Tema 8
I'pannus pynkuii

Hexait gynkiis f(X) BusHauena B jgesxomy okodi U(Xy) TOUKH Xo, KPiM, MOMKIUBO,
camoi TOYKU X,. Yucno A e rpanuuero QyHKIIil f(X) B TOYILl Xy, SKIIO I JOBUIBHOI'O
guciaa £ >0 icHye 4ucio O :§(g)>0 TakKe, IO IS BCIX X € u(xo), SIK1 3aJJ0BOJILHSIOTH
HepiBHiCTb 0 < |X — X;| < &, BukoHyetbest HepiBHiCTS | f (x)— A<e.

[TozHaueHHS: lim f(x)=A. (8.1)

X—>Xg
OyHKIA Y = f(x) opu X —> Xy € HECKiHYeHHO BEJHMKOI0 (MA€ IPAaHUII0 ), SKIIO
BOHA BH3HAYEHA B JEAKOMY OKOJMi U(X,) TOUKH Xy, KpiM, MOMKIIMBO, CaMoi TOUKH Xg, i JUIA
noBuTbHOTO yncia M >0 icHye Take O :5(M)>O, IO JUISL BCIX X, SIKI 3aJ0BOJILHSIOTH

HepiBHICTH 0 <‘X — Xo‘ < O, BUKOHYETHCS HEPIBHICTH ‘ f (X)( > M ( lim f(x)= oo). (8.2)
X—=>Xp

I[Ipu x —>oo QyHkIIT Y= f(x) € HEeCKIHYeHHO BeJHMKOI0, SKIIO IS JOBUIBHOIO
yucia M >0 wMoxHa 3HaTH Take uynciao N = N(M)>0, M0 IS BCIX X, SKI
3aJ10BOJILHSIIOTh HEPIBHICTh ‘X‘ > N, BAKOHY€ETbCSI HEPIBHICTh

£(x) > M (an; f(x):oo) (83)

DyHKIiA «(X) € HecKiHYeHHO MAJI0I0 BETHYMHOIO TIPH X —> X, (X —>00), fKIIO
lim a(x):o(lim a(x):O).
X—Xg X—>00

Jesiki BJAaCTMBOCTI HECKIHYEHHO MAJIMX BEJIUYHH:
1) sxmo mpu X —> Xo(X = ) a(X) - meckimuenno mama, a f(X)- Heckimuemno Benmka

1 1
a(x)  f(x)
HECKIHUEHHO MaJjla BEJIMYMHU;
2) cyMmMa CKIHYCHHOTO YHCJIa HECKIHUCHHO MalliX BEIWYMH € HECKIHYCHHO MAaJoko
BEJIMYHMHOIO;
3) nmoOyTok oOMexkeHol (DYHKIIIT Ha HECKIHYEHHO MaJTy € HECKIHUEHHO MAJIOI0 BEJIMYUHOK;
4) wdacTka BiJ JAUICHHS HECKIHYCHHO Majoi BEJIMYMHHM Ha (YHKIIIO, KA Ma€ BIAMIHHY BiJ
HYJIS TPAHUIIIO, € HECKIHYEHHO MAJIOIO BEJIMYUHOIO.
Sxmo xoxHa 3 dpynxmiit f(x) Ta g(X) mae ckinueny rpanumo mpu X — Xo (X —> ),

1 - BIANOBIJITHO HECKIHYEHHO BEJIHKA 1

BCJIMYMHA, TO IIpU X —> XO (X —> OO)

TO cTpaBenuBi hopmyu:

1) limcf(x)=climf(x), c=const; (8.4)
2) lim[f(x)xg(x)]=lim f(x)=limg(x); (8.5)
3) Ilm[f(()) ()]:(Ii)mf(x)-limg(x); (8.6)
x)_limf{x). img(x)=0. :
B 1m0 " Timglt MO0 o7
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[Tpu oOuucneHHi rpaHuIll BUKOPUCTOBYIOTD:

lim snx_ 1 - mepia BU3HAYHA IPAaHULSA (8.8)
X—o X

1\ 1
lim (1+ —j =g, lim (1 + a)} =@ — Ipyra BU3HaA4YHA rpaHuls (8.9),(8.10)
X—>00 X a—0

Uucno A € rpanuuero pyHkuii y = f(x) 3jiBa (JIIBOIO TPaHUIIEIO) B TOULIl X, , SKIIO
st Oyab-skoro yucia £ >0 icHye &6=45(¢)>0 Take, mo npu X e (X, —J;X,) BUKOHYETHCS

|f(x)_A|<g( iim £ (x)= f(xO—O):A) (8.11)
X—>Xg—

Yucino B € rpanuunerd GyHkuii y = f(x) cmpaBa (IIpaBo0 IPaHUICIO) B TOYI X,
AKINO 18 Oyab-skoro uucia & >0 icHye 5=45(s)>0 Take, mo Opu Xe (Xo ,Xg + 5)
BUKOHYyeThCs HepiBHicTs | f(X)—B| <& ( lim f(x)=f(x, +0)= Bj (8.12)

X—>Xg+0
JliBa 1 mpaBa rpaHuill PyHKIIT HA3UBAIOTHCA OJHOOIYHUMU TPAHUIISIMHU.
IHopiBHAAHHS HECKIHYEHHO MAJIUX BeJIUYHUH:
Hexaii o,(x) i a,(x) - HECKIHUCHHO MaJli BEJIMYHHU IPH X —> X, TOJII:

a,(x)

1) sxmo lim =A#0, AcR, 10 a;(X) i a,(X) € HeckiHueHHO MaTMMM

=% ay(X)
OJIHOTO TOPSAIKY;
. aq X . .
2) sxmo lim =0, To @;(X) € HeCKiHYEHHO MAJIOKO BUILOTO TIOPSIKY, HiX
X=Xy Uy (X)
ay(x);
oy (x) . .
3) sxmo lim =00, To a;(X) € HeCKiHUEHHO MANOK0 HHKYOTO TOPAKY, HikK
x> 1 (X)
a,(x);
4) sxmo  lim ai(x) =A#0,AeR, 10 a(X) € HeckiHueHHO MaNoO0 K-TO
K% a3 ()
TOPAIKY BiTHOCHO o, (X);
5) sKmIo lim %2 (x) =1, To a;(X) i a,(X) € expiBaneHTHNMH HecKiHUEHHO
X—=>Xg Oy (X)

mamamu (o (X) ~ a, (X)) ;
6) npuHIMI 3aMiHu ekBiBaneHTHMMH: AKIO oy (X) ~ oy (X), ay(X) ~ a5 () mpu
.
X — Xg, To lim Aay(X)_j Arai(x)
x—x B-ay (X) x—% B - a; (X)
YacTo 3ycTpiyaroThCs Taki €KBIBAJICHTHI HECKIHUEHHO MaJli BEIMYUHU:
sinad ~a,a =0 e —-1~a,a—0

., A,B—const.

tga ~ a, a >0 a*-1~alna,a—0
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arcsina ~a,a —0 log,(1+a) ~ alog, e,a —0(8.13)

arctga ~ o, —>0 In(1+a)~ a,a >0
2
1—COSa~%,a—>O (1+a)k—1~ka, a—>0,k>0

Ipuknaau po3B’si3aHHs TUIOBHX 32124

Ipuxnan 1.
5 . x* +2x—1
3aaiitu; lim 2 5 )
x—>0 37 — X +10x+5
Po3B’s13anug.

. 0
MaeMo HEBU3HAUYCHICTh BUAY —.
0

[ToaiiuMo YMCENbHUK 1 3HAMEHHHK JAPOO0Y Ha x*:

1.2 1
) X4 +2x-1 . X3 X4 1
lim = lim ==,
x>0 3x* —x% +10x+5 X—>°°3_i E i 3
x> x x*
BingnmoBink.: ;
Ipuxnan 2.
. x4 2x% —x=2
3panitu; lim 5 )
x->1  x°+3x—-4
Po3B’si3anus.
Ockimpkr  lim (xg +2x2 —X—2)=O, lim (XZ +3X—4)=0, TO MaE€MO HEBH3Ha-
Xx—1 Xx—1

YEHICTh BUITY g .

[IIo6 po3kpUTH HEBU3HAYEHICTD, PO3KJIAJEMO YUCEIIbHUK 1 3HAMEHHUK Ha MHOKHUKU:
x3+2x2 = x—2=(x—1)x? +3x+2); x2 +3x—4 = (x—1)(x+4).
X3 +2x% —x -2 (x=1)x? +3x+2) . x2+3x+2 6

Maemo lim = lim = lim :
x—1 X2 +3x-4 x—1 (X—l)(X+4) Xx—1 X+4 5

BingnoBink: g .

Hpuxnan 3.

[,2
3gantu lim LSB

X—2 X—2
Po3B’si3aHHA.
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. 0 . . .
TyT HEBU3HAYEHICTh . [To36ynemoch BiJl ippalliOHAILHOCTI YUCEIbHUKA:

Vx2+5-3 (\/X2+5—3)(\/X2+5+3)

lim X270 _ i _ lim —_(x=2)(x+2)

o2 x=2 o2 (o)\x¥+543]  =2(x-2)\+5+3)

BignosBinn: 2 .

wIinN

Ipuxnan 4.

5/ 4
3uaittu;  lim (1+X) 1.

Xx—0 X

Po3B’si3anns.

4 3 2
Hexaii y5=X+1,TOI[i lim y5 1=|im 4y :y :y+1 :ﬂ.
y>ly® —1 yoly® +y°+y“4+2y+4 3

Ileit pe3y/bTaT MOXKHA JIiCTATH 3 eKBiBameHTHOCTI (1+ X)5 —1 ~ 3 X.

BignmoBink.: g .

Ipuxnan 5.

3uaitti:  lim (\/xz 22X — x).
X—> +00

Po3B’s13anug.

MaeMo HeBU3HAYEHICTh BUJTY 00— 0.

lim (m_x): lim (\/x2+2x—x)(\/x2+2x+x) . 2

= |im =

X— + 00 X—> + 0 /X2+2X+X X—> 400 /X2+2X+X

lim —2 1

X—> 40 /1+g+1
X

BignoBins: 1.

IMpuxaan 6.

. . sSin7x
3uait  lim — .
x—0 Sin 3X

Po3B’s13anug.

: 0 . . .
HeBusHaueHicTh BUy 0 PO3KPHEMO 32 JOMTOMOI'0O0 MEPINOi BU3HAYHOI rpaHuIli (8.8):
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sin7x l sin7x

. ST X Im
. sin7x . 7X . IX x50 7X 7
||m - 3 = ||m W: Ilm?ng
x—=0SINoX x—0 .3x Xx—0 oX lim
3X x—>0 3X

BignosBian: ;
Ipuxnan 7.

. . sinbx
3paditu  lim ——.

x—0 In(1+ X)

Po3B’si3anns.

. . . sin5x . bx
Ockinbku sin5x ~ 5%, In(1+x) ~ x mpu x — 0,10 lim ———"< = lim == =5,

x>0In(1+Xx) x>0 X
BignmoBinn: 5.
Ipuxnan 8.
2-5

5 . 2X X

3uanitu  lim .
X—>00 2X — 3

Po3B’si3anns.

Maemo HeBU3HAYeHICTh Buay 17, Ky pO3KpHEMO 3a JOIOMOIOK IPYroi BU3HAYHOI
rpanutli (8.9):

2-5xX 2-5X 2-5X
lim [ X Shim {12 1) —im (1 223
x—>wo\ 2X—3 X—> 0 2X—3 X—> 0 2X—3

2-5x
Hm(1+ 3 ) =
X—> 00 2X—3

. 3 )3 . =
= lim (1+2 j =lime 3% =g 2 =

X— 0

BignmoBinh: —.

IMpuxaan 9.

2X-5

X—>—0

. _ (ax+3)\
Spavtu;  lim )

Po3B’si3aHHA.
1+7x
) 4x+ 3 ) _
lim = lim 2% =27 =0,
x—>-0o\ 2X—5 X—>—00

BianmosBian: 0
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Ipuxaan 10.
3maittn  lim (cos x)%2 .
x—0

Po3B’s13aHus

Maemo HeBuzHaueHicts tumy 17 . 106 3BecTu 10 apyroi Bu3Ha4yHOi rpanuii (8.10)
BUKOPHCTAEMO (POpMYITY:

) limV(x)-[U(x)-1]

lim U(x)/(*) =gxa .

X—a

U—->l
V >
. 1-cos x 1
lim —(cos x-1) —lim _=
Tomi  lim (cosx)% = 0%’ e ¥ ¥ —g 2
x—0
1
Bignosigs: e 2
3agaui
8.1. 3maiiTu rpaHumi:
3 6 3
1) lim X=X 2) lim XXX,
x—>05x3 47X+ 2 x—0  2X° =1
3) Im2x+3 4y lim x(x+1)(x+2)(x+3)(x+4)
x—>°0X+\/_ X—>© (2X+3)
J— 5 J—
5) lim iOx 3 ; 6) lim 2X 2+3x 4x.
x—>—02X" +4X+ 3 x>0 3X° —4X+2
8.2.
Xx—>8%YX -2 x—0 X
2_
3) Imx/2x+1 \/x+6; 4) lim X% —3X+2 ;
x—5 2x2 —7X 15 x>2+/5—X —/x+1
. «/x+ 2— \/_
5) lim 6) lim——
X—5 1/ X 2 x—>46X+1
8.3.
X%+ X X—3 .2t +t-1
1) lim ; 2) lim——; 3) lim 5 ;
x—>-1 X+1 x—3x% —8x +15 t->14(1-t“)-3
2 2
4) lim 3X°+5x-2 5) lim 3x +2x 2 £ 6) lim x2+2x 24
x>-25x2 + 12X +4 Xx>1x” — X =X+1 x—>-6 2X“ +15x + 18.
8.4.
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.2

) COS 2X SIn“ X
1) lim——; 2) lim :
x—Z COS X — SIN X x—>01—cosX

sin(x—7%)

27 -2x%);

)1

3) lim 3IN>X. 4) lim
x—0 6X X—)% X—§
. COS6X—COS4X | . AJl+cosx -2
5) lim 5 ;o 6) lim 3 .
x—0 X x—0 X
7) (\/— 1)S|nx’ ) "m\/5+smx—\/5—smx;
x—>0 x x—0 X
9) lim— 9% . 10) jim 1Z20%X
x—0 C0OS X — COS® X x>Z 7T —3X
8.5.
3 | ay2
1) Iim[xgri—xj; 2) nm( ° j;
x—oo| X% +1 x—>1\ 1 = x Xx—1
: 2 1 i 2x% —3x -1
3) Ilm( + j; 4) lim ———;
x>2\ 2X — X% X% —3X+2 x—>1 x* -1
3 2 2
5) lim | —2X"__ %X 6) jim 3YX 8¢ 1
x—o| 4x% —3 4x+3 x—>0 X+ Sin5x
8.6.
1) lim(Ix2—1-x2 +1); 2) lim(V/4x* +13x
X—>00 X—>0
3) lim (3{/(2x+3)2 —3{/(2x—7)2j; 4) lim x(\/x2+1—x}
X—>00 X—>+o0
5) lim (\/4x +3x+1—4x? —5x+3}6) lim (\/(x+a)(x+b)—x).
X—>100
8.7.
x—1 X+2 X
1) lim —j C2) lim(7-6x)%3;
x—o\ X + 3 x—1
2 1 x?
3) lim| 2= 5 4) lim(x+3)[In(x+1)—In(x—2
x—owol 2X° —X+1 X—>00

5) lim (3x+5)[In(x+5)~Inx]; 6) lim(1+ctgx)®;

X—>+0
2

1

7) lim(1+3x%)snx;

x—0

. 1
8) lim (cos x rsin2x ;
X—>4r
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1

cos 2\ x_2 x+a)"
9) Iim(—j o 10) Iim( j .
x—2\ COS X x—o\ X+ Db

8.8. 3HaiiTh 0THOOIYH1 IPaHUIll (PYHKITIN:

1

1) f(x):%npnx—ﬂ 2) f(x)=e*2 mpu X —>a.
X+ 2%-3
8.9. 3naiiTu rpaHuII:
1 1
1) lim xctg5x; 2) lim x2(4x —4x+1j;
x—0 x—0

1
3) lim x(ex —1];
X—>00

4) lim tgzx(\/ZSin2 X +3sinx + 4 —/sin? x+65inx+2)

x—>Z
2
5) lim xz(l—coslj; 6) Iim(cos\/x+1—cos\/§);
X—>00 X X—>00
X+1 =« X+1 X
7) lim x arctg——— ;8) lim arctg——arctg— ;
X—>00 X+2 4 X—>00 X+2 X+ 2
8.10. 3maiiTh rpaHuII:
1) lim smx; 2) “mt+s!nt;
X—>=0 t—>0t —sint
3) limsinx; 4) limt{a-1), ze t>0;
X—>00 t—>o
X .
5) lim> L. 6) Iim(2—cosa)1/s'”2“;
x—1 XInXx a—0
X g-X ;
7y imEA gy iy SnSx+D).
x—0 251NX _ 1 x>-1x% +4x—5

9) limlo 1+ %%} 10) lim{x? =1)log , 2
) X—0 gCOSX( ) ) X—)l( ) gX2

8.11. TlopiBHATH HECKIHUYEHHO Maui pu X—0:

1) a(x)=xIn(1+x), p(x)=sinx;

2) a(x)=a*-1, L(x)=xlIna;

3) a(x)=x%sin?x, B(X)= xtgx;

4) a(x)=+1+x-1, B(x)=

5) a(x)=39 -39 B(x)=sin®x;

6) a(x)=(1+x)" -1, B(x)=mx; demeQ".
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8.12. BUKOpPHUCTOBYIOUH MPUHIIUI 3aMiHH €KBIBaJICHTHUMM, OOYHCIIITh TPAHUIIL:

2_ -

1) lim 1+X 1; 2) lim In(1+3x23|nx)_

x—0 1-c0sX x—0 tg(x )

: x-1

3) lim In(1+2x); 4) Iimsm!e 1);

x—0 X x—1 Inx

. W1+sinx-1, A1+ x+x2 -1
5) lim ; 6) lim : ,

x—0 tgx x—0 sin 2x
7y lim arctg(2—x)+sin(x—2)2 8) lim 25in/x% +4/x% +In(1+x)

X—2 )(2 -4 Xx—>+0 X + JX& ’
/ 3 a a
9) Ilim V(d+x)” 1 : 10) lim (5 _1)(4 _1)

X_)0(1+X)3(1+X)2—1 a—0 (3“—1X6a—1).

8.13./loectn, mo npu X—> % byHkii Yy = . tgx 1 y=m—2X OynyThb
COS X

HECKIHYEHHO MaJIMMH OJHOTO NOopsAaKy. Yu OyayTh BOHH €KBIBAJICHTHUMHU?

8.14. lloectH, 1o npu X — 0 HECKIHYCHHO Majl BEJIMYNHU e?* —e* i sin2x —sinx

OylyTh €KBIBAJICHTHUMH.

5 _ Jzr —+Jarccos x
8.15. 3naiitu  lim .
x—-1 JX+1

8.16. Uepes xiHI 1 cepenuHy nyru AB Kona TPOBEACHI MOTHYHI, a TOYKU A 1 B
3’€THaHH1 XOopjor0. JlOBeCTH, 110 BIAHOILICHHS IUIONI JABOX TPHUKYTHHUKIB, IO
YTBOPHWIIHCS, TIPAMYE 10 4 TIpy HEOOMEKEHOMY 3MEHIIeH] 1yru AB.
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