Tema 16. Iloasiiini inTerpaau

Hexaii D - 3amkHeHa oOMexeHa 00JIacTh, 110 Ma€ TPAHUIlO [ IUIONI HYIb.
P0316’emo o61acTe D 3a 70MOMOror0 CKiIHYE€HOTO YKciia JOBIIBHUX KPUBUX TUIOIIII

HYJIb Ha CKIHYCHE YHCIIO I 3aMKHEHHMX YaCTKOBUX oOJjacTei Dl’ D2, ey Dr'
Cyma
r
o= 1(R)-AD (16.1)
i=1

HA3WBA€THCS iHTErpajbHOI0 cymoro ¢yHkiii f(X,y), mo BiamoBizae gaHOMY
posburTio obnacti D Ha yactkoBi obnacti Dj 1 manomy BuGopy ook B(Xj,Y;)
B YACTKOBHUX 00JIACTSIX.

Oyukmis f(X,y) HasuBaerhcs iHTerpoBaHoro 3a Pimanom B obOmacti D,

SKIIO ICHY€ CKiHYeHa TrpaHulll [/ IHTErpalibHUX CyM o 1i€i ¢GyHKUii npu
A —0.CuMBoJIOM A TIO3HAUYCHO HAWOUIBIIUNA 3 AlaMETPIB YaCTKOBUX 00JIacTeu

Dy, Do, ..., Dy. I'panuus / Ha3uBa€eThCs MOABIHHUM iHTErpajioM Biax QyHKuil
f(Xx,y) mo obaacti D i mo3HavaeThCs
| = Jj f(x,y)dxdy (16.2)
D

SIkmo ¢yukmis f(X,y) iHTerpoBana B obnacti D 3a momomororo kpuBoi I”
IUIOIII HyJb pO30MBAa€ThCst Ha 1BI 3B’s13H1 obmacti Dy 1 Dy, mo He MawoTh
CIIBHUX TOYOK, TO Qynkuis f(X,y) inrerposana B xoxHil 3 obmacredi Dq i
D, , mpuaomy

I F(x,y)dxdy = Ji F(x,y)dxdy + [ F(x,y )xdy (16.3)
D Dy D,

Sxmo pynkuii f(x,y) i g(X,y) inrerpopasi B oomacti D, a o i f - Oynb-
AK1 IMCHI yucna, To QyHKITis [af (x,y)+ £o( X,y)] TaKOXX 1HTErpoBaHa B 001acTi
D, npuuomy

g[af(x,y)+ﬁg(x,y)]dxdy=agf(x,y)dxdy+ﬁgg(x,y)dxdy (16.4)

Skmo f(X,y) 1 g(X,y) iHterpoBani B obnacti D 1 Bcroau B mii 00aacTi

f(x,y)<a(x,y), 1o gf(x,y)dxdyﬁﬂg(x,y)dxdy-

Skmo f(X,y) interpoBana B ob6macti D, 10 1 ¢yHKIIN ‘f(x,y)‘
1HTerpoBaHa B obiacti D, mpuuomy

gf(x,y)dxdy < g\f(x,y)\dxdy (16.5)

3ayBaskeHHsI. 3 IHTETPOBAHOCTI ‘f(x,y)‘ B D He BUKIMKa€ iHTETPOBAHICTH
f(x,y)BD.

Skmo ¢yskmii f(X,y) 1 g(Xx,y) inrerpoBani B obmacti D, QyHkiis
9(X,y) HeBix’emHa (HeAOJaTHs) BCIOAW B il oOymacti, M 1 m — TOYKa BEPXHA 1



ToYHAa HYKHS Mexa QyHKIii f(X,y) B obmacti D, To 3HAWIETHCSA YUCIIO £/ TaKe,
mo M< <M i Take, 0 CHPABIPKYETHCS hopMyIia

gf(X,y)g(x,y)dxdy=ﬂgg(x,y)dxdy (16.6)

B uwactkoBomy Bunanky, konu ¢ynkuis f(X,y) HenepepsHa B D, o0nacth
D 3B’a3Ha, TO B Wili oOmacTi 3HaiimeThesa Taka Touka (£,77), mo u=f(&,n) i
dbopmyina (16.6) npuiimMe BUTIISIA

1T £(x,y)a(x,y)dxdy = f(&,7)i1g( X,y )dxdy (16.7)
D D
Jly’xe BaXXIMBa reOMeTpUYHA BJIACTUBICTD MOBIMHOTO iHTErpaly
[fdxdy =Sp (16.8)
D

OmauM 3 epeKTUBHUX METOJIB OOYHCIICHHS TOJBIMHOTO IHTETpaly €
3BEJIEHHSI HOT0 0 MOBTOPHOTO OJHOKPATHOTO IHTErpana. AJTOpUTM 3BEICHHS
3aJIeXKUTH BIJ TUIY oOmacti D .

[. Bunagok, ko o61acte D - NpsIMOKYTHHK

¥y

D:a<x<b
c<y<d
| VT,
D
|V
a ;T
[aTerpansHa cyma (16.1) npuiiMae BUrisig
o= X f(Xi,yi)AXAyj, i=1+m,j=1+n (16.9)
1]
a 11 rpaHuns
b(d d(b
| = I(I f(X,Y)ddeX= I[I f(X,y)dX}dy (16.10)
a\c cla

I1. Bunianok, kosnu o6macte D - moBisibHA MJ10cKa (irypa.
Taky dirypy MokHa NpeICcTaBUTH K 00’ €JHaHHs 00JIaCTel IBOX THIIIB.
1°. O6aacts I Tany

¥
D:x=a,x=Db,
y =p1(X)
y=@(X)




Toni inTerpansua cyma (16.9) mae rpanuiiio

b ¢2(x)
| =fdx [f(x,y)dy (16.11)
a  ¢1(x)
2°. O6nacts 11 THy
¥y
D:y=c,y=d,
F ) _ x=f1(y)
% /M?///A x=fa(y)
el N
x=fily) x=fay)
X

B upomy Bumnajnky interpansia cyma (16.9) mae rpanuiio

d wa(y)
| =[dy [f(x,y)dx (16.12)
¢ wa(y)

Sxmo obnacte iHTerpyBaHHa D monBiMiHOro 1HTerpajsa BiJHECEHA [0
CHCTEMH MOJISIPHUX KOOPAHHAT

X = pCOSy, 0<p<ow

y=psing, 0<p<2r

1 AKIIO BOHA pO30MBAETHCA HA YACTKOB1 00JacTi MPOMEHSAMHU @ =@, =CONSt , 110

BUXOJISTH 3 TOJIIOCA, 1 KOHIICHTPUYHUMU

p=ra(e) KOJaMu o=, =CONSt 3 UeHTpOM B

nomoci, To dxdy B dopmyni (16.2)

nepeTBopioloThesl y pdpde (sx miomma

NpSIMOKYTHUKA 31 cropoHamu pod@ i

dp). B upomy Bumanky iHTerpajibHa
CyMa Ma€ TPaHUITIO

(16.13)

| =[[ f(pcose, psing)pdpde (16.14)

Ipuxaaau po3B’si3aHHd 32124
2 4

IMpukaaa 1. 3MIHUTH TOPSAIOK IHTErpyBaHHS 1 iHTeTpam | = I dXI f (X, y)dxdy

_2 XZ
Po3p’si3annsi. CriouaTKy 3a TpAaHUISIMHA IHTETPYBaHHS BH3HA4YaeEMO O0JIacTh
iHTerpyBanHsa D . 3 Burisiay iHterpaiy 3akirodaemo, 1o oonaacte D 1ie ob6macts |
a:x=-2 @ x):y=x

tuny (16.11): by =2 0.(X):y =4 :
X = ,(X):y=



Pozrnsnemo tenep obnacte D sk obnacts Il Tumy. I'panuiii BHYTpIIHBOTO
1HTerpaty 3HaX0JIMMO, PO3B’A3yI0Ur BIITHOCHO X PIBHSIHHS mapaboJu:

T i (Y):x ==y
| 4 - . )
w,(y)ix= \/y

| panumi 30BHIIIIHBOTO

| c:y=0
| ) iHTerpana 3HAXOIUMO SIK

d:y=4
HalMeEHIIIE Ta HaAWOUIbIIIE

|
‘ 3HayeHHs y ob6macti D. Toxai 3a
|

|
|
! - - |y=12| dopmysioro (16.10):
|: t ‘ t t " t l 2 4 4 \/?
-2 -1 12 £ [dx[f(x,y)dy=[dy [f(xy)dx
-2 x? 0 -Jy

Hpukaag 2. O64ucauTH iHTErpas _U (x+2y)dxdy, me o6macts D obMexeHa
D

niHisME Y =X* Ta Y= Jx.

Posp’sizanns. IloOynyemo crouatky obmacte D. Ii moxkna posrngmata i s
y obnacts I Tumy 1 sk obnacte Il Tumy. Obupaemo
nepumnin BapiaHT, TOOTO Oynemo
BUKOpUCTOBYBaTH Gopmyny (16.11). Jlna uporo
3HANIEMO TOUKy MepeTHHy JiHii Yy=X> i

y=\/;, AK PO3B 30K CUCTEMHU pIBHIHb

b
y=x'

X
x2=x [x*=x  [x(¢-D=0 [x=0,x,=1
- 2_) 2 — 2
y=x’ y=x"[y=xX y =X
1 Jx 1 i %
Toxi I:ﬂ(x+2y)dxdy:jdxj(x+2y)dy=j(xy\x2 +y?, )dx:
D 0 X2 0
1 1 1
:j(x3/2_x3+x_x4)dngx5/21_X_4 +X_2 _X_5 22_34_&_1:3
> 5° |° 4], 2|, 5/, 5 4 2 5 20

Mpukaag 3. OOGuucnutu twionry obmacti D, sxa oOMmexeHa JiHIEO
(x2+y2)2:2a2>q1.



Po3p’sizannsa. [{nsg oOumcnenHs mionli obnacti D Oyaemo BUKOpHUCTOBYBAaTH
BJIACTUBICTH MOJIBITHOTO 1HTETpaty, 10 BigoOpakaeThes hopmyioro (16.8):

Sp = [fdxdy.
D
O6nacte D 3pyuHniiie 3a1aTi y NOJIApHUX KoopauHaTax (16.13):
P2 = a? sin 20,
p =|al\/sin2¢.
3 0O/13: sin2¢ >0 BumumBae, mo 0 s(ps% i ﬂﬁq)ﬁgﬂ'.

y O6macte D posramoBaHa CUMETPUYHO
BIJTHOCHO TIOJTFOCA, TOMY OyJeMO OOUYHCITIOBATH
wionty obnacti D gk moaBiiiHy mioiry 06aacTi
Dy, a came:

W Sp =[fdxdy = J] pdpdp =2 [ pdpde =
D D’ Dy
P

T T P
L p?=d’sin2g ¥ ey a/sin2¢ 2 pzu“8|n2¢ o
\(Iz+y2)22azxy = (I) % pdp = (f) 7 ¢ =

]
0 0
i 7
2 a%si 2
:Zj—a SmZ(pdgozazjsinZ(pdgo:
o 2 0
T
2 5 .2 2
2%(—C052¢){ :a?(—cos”+coso):a7(l+l):a2 KB.OJI.
0
3agaui
16.1. 3MIHUTH TOPSAJOK IHTETPYBAHHS:
1 4-y? 2 2Jx
1) Jdy [f(xy)dx; 2) jdx [ f(x,y)dy;
0 2y+1 0 2
4
2 2x+2 2y
3) Jdx [f(x,y)dy; 4) Jdy [f(xy)dx;
1 2x-1 1 Iny
1y 3 1 6 —3+V12+4x—x?
5) [dy [f(x,y)dx+[dy [f(x,y)dx; 6) Jdx [f(x,y)dy
0 y? Loy —2 3 \12+4x—x"

9 9



16.2. Y noasiitaoMy iHTerpani [[ f(X,y)dxdy po3craButu rpaHmili iHTETpyBaHHS Y
D
HOJSIPHUX KOOPJIUHATAX, SKII0 00JacTe D SBISE€THCS KBagpaTOM 3 BEpIIMHAMH B

toukax O(0;0), A(1;0), B(1;1), C(0;1).

16.3. O6uncIuTH OABIIHI IHTETpaIH:
1) [f(x+ y3 )dxdy, sxmo D: x=1,x=2,y=0 ta y=2;
D

2) ﬂﬁdxdy,m(mo D: y=x2 Ta X=y2;
DY

3) jjgdxdy, skmo D: x=2+siny,x=0 ta y=0,y=2r;
D
4) [[xydxdy, skmo D: x=0, y=0, x+y=1;

D

5) [j2ydxdy, skmo D: y=+/x, y=0,x+y=2.
D

16.4. 3a momomororw Iepexoay M0 MOJAPHUX KOOPJWHAT, OOYMCIUTH IOABIHHI
IHTErpaIu:

1) jj\/l—(x2 +y2)dxdy,;n<mo D: x? +y2 =1;
D

2) [Jydxdy, skmo D oOmexxeHa BEpXHBOIO TIOJIOBHHOIO JYI'H KoJja
D
X2 + y2 =ax Ta BigpizoM oct OX Bix T. x=0 110 T. x=a,
3) jjsin\/x2 + yzdxdy, axmo D: X% + y2 =7z'2,X2 + y2 :47z2;
D

4) UM, axmo D@ x2 +y? =1,x2 +y? =9,(y=0).

Dy/x2 + y2

16.5. O6uucnuTH oty mwiockoi ooacti D, oOmexeHof:
1) mpsimoro y=2 1 napabosow Y = x2 — 1;
2) npssmumu y=0, x=1 1 mapaboJor Yy = X3;
3) mpsamumu x=0, y=0, x=2 i kpuBow Yy =e*;
4) npssmumu x=0, y=1, y=3 1 rinepob0J010 y :% ;

5) npsimumu x =y + 1,y =—1 i kpuBoro x =e”;

6) KPUBOIO (x2 +y2 )2 = 2a2(x2 —y2 ).



