Tema 7
DyHKIis AIICHOI 3MiHHOI, BJIACTHBOCTI i rpadiune 300paskeHHsI

SIKII0 KO’KHOMY YHCTy X 3 JIeAKOi MHOKMHU D 3a MEBHUM IPaBUJIOM ITOCTABJICHE Y
BIJIMTOBITHICTD €JMHE YHUCIIO Y, TO Y € QYHKII€I0 Bil X 1 MO3HAYAETHCSA Y = f(x), X e D.

3MiHHA X € HE3aJIeKHOIO 3MIHHOIO (apTyMEHTOM), a 3MIHHA Y - 3aJIeKHOIO0 3MIHHOIO

(pyHKITIETO).
Mmuo:xkuna D 3HaueHb apryMeHTy X, A AKUX QYHKIISA Y = f(X) Mae IHCHUM 3MICT,

€ 00J1aCTIO BU3HAYEHHSI ITi€1 QYHKIIII.
MHoxuHA E BCIX yucen Y, Takux, Mo Y = f(x) IUTSL KO)KHOro X € D, € MHOKHHOIO

3HaYeHb QYHKIII.

Oyukmis  f(x) € napmoro, sxmo f(—x)=f(x), xe D, i nemapmow, sKmO
f(-x)=—f(x), xeD.

OyHKIIs f(X), sgKa BU3HAU€HA Ha BCIM YHUCIOBIN MpsiMii, € MePIOAUYHOIO, SKIIO
f(x+T)= f(x) Yucino T HasuBaeThes mepiogom ¢ynkuii. Halimenme 3 jogataux yncen T €

OCHOBHMM IepiooM GyHKITI].
Sxmo ¢pyskiis f (X) BHU3HAYE€HA HA MHOXKUHI D 1 JUIsl IBOX JIOBUIBHUX PI3HUX 3HAYEHb

X{ i X, apryMeHTy 3 miei MHOKHHH (X; < X, ), MA€Mo, TIIO:

1) f(x;)< f(x,), To dynKuis e 3pocrarouor;

2) f(x;)> f(x,), To bynxmis e cnagHow0;

3) f(x;)< f(x,), To dymKuis € HECTamHOIW;

4) f(xy)> f(x,), To dyHxitist € He3pOCTAIOUOIO.

®yukuii 1) —4) Ha MHOXMHI D Ha3MBalOTbCI MOHOTOHHUMM Ha IL[1i1 MHOKHUHI.

®yukmis f(X), ska Bu3HaYeHA HA MHOXKHHI D, € 0GMeKeHoI0 Ha D, SKIIO iCHYE TaKe 9HCII0

M >0, mo nns Bcix X€ D, BUKOHY€EThCS ‘ f (X){ <M.
Sxmo ans dymkuii f(x) i g(x), axi BusHaueni ma D, icHye Take "ucio N, mo s
Bcix xe D Buxonyetbes f(X)< N, a6o g(x)>N, o f(x) € obmexenoro 3Bepxy, a g(x) -

00MeKeHOI0 3HU3Y (PYHKI[ISIMU.
SIK1o piBHSHHSA F(xl y) =0, sike He po3B’s3aHE BIAHOCHO Y, BU3HAyae Y sK (PyHKI[IO

X, TO Y € HesIBHOIO (DYHKITIE€IO X.

OyHKLIA X = (p(y) € 00epHeHO0I0 10 PYHKIIT Y = f(x), AKIIO:

1) o6yacTro BU3HAYCHHS (0 € MHOXHHA 3Ha4YeHb T ;

2) MHOXHHA 3HA4YCHb ¢ € 00JIaCTIO BU3HAYCHHS f ;

3) xoxxHoMmy Y € E Biamosigae equne X € D.

OyHKIIA Y = f(x), ne X €D, yeE mae obepHeHy QyHKIIIO X = go(y) TOAI 1 TWIBKM TOA,

KOJIM BOHA € CTPOro MOHOTOHHOIO B o0Jracti D.
3amanHs (YHKIIOHATBHOT 3aJEKHOCTI MK X 1 Y 'y BUDSIAL ABOX (YHKIIIN

X= (p(t), y= 1//('[) OJIHIET He3aeKHO1 3MIHHOI t, sIKi BU3HAYEHI HA OJTHOMY ¥ TOMY CaMOMY
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OPOMIXKKY, € MapaMeTPUYHUM 3aJaHHAM (QYHKIIN, 3MiHHA | TpH bOMY HA3UBAETHCS
napamMeTpoM.

Axmo ¢pyHKIA X = (p(t) Mae obepHeHy t = CI)(X), TO 3MIHHY Y MOJKHa pO3TJISaTH SK
CKJIa/ieHy (DyHKIIIIO Big X! Y = go(CD(X)).

[I{o6 3amatu QyHKIIIO Y = f(X), Tpeba BKazaTu ii 001acTh BU3HAYCHHSI D, MHOXXHUHY
3HaueHb E 1 mpaBwio f, 3a SKUM JJIs1 TOBLILHOTO ynciaa X € D MokHA 3HAWTH BiIMOBITHE
romy umcio ye E.

OcHoBHI cioco0M 3agaHHsA PyHKIILII:

aHATITAYHUN, rpadiyHui, TaOJUYHUN, CIIOBECHHH, 3a JIOMIOMOTOI0 KOMIT FOTEPHUX IIporpam
TOLIO.

OCHOBHUMM ejieMeHTAPDHUMHU (QYHKIISIMH €:

1) crenenesa y=X", neR;

2) mokasHukoBa y=a*,a>0,a=1;

3) norapudmiuna y =log, x, a>0, a=1;

4) TpuroHOMeTpHUYHi Y =SINX,Yy =C0SX, Yy =tgX, y =Ctg X;

5) oOepHEeHI TPUTOHOMETPHYHI Y = arcsin X, y =arccos X, Yy =arctgx, Yy = arcctgx.

Sxmno Bimommii rpadik GyHkii Y = f (X) TO MPABUJIbHI TaKl TBEPI>KCHHS:

1) rpadix ¢ynxuii y = f(x)+b micramemo 3 rpadixa ¢dymkmii y= f(x) mapanemsEEM
NIEPEHECEHHSIM OCTaHHBOTO B3JIOBXK 0Ci Oy Ha BEIUYHHY, 1[0 IOPIBHIOE b;

2) rpadix ¢ymxuii y= f(x+a) micramemo 3 rpadika dymkmii y= f(X) mapazensHEM
MIEPEHECEHHSIM OCTaHHBOTO B37I0BXK O0Cl OX Ha BEJTMYHHY, 110 JJOPIBHIOE - & ;

3) rpadik GpyHKIIT Y =C f(X), c #0 micranemo 3 rpadika GpyHkuii y = f(x) mpu 0<c<1 3a

1 .
JOIIOMOI'0X0 CTUCKYBAaHHs B — pa3iB OpAWHAT OCTAaHHLOTO, a IMpU C > 1 3a JOIIOMOTI'OIO
C

pO3TATYBaHHS B C pa3iB HOro opauHAT 13 30€pEeKCHHSM BIAMOBITHUX abcmuc. SKiio
c<0, 1o tpadik y=cf(X) e msepkambHuM BimoOpaxkeHHAM rpadika Yy =—cf (X)
B1IHOCHO ocl OX;

4) rpadix ¢ynxuii y= f(kx) micramemo 3 rpadika ¢bymkiii Y= f(x) mpu O<k<l1

: 1 : . :
30UIBIIIEHHSIM B E pasiB abciuc #oro To4ok, a mpu 1<K <+ oo - 3MeHIIeHHSIM y K pa3iB

abCIic foro ToUoK i3 36epexennaM ixnix opauHar. SAxmo k <0, To rpadik y = f(kx) e
I3epKaTbHUM BinoOpaxenHsam rpadika y = f(—kx) BiznocHo oci Oy.
OcHOBHI efleMeHTapH1 PYHKIIi, a TaKoK (YHKI(Ii, yTBOPEHI 3a JOMOMOTO0I0 (OpMYyII, B
SKUX HaJ OCHOBHHMHU €JIEMEHTapHUMH (YHKIISIMA BHUKOHYETHCA CKIHUEHHE YHCIIO
apudMeTUUHUX omepalliil ( 1oJaBaHHs, BIIHIMAHHS, MHOXEHHS, IUICHHS ) 1 CYNEpPIO3UIIn
(HaKJIagaHHs ), HA3UBAIOTH €JIeMEHTAPHUMMU.
EnemenTapHi QyHKIIIT HOAUISIOTH HA TaK1 KJIacu:

1) ¢yskmis Bumy P(x)=ayx" +a1x“‘1 +...+a,1X+a,, ae n €Zy, ay,a,...,q,
mivicHi yncna — koedinient (a8y # 0), Ha3WBaeThCA WiNOK PanioHATBLHOIO QYHKIIEIO,
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2)

3)

4)

a60 MHOTOWICHOM (TIOJIIHOMOM) cTereHss N. MHOro4ieH MepIIoro CTENeHs Ha3UBAETHCS
TaKOX JIHIMHOIO (DYHKIIIEI0, a IPYTOro — KBaPaTUIHOIO.

. . . apx" +ax" T+ +a,
(GYHKIS, 0 € BIiJHOIIEHHSIM JBOX MHOIOWIEHIB R(X):

box™ +b;x™t +-- 4 b
HA3WBAETHCS  APOOOBO-pAIliOHAIBHOIO  (PYHKITIEI0, abo0  palliOHATBHUM  APOOOM.
CyKynHICTh MHOTOWIEHIB 1 paliOHAIBHUX JApOOiB YTBOPIOE Kiac PalioHAJIbHUX
pyHKmiii.

(byHKIIis, yTBOpEHA 3a JOMOMOTOI0 CKIHUEHHOTO YHCIIa CYyNEepIO3HIii Ta apupMEeTHIHUX
orepariiii HaJ pariOHATbHUMHU (PYHKIIISIMH 1 HaJ CTENICHEBUMHU (PYHKIIISIMHU 3 TPOOOBUMU
MOKa3HUKaMHU, 1 sfKa HE € pallloHAJbHOIO0, HA3MBAETHCS ippamioHANbHOI0 (QYHKIIIETO.

Hanpuknan, y = Jx=2 ;Y= TOIIO;

x? +5
eJieMeHTapHa (PYHKIIS, sIKa HE € palloHaILHOI0 a00 1ppallioHaIbHOI0, HA3UBAETHCS
TpaHcueHaeHTHOI0 (QyHKIIer0. Hanpuknar,

y=sinx, y=5"-x, y=Inx, y=arcsinx Tomo.
le/IKJIaI[l/I pO3B’SI3aHHSI THIIOBUX 3a1a4

Mpuxaan 1.
HopxuHa | xoma niametpom d Bu3HavaeThes 3a popmynoro | =7 d, ne 7 —const.

3minna | 3amexuts Bix 3miHHoi d, ToOTO AOBXKMHA Koja | € dyHkiieo miamerpa d :

= f(d).

Ipuxnan 2.
3HaiT 001acTi BUBHAYCHHS (DYHKIIIMH:
X+ 2 : . x—1
a). y = ; 6). y=Igsin(x—2); B). y=arcsin——; 1). y=n!
J—x2+3x+4 3X
Po3B’si3aHHs.
a). —x?+3x+4>0; —1l<x<4; D:(-1;4);
sin(x—-2)>0,
) D:(2(m+1); (2n+1)z+2), nez;
lsin(x—2)<1;
x—1
B). ax |~ D: (-o0;- %]UE;OOJ;
X#0

r). y=n! cTaBUTh y BiAMOBIAHICTH KOkHOMY N € N umcio y=n!. Hanpukian, sKIIo
n=4, 1o y=4!/=1.2.3-4=24. Tomy D:Z, (tax six 0! =1), ne Z, = {0;1;2;...;n;..}.

Ipukaan 3.
[ToOynyBaTu rpadiku QyHKIIH:
a). y=2n-3, neN;
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6). y= X*—2,X<2;
2,X>2,
X
B). VY u :
X
Po3B’s13aHHs1.

a). TpaikoM € HeCKiHYCHHa MHOXHHA 130Jb0BaHUX TOUYOK (puc. 7.1), sKi JiexaTh Ha
npsimiit y=2x-3;

0). rpadikoM (QyHKII, 10 3a7aHa PI3HUMH aHAJITUYHHMHM BHUpa3aMUd Ha PI3HUX
JacTHHAX 00JIaCTI 3MIHHU X, € CYKYITHICTh mapaboiu 1 mpsmoi (puc. 7.2).

B). GYHKIIiS BU3HAaUeHa pu X =0 1 HaOyBae aBoX 3HaueHb: -1 i 1; D : (~0;0) U (0;) ;
E: {-11 } (puc. 7.3).

¥ A A
A y
Y
9+
1 o i 1 [
3 + o | . >
' ' 0
1 T 2 1/ 2 X ' X
T 1 T T o -1
-1 + °
1234 x
Puc. 7.1 Puc. 7.2 Puc. 7.3
Ipuxkaan 4.
JlocniauTy Ha mapHiCTh PYHKII:
1
a). f(x)=—;
) ) X+1
2
6). fo)="%;
X
1
B). f(x)= .
) (%) 71
Po3B’si3anus.

a) (QyHKIIISI HE € TAPHOIO 1 HE € HEeMapHOI0, 00 i1 00JIacTh BU3HAUCHHS HE CUMETPUYHA
BiIHOCHO Touku 0 (B Toumi x=/ (QyHKUIA BU3HayeHa, a y Toull x=-1 He
BU3HAYCHA);

0) o0slacTh BU3HAYEHHS! CUMETPUYHA BIAHOCHO TOoukM 0, ane QyHKIisS HE € MapHOIO i

o 1(0eCEE0 XXX

—X X

HE € HEMapHOIO, , 1, OTKeE,

f(—x)=f(x) 1 f(=x)=—f(x);
B) 00J1aCTh BU3HAUYEHHSI CUMETPHUYHA BIIHOCHO TOYKH 0 1
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fox)= L 1

1:f(x).

(—x)* -1 s
Orxe, yHkiis f(x)= 21 ] ~ apHa.
X —
Ipuxnan 5.
JloBecT MOHOTOHHICTb GyHKIIT f(X)=/X.
J/loBeeHHsl.

D: [0;0); po3risiHeMO Pi3HHUIIIO
f(x)— f(xz):\/Z—\/Z, e x €D, x, eD,x >X,.
JZ_JQQJJZ—JZXJZ+JZ>: =%
B rdn
OCKITTBKH X, > X, 1 /X +\/Z>O, TO \[Z—\/Z>O. Otxe, mpu x >X,  f(x)>f(x,), 1
ToMmy (yHKIis y=+/X - 3pocTaroua.

Ipuxnan 6.
3naiTu QyHKIIi, 0OEpHEH] IO TaHHUX:
a) y=2x-1;
0) y=x%;
B) y=a";
r) y=sinx;
1) y=arcctgx.

Po3B’sa3anus.

a) y="11;
2 7

0) y=x" Ha MHOXHHI (—o0;00) HE Ma€ 0OCpHEHOT, TOMY II[0 BOHA HE € MOHOTOHHOIO;
ajle Ha MHOXUHi (0;0) (yHKIis Mae 06epHeHy y=+/X, X & (0;);
B) byHKIIIS y=a", xeR, ye(0;0) Mae obepHeHy QyHKIIIIO y=Ilog, x, X e (0;»),yeR.

r) GyHKIA y=sinx, xeR He Mae o0epHEHOI; ane QYHKIlA y=sinXx, € X {—%%}
Mae oGepHeHy QyHKIi0 y =arcsinx,x e[ -11];
n) GbyHKIs y=arcctgx, X e R Mae 00epHeHy PyHKIIIO Yy =ctgx, ne X< (0;7),y e R.

Ipuxnan 7.

BuxopucroBytoun nepetBopeHHs rpadikiB GyHKIIIH, OOy yBaTH rpadiku GyHKITIN:
a). y=3sin2x; 6). y=2(x+1)' -3 B). y=|log,|x |.

Po3B’s13aHHS.

a). y=3sin2x;
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Puc. 7.4
0). y=2(x+1)7-3
A |
P !
! i
"I. :
\ /
'1"\ ;t
L
ANEDJZ .
=37
Puc. 7.5
B). y=|log, | |.

Puc. 7.6
IMpuxaan 8.

[To6ynyBaTu rpadiku GyHKIIIH, 110 3a7aH1 B mapamMeTpuyHii Gopmi:
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X =acos’t

X = Rcost _ 5)

y =Rsint,oet e[0;7] y:asin3t,aete[0;%}'
Po3B’s13anHA A
a) PiBusuas Xx=Rcosti y=Rsint, e tE[O;ﬂ'] =

3a1al0Th (DYHKIIIIO, OCKUTBKA X CTPOrO MOHOTOHHA. 3ajaHa
. /2 2
BHU3HAYa€ IMIBKOJIO =+ R —X (BepxHs

byHKITIA
HiBIUIOIIMHA), TaK sIK Y =RsSINt >0 npu t e [0;72'].

6) Pismsurs x=acos’t i y=asin’t, ge te[O;%}

3a1a0Th (QyHKI0, TpadikoM sKoi € pgyra actpoiam B [
KOOPJIMHATHOMY KYTI.

7.1.

7.2.

7.3.

7.4.

7.5.

Pnc.7.8

3agaui

f(x)=2x>-3x+1. 3maiinits f(0); f(3); f(-3).
X+2, —0o<X<=2,

f(x)=44-x2, —-2<x<2,
X—2, 2<X<o

3uaiigits f(-5); f(-2); f(0); f(3).
3uaiiaits f(-1), f(2 ), f(0), f(3), sxmio ynkitis 3a1ana TadMIIEHO:

X |-4 |2 |1 |Jo |1 |2 |3 |4
Y |17 |5 |2 |1 |2 |5 |10 |17
3amaiite 110 QYHKITIIO0 aHATIITUYHO.
3axadi 1B1 MHOKUHU:
E={4; 6; 9; 11} i E;={1/4; 1/6; 1/9; 1/11}.
[TokaxxiTh BIAMOBIAHICTH M’k MHOKMHaMU E | E;, ska € pyHKIi€xO:
1) crpinkamu Ha niarpami BenHa;
2) ABOJOJIBHHUM TpadoM;
3) TabmuIero.
Hexait X={-5;-1;5;6}, Y={5;29;35} Uu wmoxna ¢yukuiro X——Y
dopmymoro 1) y=x’+4; 2) y=6|x|-1.
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7.6.

1.7

7.8.

7.9.

3HalaITh KOpeHi QyHKITIHN:

1) y:—2x2+5; 5) y= XL8;
X
X+1 X% —2x+1
2 =—; 6 = |—;
)y 1 )y \/ ox

X—2
3) y=%; 7) y=27%-13.9*+13.3%1 _27

4) y=+4x+3 8) y=sinxcosXx
®OyHKIs 3a1aHa (HOPMYITOTO:
x—1 X2 —

2 2
a =—: 0 = X =-01x“-0,2x+0,3;
)y 5 ) Y 20x+ 1) 6) Y

2) y=+x; 0) y=%x; o) y:{x2x>0

ki 3 uucen —1, 0, 1 HanexxaTh 00acTi BU3HaUYCHHS (PYHKINII? 3HANIITH BIMIOBIIHI
iM 3HaYeHHs PyHKIII. Y1 HAJIE)KUTh MHOXKUHI 3Ha4eHb (DYHKLIT 4uCcio —1; 4uciio —
1/2; gucio 0?

3HalaITh 001aCTh BU3HAYCHHS (YHKIIII:

X—5 1
a ] = ;
) 2x? —10x—28 ) X —4
8) y=+—-X; 2) y=/x-2-J1-x;

x+1

1 . (1)
0) y_3\/x+2+m, o1C) y_(zj :

Xx—1,x<0

3) y:Iogoylzxx_S; K) y:Iogz(x2—7x+12)+\/x—1

n) y= C_OSZX; m) y=Ilg(sinx+2).
sin“ x
H) y:arcsini; 0) y:arcsinlogz(x2—3x+3);
X+1

X
n) y =2%% 1 arccos =

BcTaHOBITH 3aJ1€KHICTD:

1) 00’ema nuiIiHIPA 3 PaaiycoM OCHOBH =2 cM Bij oro BucoTH h i moOymyiiTe
rpadik 1i€i 3aeKHCTI;

2) 00’ema nuiaiHapa BUCOTO0 h =5 cM Bij pajiyca I HOro OCHOBH 1 MOOYAyHTe
rpadik i€l 3aIeXKHOCT;

3) Bucotu h mmiiHIpa BiJ pajaiyca I OCHOBH, SKIIO 00’€M IWIIHApPA TOPIBHIOE

1 v,

7.10. BkaxiTh IpOMIKKH MOHOTOHHOCTI (DYyHKIIIM:
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a) y=5; 6) yzl—g; 6) Y=xXx2+2x+1;

1) 1
2) y=(£j ; 0) y:m; onc) y=‘X‘;
3

3) y=tg92x; k) y=——.
X

7.11. Ha pucynky 300paxeni rpadiku aeskux GyHkuii. J{ooyayiTe ix no rpadikis:
1) mapaux; 2) HenapHuX QyHKIiH Ha Biapi3ky [-1,1];
3) nepionuvHUX 3 nepiogom 7=1.

w w >A

i/ i /
1 X 1 * /1 X

7.12. BuzHauuTH nepiogn QGyHKIII:

v
v
v

a) y=|cosX; 6) Y =sin2x -+ tgx; B) y:sing+cos3x;
r) y=sin? x+cos* x; m y=[sinx|+[cosx; e y=sin%+cos$.
7.13. BuxopucTOBYIOYH JIIHIIHI IepeTBOPEHHS IpadikiB PyHKIIN, ToOyayiTe rpadiku
GYHKITIHI:
X
a) y=+x-4; 6) y:(%j —-1; 8) y=+/x+4;

2) y:%; 0) y=(x+3) -1 ac) y=2+lg(x—1);

3) y=2sin(x+1); k) y=cosxtgx; ) y=-x>+xlog,2;

JX(x=2)%

M) Yy=———"": Hu) :\s!nx\; 0) loggp, sin® x.
X—2 sin X

‘x—2|+‘x+2|

ny=2"-1p) y=figx ;0 y="

7.14. 3a nonnomororo rpadikiB BUBHAUYUTU CKUIBKU AIMCHUX KOPEHIB MAtOTh PIBHSHHS:
a2 =2-x;  ®2M=p-[; ®m2=-x 02 =|x-1-1;
mlgx=2-x; e) xlgx=1.

7.15. 3HalTH TEOMETPUUHE MICI[€ TOYOK 3 TAKUMU KOOPAUHATAMHU (X; y), 10
sinzz(|x| +|y| ) =0.
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