyp'e. Tobto Teopema
Jipixjae na€e TUIBKM JOCTaTHIO YMOBY IMPEJACTaBJICHHS (PYHKIT PAIOM
dyp'e, ane He HEOOX1THY.

Teepaxenns 7. Sxmo f(X) — nepioguuna ¢ynxuis 3 nepiogom 7,
TO

a+T b+T
[ f(x)dx= [ f(x)dx mmsscix a,beR.
a b

ToOto iHTerpan Biam mnepiogudyHoi ¢YyHKIIT MO Oyab-SKOMY BiJIPI3KY,
JIOBKHUHA SIKOTO JIOPIBHIOE MEPIOYy, M€ TE€ CaMe 3HAUCHHSI.
JoBenenns. JliiicHo,

b+ T —v+T| b b
Tfeodx=) 77 ‘:jf(y+T)dy:jf(y)dy.
a+T - a a
Tomy
a+T b+T a+T
jf(x)dx jf(x)dx+ jf(x)dx+ [ f(x)dx=
b+T
b+T b+T b+T
jf(x)dx+([f(x)dx— jf(x)dxj jf(x)dx. .
a+T

Omxe, koedimientu (50) psagy Oyp'e mas 21 -niepioguanol GyHKIIT
f (X) moxna oGuucaroBaTH 3a GopMyIaMH

a+2m

[ £ (x)dx,

a+2mn a+2m

[ f(x)cosnxdx, b, :% [ f(x)sinnxdx,n=12,...

GopMysn  3pydHillle BHKOPHCTOBYBAaTH y pasi, Koiu 27-

nepioanyHa QyHKI[S 3a/1aHa HA IPOMIKKY [O,Zn].
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Mpuxaaag 40. Poskiaactu B psag dyp'e 2m-nepioguuny (GyHKIIiFO

(puc. 3)
F(x) = { , —m<Xx<0,
X, 0<x<m.

y)\

A
1
1
1
1
ek
;
|
1
1
1
\ 2

Puc. 3

Po3p’si3anHsi.  DyHKIS  KyCKOBO-MOHOTOHHa Ta  KYCKOBO-
HernepepBHa. 3HaiieMo koeditieHTH psiay Dyp'e.

27[

1|9 T X
ay=— jO-dx+jxdx}:—
n{n 0 2T

.
2’

0
a, = 1{ jo- cosnxdx+jxcosnxdx}

-7

u=x, du=dy, o _
17 X Sin nx 1 Tsinnx
:—jxcosnxdx:dv:cosnxdx, = -= dx =
T ] m |, mwy N
_sinnx
n

cosnx| (-D)" -

nnz‘o nn2

0 s
b, = %{ [0-sinnxdx+ [ xsin nxdx} =
-7 0
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u=x, du=dx,
17 . . xcosnx|™ 1 Tcosnx
:—jxsmnxdx=dv=smnxdx, = — +—j dx =
TEO ™ 0 TCO n

_ cosnX

n
(=)™ sinnx|" ()™
n mn? g n

Otxe, psa @yp'e Mae BUTIISA

f(x)= % + i(%cosnwr ﬁsin nxJ -

n=1

Ttnz

_n 2 cosx+cos3x+c055x+ N
- 4 n 12 32 52 )
(sin X sin2x sin3x j
+ — — .l

_|_
1 2 3
Ileii psan  30iraetbes po  dymxmii  f(X) mma  Beix

X#x(2n-1m, ne N.V roukax X ==+(2n —1)7w cyma psaay nopisHroe

n+0_n

2 2

3ayBaxenHsi. OOuncmooroun koedinientn Dyp’e,  IOIIIBHO

S(£(2n —1)7) =

BPAaXOBYBAaTH:

1) cosnm=(-1)", neZ;

2) sinnt=0, neZ;

nm {(—1)k, sio n = 2K, k € Z,

3) COS—
2 |0, axmo n=2k-1keZ;
_nx |0, skmo N =2k, k e Z,
4) SIN—-= k+1
2 (D", saxmo n=2k-1,keZ

74



Po3kaan B pag @yp'e napuux i Hemapuux GyHKUin

Skmo ¢ynkuis f(X) igTerpoBHa Ha CHMETPUYHOMY BiApI3KY

[-a,a], ro

a

a 2| f(x)dx, sxmo f(x)—mnapHa QyHkmis,
[ f(x)dx= ({

-a

0, skio f(X)—HemapHa (QyHKIIS.

Sgkmo f(X) — mapma, to f(X)cosSnx — mnapma QyHkumig, a
f (x)sinnx —nemapua QyHKIIis.
Skmo f(X) — wmemapma, To f(X)COSNX — Hemapua Qyskuis, a
f (x)sinnx —napua QyHKLis.
Tomy y pasi poskiany naproi 2T -nepioduunoi ¢ynxyii'y psg ®yp'e
koediienTu Pyp'e MokHA OOUUCTIOBATH 32 (OpMyTIaMu

ag =%j f(x)dx, a, :%j f (x)cosnxdx, b, =0, n=12,... (52)
0 0

Jlst nenapnoi 2T -nepioduunoi QyHKIii
T
ay=2a,=0, b,= %j f(x)sinnxdx, n=12,... (53)
0

Jlnst mapHO1 GYHKINT MaeMO PO3KiIajd nO KOCUHYCAX, I HETapHOI —
no CuHycax.

Mpuxaag 41. Posknactu B psag Pyp'e nmepioanuny 3 mepiogom 2T
GyHKIIIO:

f(X)=-1 saxmo —m<Xx<0,
f(x)=1  saxmo 0< X< .

Po3B’s130k. DyHKIIISI KyCKOBO-MOHOTOHHA Ta KYCKOBO-HEIEpEepBHA
Ha B1IpI3Ky [— T, Tc].

dyHK11A HEMapHa, OTKE dg = Ay, = 0.

1 0 . T 1
by, :E{ [ (=1)sinnxdx + [sin nxdx}:_{

-7 0 T

cosnx|O _cosnx|“
no|, n |
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) 0, SKIIO N MapHe,
=—(1-cosnn) =< 4

nmw —, Ko N HEmapHE.
nm

Otxe, pag @yp’e Mae BUTIISIA

sinx sin3x sin5x sin(2k +1)x

4
f(x)_E[ 1 T3 tT5 tet T o

o]

Ha pucyHky 4 mnoka3aHo, SK YaCTUHHI CyMHU psiiy HaOJMKaIOTh

¢ynkmiro f(X).

7\

Y
AN
¥

4( . sin3x sinSx
S3 =—| sinx+ +

s 5

Puc. 4

Psin ®@yp' e nast pyukuii 3 mepiogom 2|

Hexaii f (X) — nepioguuna ¢yukiis 3 nepiogom 21, B3arami kaxyuu

BIAMIHHUM Bif 27. SIKI0 3poOUTH 3aMiHy 3MIHHOI X = Et’ TO (PyHKIISA
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f(%tj Oyne mepioguuHo (yHKIie Big t 3 mepiogom 2m. JliticHo,

akmo t=—m , 10 X=—| , axkmo t=7 , 10 X=1 133 ymoBH tE[—TE,TC]
maemo X € [=1,1],

f (l(t ; 2nj _f (lt i 2|j _f (ltj.
s T T
Posknagemo pynkuiro f (%tj B psan Dyp'e HA BIIPI3KY [— T, Tc]:

f (ltj _% > (a, cosnt + b, sinnt),
T 2 n=1

2 =" | f(%tjdt

T

a, :%j f(%tjcosntdt, by =%j f(%tjsin ntdt .

-7 -7

IS

3po0OUMO ITEPETBOPEHHS: X = IEt, t= IE X, dt= IEdX.

[ToBepHyBIIUCH 10 3MIHHOI X, nicTaHemo KoedimieHTn psagy Dyp’e s
nepioguunoi Gpyuxuii f (X) 3 nepiogom T =21 :

|
a, :% jf(x)dx,
|
:% | f(x)cosnTnde jf(x)sm Y ix, n=1,2,... (54)
-

f(x)_?0 Z(a COS r +b, s'nnrxj (55)

Psan (55) 3 xoeditientamu (54) HaszuBaeThest psoom Dyp'e pyukyii
f (X) 3 nepiooom T =2I.

Bci nHaBeneni Teopemu ms paaiB Oyp'e 27 -nepiognyHux GyHKIINH
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cripaBeiuBi i g panis Oyp'e pynxuiii 3 mepiogom T = 2I.

Po3kuan B pag @yp'e HenepiognuHol PyHKIIIL

Henepionuuny ¢ynkuito f(X), BusHaueny na BCiii umcnosiii oci,
poskiactu B psaa Dyp'e He MOxkHA, OCKUIbKM cyma psagy Dyp'e €
nepioauuHo0 QyHKIICO i ToMy He Moxe 30iratucs 3 ¢pyukuiero f(X) s

BCiX x. OJHAaK HeneploanvHy (PYHKIII0 MOXKHA MOJATH Y BUIIISAIAl CyMHU
pany ®yp'e Ha OYIb-SIKOMY CKIHUCHHOMY ITPOMIXKKY [a, b], Ha SIKOMY BOHa
3aJ10BOJIbHSIE YMOBHU Teopemu Jlipixie. J[Ji1 1boro po3risiHeEMO JTOBUIbHY
NepioHYHy KyCKOBO-HEIIEPEPBHY i KYCKOBO-MOHOTOHHY (yHKIio f (X)
3 mepiogom T =21 =|b—a|, sxa 36iracrecs 3 pynxkiiero f (X) na Bigpisky

[a,b], To6T0
f () =f(x), xe[a,b]

Posknanemo dyrkmiro f*(X) B pax @yp'e. Cyma mporo psy y Beix
TOYKaxX BiApi3Ka [a,b] (KpIM TOYOK pO3pHUBY) 30iraerbcsi 3 (PYHKIIIEIO
f (x), To6T0 dyHKuito f(X) poskmageno B psx Oyp'e Ha Bigpisky [a,b].
[To3a MekaMu 1BOTO Bijpi3Ka cymMa oTpumaHoro psuay 3 ¢yskmiero f(X)
HE 301ra€ThC.

PosrnsaemMo BakinuBuM 4acTHHHHWE BHMaaokK. Hexall HemepioawmdHa
byrkuis  f(X) samama ma Bimpisky [0,1]. Ilio dyskiio moxua
JOBU3HAUUTH Ha BIIPI3KY [— I,O] JOBUIBHUM YMHOM (30€epiraroum KycKOBO-
HETMEPEPBHICTh 1 KyCKOBO-MOHOTOHHICTH) 1 J1aji, PO3KJIABIIN OTPUMAaHY
dyrxuito y psx ®yp'e va Binpisky [ 1,1], Matumemo poskman ¢ynkii
f (X) ma Binpisky [0,1].

3okpema, Ha Biapisky [—1,0] moxua BBaxarn f(X)= f(=X), Toxi
orpuMaeMo TiapHy ¢yHKIO. B npomy pasi ii poskinax y psag Dyp'e
MICTUTh TUTBKH KOCHHYCH. SIKIIO Ha BiIpi3Ky [— |,0] BBaKaTH
f (x) =—f(—x), orpumaemo nenapny ¢pyukuiro. B oMy pasi ii po3knan
y pan Oyp'e MICTUTh TUTBKUA CHHYCH.

Takum umHOM, BU3HA4YEHY Ha BIJIPI3KY [O, |] KyCKOBO-MOHOTOHHY 1

78



KyckoBo-HemnepepsHy ¢ynkmiro f(X) moxna poskmactu B psg Dyp'e i
TUIBKH 10 KOCHHYCAaX 1 TUIBKU 110 CUHYCAX.

Mpuxman 42. Oyukniro f(X)=1-2x, 3amany na intepsani (0,2)
poskiactu B psag Dyp'e 3a KOCHHYCaMHU.

Posp’sizanna. Dynkuis samana Ha idrepanmi (0,2). Ockinbku
GYHKITI0 TTOTPIOHO PO3KIIACTH B Psiji 32 KOCUHYCAaMH, JTOBU3HAYUMO 1i Ha
inrepami  (—2,0) mapuum uymboM (puc. 5). [ami NOpOmOBKHUMO 1[I0
Gynkuiro nepioguuno 3 nepiogom T =21 =4 na BCro 4MCIOBY OpsAMY i
posknanemo B pax Dyp'e (55) 3 koedinicaramu (54) s 3navenns | = 2.

Puc. 5

Hns mapuoi QyHkiii koedimientn psagy Dyp'e oOuucnumo 3a
dopmynamu (52):

a —32(1—2x)dx—(x—x2)2——2

u=(1-2x), du=-2dx,

2|
a, == f(x)cos
0

thX
2

Ttnx COS TTNX
i ——dx=|dv=

2 2

2 . mhXx
V=—3SIN—
tn 2

dx, =

2
dx = [ (1-2x)cos
0

2 2 2
2 . mX + 4 jsin—ngxdx :+injsinn7nxdx=
T

0



8 anxf 8((=)" —1)

=— cOS =— . b, =0.

T™Tn 2 0 7t2n2

Takum YMHOM, B TOUKAX HEMEPEPBHOCTI Pl MAE BUTIISI]L

4 ©  8((-D)" —1)
f(x)=-1+— :
TCZ nZ::1 2n2 2
Y rpaHMYHUX TOYKAX MAEMO:
s,(O)_li1 1 5(2)=S(—2)=$=—3.
BignoBigs:
4 = 8((-1)" —1)
f(x)=-1+— :
n° Z:: n°n? 2

S(0)=1, S(2)=S(-2)=-

Ipuxaan 43. Poskinactu B psag ®Pyp'e o¢ynkmiro  f(X) = X2,
-1<x<1.
yl\
1 C -I -------- 1
2 1 0 1 2 X
Puc. 6

Po3p’si3anns. DyHKIA 3a7aHa Ha BIAPI3KY [—1,1]. ITpomoBxkuMO

10 QyHKLi0 nepioguuHo 3 nepiogom T = 2| =2 na Bcro 4ncnoBy npsamy i

posknanemo B panx Dyp'e (55) 3 koedinicaramu (54) ns 3Havenns | =1.

Ockinbku (yHKINS mapHa, ckopuctaemocs popmyiamu (52):

1
—szdx—2 3 =g.
0 3
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= x2, du = 2xdx,

2|
a, = ij(x)cosde 2jx cosmxdx—dv=c05nnxdx, =
0 0 1
V =—SIn tnx
7N
X2 : 2 L 4l
= 2| =—sinwnx ——jxsmnnxdx :——jxsmnnxdx=
mn 7n 7tn
u=x, du=dx, 1
|
i 4 X 1
=|dv =sin tnxdx, |=——| ——CcoSmnX +—jc037cnxdx =
nn| 7N 7N
1 0 0
V = —— COSTNX
7N
1 n
4x -1
=— 5 COSTNX = (2)2 ; b, =0
T™Tn 0 T™Tn
OTtxe,
1 o ()"
f(x)== 22( 2) COSTNX =
3 n=1 N

3" 2 12 22 2 22

KonTpoJubHi 3annuTanHsa

1 4 ( COSTX | COS27X COS3mX  COSAmX j

1. Sxuil QyHKIIOHAIBHUM P HA3MBAETHCA TPUTOHOMETPUUYHUM
psiaom?

2. Sxwnit pyHKITIOHATHEHUHN P HA3UBAETHCS psiioM Dyp’e?

3. Chopmymoiite Teopemy [ipixje nmpo AOCTaTHI YMOBHU PO3KIIATy
2m-niepioanuHoi ¢pyHKIii B psg Dyp’e?

4. Sxwmit Burmsm MaoTh kKoedimieHTn Dyp’e nmius mapHUX Ta
HEMapHUX 2TT-TIEePIOANIHUX (PYHKITIH?

5. Sk posknagaeTses B psiag Oyp’e QyHKINISI JOBUTBHOTO Mepioay?
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6. Sk posknanaetses B psag Oyp’e Henepioguuna GyHKIris?

Bnpasu

1. Posknaznites B psag @yp’e 2n-nepiognuny ¢yukuio f(X), 3agany
Ha inrepsani (—;].

a) f(x)=2x, xe(-mn];

0) f(X)=x+mn, xe(-mn];

2 f(X)= 2, ko X € (—m;0);
-1, sxmo X €[0;x].
D F(0= 0, sxmpo X € (—m;0);
X—3, sgxmo X €[0;x].
0, akiro X € (—m;0);
2 F(x)= Cr0)
X—2, sakmo X €[0;x].
o f(x)= OX+1, ko X € (—m;0);
0, skio X €[0; ).
) f(X) = 1, Ko X € (—m;0);
n—2X, saxmo X €[0;x].

2. Posknafite y psig Dyp’e 2n-niepioguui GyHKIT:
a) f(x)=2x, xe(0;2x]; 0) f(x)=x2, x € (0;2m].

3. Poskmamite y psn ®yp’e 3a kocuHycamu (GyHKINI, 3a7aHi Ha
nisiarepsam X € (0;m]:

2) f(x):%xz;

X
0) f(x)_5|n§,
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X, SIKIIO X € (O;E);
B) f(x)= 2

T
T—X, SKIIO X € [E;TE].

L

4. Posknanite y psan Dyp’e 3a cuHycamu (yHKIIi, 3a7aHi Ha
niBinrepsam X € (0;m]:

a) f(X)=x(nr—x);
6) f(x)=cos2x;

1, gxmo X € (O;E);
B) f(X) =1 2

0, sAKmo X € [g;n].

5. Poszknanite y psan @yp’e dyHKii:

1, saxmo X € (—1;0); X, dKmo X € (=2;1);

a) f(X)={ 6) f(x)={

-1, sxmo X €[0;1]. -1, saxmo X €[1;2].

6. Posknanite y pag ®yp’e ¢ynkuiro f(X), samany ma Bigpisky

[0,1]: a) 3a cunycamu; 6) 3a Kocurycamu.
1) f(x)=3-x, x€[0;3];
2) f(x)=x(1-x), xe[0;1];

3) f(x)= {1— X, skmo X €[0;2);
-1, sxumio X € (2;4].

2 (%) :{ X, akuo X €[0;1);
2—X, skmo X €[1;2].

83



Cnucok Jgiteparypu

1. Jlenucwok B.Il. Buma wmaTremaTuka: HaBYaJIbHUM IOCIOHUK/
Henucrok B.II., Penera B.K., I'aeea K.A., Knemns H.O. — 4. 3 — K.:
Kumxkkose BugaBaunTeo HAY, 2005. — 444 c.

2. /[ybosux B.II. Buma wmaTeMarhika: HaBYaJIbHUM ITOCIOHHK/
Hy6osuk B.I1., FOpuxk I.I. — K.: Bumia mikona,1993. — 648 c.

3. [ybosux B.Il. Buma matemaTtuka: 30ipHuK 3anay/ [lydosuk B.I1.,
FOpux LI — K.: «A.C.K.», 2005. — 480 c.

4. Jlopocosyes A.Fl MaremaTuuHu{ aHali3: MIAPYYHHK. Y 2 4.
Yactuna 1. — K.: JIub1ae, 1994. — 304 c.

5. Osuunnirxoe I1.11. Buina mMarematuka: mapyyauk: ¥ 2 4. — Y. 2:
Hudepenuianeui  piBHAHHS. OmnepainiiHe 4ucieHHs. Psagu  Ta  iX
3actocyBaHHA. CTIHKICTh 3a JIssmyHOBUM. PiBHSIHHSA MaTeMaTU4HOL (13UKH.
OnTtumMizanis i1 kepyBaHHs. Teopia MoBipHocTeld. Yucnosi metonu. — K:
Texnika, 2004. — 792 c.

6. Iluckynos H.C. HNudbdepennmanbaoe U UHTErPaIbHOE
UcUucIeHue: yueOHoe nocooue s BTy30B. — M.: Hayka, 1985. — 560 c.

84



HaBuanrpHe BugaHHs

BOHJIAPEHKO Haranis B’suecnaBiBHa
OTPAIIEBCBKA Banentuna BomoaumupisHa

YUCJIOBI TA ®YHKIIOHAJIBbHI PAIN

KoHcnekT Jekuii

BunyckoBuii penakrop FO. M. /{oneononosa
Komm’rotepue Bepcranns A. [1. Cenigecmposoi

[Tianucano no apyky 12.02. 2024. ®opmart 60 x 84 1 16.
VM. npyk. apk. 4,88. O01.-Buz. apk. 5,25.
Enexrponnuii nokyment. Bua. Ne 6/1-24

Bunasens 1 BUTOTOBIIIOBAY

KuiBchkunil HallioHAILHUH YHIBEpPCUTET OY/IiBHUIITBA 1 apXiTEKTYpH
[MositpodnoTchkuii mpocnekt, 31, Kui, Ykpaina, 03037

CBiJIoLITBO TIPO BHECEHHS J10 JlepikaBHOTO peecTpy cyO’eKTiB
BunaBHN4Oi cripaBu JIK Ne 808 Bix 13.02.2002






