Tema 11
IlepBicna. HeBu3HaveHnuii iHTerpaJ

OyHKIIIA F(X) Ha3MBAETHCS MEPBICHOI0 HA [a ,b] st pynkmii f (X), SIKIIO JUIA BCIX

X e [a ,b] BUKOHYeThCs piBHicTE F'(X)= f(X). (11.1)
Sxmo F'(x)= f(x)i ®'(x)= f(x), 1o
F(x)=®(x)+C, C—const (11.2)

MHo>u1Ha BCiX MEPBICHUX s QYHKITT f(x) HA3MBA€THCS HEBU3HAUCHUM IHTETPajoM
BT PyHKIIIT f(X) 1 ITO3HAYAETHCS

[ £(x)ax = F(x)+C (11.3)

BractuBOCTI HEBU3HAYEHOTO 1HTETPAILY:

1 | {Zn:ai fi(x)} dx = Zn:[ai | fi(x)dx] (11.4)

2) dJ f(x)dx=d(F(x)+C)=F'(x)dx = f(x)dx (11.5)
[d f(x)=f(x) (11.6)
3) ['f(p(x))de(x)=F(p(x))+C (11.7)

Tabimus inTerpaJis.

Xn+1 d
x"dx = +c, n=-1 I >— =1gx+C,
n+1 COS“ X
e dx dx
— =Inlx|+c, J' = —ctgx +C,
R .2
X sin“ x
y a® e dx 1 X
a‘dx=—+c, s = _arctg —+c,
Ina Jac +x a a
. ] dx . X
e‘dx =e* +c, ———  —arcsin=+c,
R R a‘2_)(2 a
.. ¢ dx a+x
sin Xxdx = —Ccos X +C, 5 T = I —\+cC,
J Ya‘c —x 2a |a—X
e dx X dx X
— =Intg—|+c, ——=Injtg| = +— | +cC,
J sin X 2 COS X 2 4
cosx dx=sinx+c, J'\/i ‘x+\/x +a ‘+c.

VY naBenenux ¢opMynax C - crajia IHTETpyBaHHS.
dopMya IHTeTpyBaHHS YaCTUHAMH Ma€ BUTJIISI;
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_[ u(x)dv(x) = u(x)-v(x)—v(x)du(x), (11.8)

e u(X) 1 V(X) - nudepenttiioBani GyHKIT Big X.
s hopmyna 31e011b1I0TO 3aCTOCOBY€ETHCS /ISl IHTETpyBaHHS BUPA3iB, SIKi € J00YTKOM
MOJIIHOMA Ha TPAHCIICHACHTHY (YHKIIITO.

Ilpuknaau po3B’si3aHHA TUNIOBHUX 32134

Hpuxaan 1.
OO6unCIUTH THTETrpa: j (\/; + 1)(X —Jx+ 1)dx

Po3B’sa3anHs.
CKOopHCTyEMOCHh METOJIOM PO3KJIany, KM 0azyeThcsi Ha mepirii BractuBocTi (11.4)
HEBU3HAYEHOTO 1HTerpainy. s [bOro mMmepeTBOPUMO MiAIHTErpaJbHUIl BHUpa3 y CyMmy,

CKOPHUCTABIIUCH (DOpMyTaMU CKOPOUYEHOTO MHOKEHHSI:
5

I(&+1)(x—ﬁ+l)dx:J‘(\/FnLl}ix:jx3/2dx+_[dx:%+x+c-

IHpuxaan 2.

. In? x
OOuucAUTH IHTETPAT: I— dx.
X

Po3B’si3aHHs.

bynemo BHUKOpUCTOBYBAaTH METOJ MIABEJACHHS MiA 3HAK JudepeHiiany, SKui
0a3yerbcst Ha TpeTid BiactuBocTi (11.7) HeBU3HaueHoro iHterpaiy. g 11bOro 3poOouMo
3aMiHy 3MIHHOI:

2 Inx=t 3 3
J'In X dx = X _ 4 :Itzdt:t—+c:m—x+c.
X ?— 3 3

Ipuxaan 3.

OOuuncIUTH IHTETpAT: '[ x2e*dx.

Po3B’si3aHHs.

[le xnmacu4yHMl 1HTErpay, KM IHTETPYEThCS YACTHMHAMM, TaK fK MiJIHTErpajbHa
byHKLIS € T0OyTKOM IMOJIHOMA JIPYroro MOpsAAKY Ha TpaHCLUEeHAEHTHY ¢yHKLiio. Tomy
BUKOPUCTOBYEMO Gopmydy (11.8):

2 X
u=x dv =e"dx
Ixzexdx = )

du=2xdx v=e

BuxopucroByemo ¢opmymny (11.8) Bapyre nmnsi oOuucieHHs IHTETpally B TMpaBiit
YaCTHHI:

— x%e* - ijexdx.

u=x dv=e*dx

) =xex—.[exdx:xex—ex+c.
du = dx v=e

'[xexdx:‘

Taxkum uyrnHOM:
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J‘xze"dx=ex(x2 —2X+2)+c.

Ipuxaan 4.
. X
OOGYHMCINTH THTErpaI: _[2;3 dx.
X —-2x-5
Po3B’s13anus.

3a I0MOMOTOI0 €JIEeMEHTAPHUX MEPETBOPEHD MPEICTABUMO YHCEIbHUK SIK MOX1IHY BiJ
3HaMEHHHUKa 1 p0310’eMO 1HTErpa Ha CyMy JBOX IHTETPaJIiB:

_[ X+3 d__J‘ZX 2+6+2 _J‘ 2X—2 dx +4J‘
—2X—-5 —2X—95 —2X—-5 —2X— 5
:Eln‘x —2X— 5‘+4j—:llnx —2x—5‘+4j. > =
2 2x-5 2 —1) —6
=£In‘x2 —2x—5‘+4- L n x-1-V6 +c:lln‘x2 —2x—5‘+ 2 jn*=1= V6| +C.
2 246 [x—1++/6 2 b 1+\/_‘
IMpuxkaan S.
OO6unCIUTH THTETpa: I X >
(x—1)(x+1)
Po3B’si3aHHs.
[TininTerpanbHa QyHKIIIS € TpoOOBO-palioHaIbHOI0. Po3Kiianaemo i Ha mpocTi Apoodu:
X A B, B,
2~ + + 2
(x-1)(x+1)" x-1 x+1 (x+1)
3Bincu x = A(x+1)° + By (x—1)(x +1)+ B, (x - 1).
[TpupiBHAEMO KOS(DIIIIEHTH TTPH OJJHAKOBHUX CTETICHSIX X
X2 0=A+B,
x* 1=2A+B,

x* | 0=A-B,-B,
Otpumanu cuctemy 3 — X piBHSHb 3 3 HEBIZOMHUMH. PO3B’S3yr04uM I0 CHUCTEMY
MaTHUMEMO

1 _1
4 4 2

1 1

+
(x=1)(x+1? 4(x-1) 4(x+1) 2(x+1)
Tenep MO)I(Ha BI/IKopI/ICTaTI/I MGTOI[ po3Kiany:

xdx 1 dx 1 1 1
| = j ==Injx -1 -ZInjx+1 - ———=+c=
(x=1)(x +1)? x—1 4ix+1 2 (x+1)* 4 4 2(x+1)

Tomi
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1 [x-1 1

4 |x+1 2(x+1)

+C.

Ipuxaan 6.
OO6uncIuTH 1HTETpaT: I cos? 3x - sin* 3xdx.

Po3B’s13aHnH1.

[TimiaTerpanbHa (QYHKINS € TPUTOHOMETPUYHOIO 1 MPEACTaBisi€ COOOKH J100YTOK
MapHUX CTENEHIB CHUHyca 1 KOocuHyca. B Takux BuIagkax TiJIHTETpaJbHUM BHUpa3
MEPETBOPIOIOTH 32 IOTMOMOTOI0 (hOPMYJT 3HUIKEHHS TTOPSIIKY:

sin? X:%(l—COSZX), cos® x :%(1+ COS 2X).

Tomy
_[cosz 3x-sin® 3xdx = j(cos 3x-sin3x)” - sin? 3xdx =

_jsin2 6X 1-cos6x

> dx:%I(sinz6x—sin26x-c036x)dx:

= lj 1-00S12X _ Gin2 6y cosbx |dx = = X - SINL2X 1 ghsgyl,

8\ 2 24 18
Ipuxaan 7.

: dx
OOuucauTy 1HTErpan: | ——.
sin X
Po3B’si3anns.
CKOpHCTAaEMOCH YHIBEPCAIBHOIO TPUTOHOMETPHUYHOIO IT1/ICTAHOBKOIO:
tg > =t

2

Toni dx = 2dt2 , sinx= 5
1+t 1+t
2
OTpumyemo: I _dX =I 2(1424 ) dt = at In\t\+c—|n tg
sin X (1 +1 ) 2t t

Ilpuxaan 8.
OO0uncIUTH THTETpAT: I Vx dx.

4[ 3
X° +1
Po3B’si3aHHA.

[lininTerpanbHa (QyHKIIS € ippanioHanbHOW. [l Toro, mo0O 1m030aBUTHCH
1ppalioHaIBLHOCTI 3pOOUMO 3aMiHY 3MIHHOI:

x=t*, dx=4t3dt.
t3dt ¢ t3dt
Toni: dx =4 )
o Iwu 41 It3 jt3+1
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[TiginTerpanbHa (QyHKIS TEnep € paiioHadbHOW0. BuaiiseMo 1y 4acTUHY, Tak SK
HOPS/I0K YHMCETbHUKA BUIIMN 32 TIOPSII0K 3HAMEHHHUKA:

t° , t?

t3 41 t3+1
Tenep BHKopHCTOByeMO METONX posKﬂaz{y'

s e

11.1. Homectu, mio ¢yHKIIisA F(X) € TEpBICHOI s (YHKINT f(X) Ha BKazaHOMY

3
:ﬂt3—£ln‘t3+]4+c:f x4 —In
3 3

3

3agaui

POMIXKKY, SKIIIO:

1) F(x)=3%x, f(x)=i x & (0,00);
2) F(x)=tgx—4/3, 12 , xe[—z,z);
3) F(x)=20—1, f(x)= xe(0,);

4) F(x)=3"-In(5x), f(x)=3 (InS In(5x)+ )1() xe(0,»);

5) F(x)=eS™ +x+7z, f(x)=e .cosx+1, xeR.
11.2. 3maitnite mepsicuy F(x), axmo:

1) f(x)=7-2x;

2) f(x)=2x-3x;

3) f(x)=x+%;

4) f(x)=2sinx+cos3x;
5) f(x)=~/2x.

11.3. 3uaiiaite Gynkuioo F(x), SKI0 BiZoMo, 10 F'(X) =4x3 -3x% i F(l): 3.

11.4. 3uaiinite nepsicHy F(x) mis QyHkumii y = f(x), rpadik sIKOi TPOXOAUTH 4Yepe3
TOYKY M :
1) f(x)=e®, M(0;-2);
2) f(x)=7*"*, M(8;1/In7);

3) f(x)= i , M(— —1J

sin“ 3x 12
11.5. OGuucniTh iHTErpamy, BI/IKOpI/ICTOBYIOLII/I METOJ PO3KIIAY:
1) I2+3 \/7+5\f 8) J-cos X . 15)I dx :
JxE X 1 smx x*-10
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2)

3)
4

N—r

5)
6)

7)

11.6. OGuucHITH

I(Scosx—sz +1jdx;
X

3e” +e*cosx |,
I—xdx’
e

.f(\ X +1)(x X —1)dx;
Isin2 X + C0S? X

dx;
4./x

COS 2X

Icosx smx
,[ COS 2X

cos’ x -sin? X

1HTEerpay,

nudepenIiany:

4) _'

7)

9)

12)

15)

18)

21) .'
24) |

27) [

[ (cos 2x + sin 2x 2dx;
( )

cos? xdx :

[y\3y? +1dy;
.cosx-\/sinxdx;

tgx
c e
dx;

*COS™ X

b-s

s

16) -33|nx x: 17) J~tgx+1
® ’\/COSZ X COS™ X
19) [4sin® xdx 20) [ &%
) | 4sin” xdx ) j2_3ex
22) - 21n? x+3 23) i
tint
3
arcsmx c X2dx
25) | .| 26) ;
2
28) .[Inx 3 29) X“dx :
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dx
) Il+c052x’ G)I\W’
1 cos? X +2c0sX -3 dx .
2 -[ 3+cosx 17) J‘\/Si
11) Ia( ] 18 24+ %% —2-%2 dx:
e e o
12) I ;
1+x® 19) jtgzxdx;
5 6
13) _[X J):+X2+ dx; 20) jctgzxdx;
14) I _ 21) IBX-ede.
X2 +7'
BUKODHUCTOBYIOUM METOX INABEACHHS IIiJ 3HaK
g I . 3) sin2X Lo
[_x
2
dx dx
5) ; 6) ,
J‘1+4x2 J‘7c052(3—x)
8) sinx-cos7x dx;
Inx Xdx
10) 11) :
j J-x +9’
2
13) jxe‘xzdx; 14) j 3x7dx



30) _[ cos xdx 31) J~ w/arctge
J3+sinx 1+e%
11.7. O6t11/ICJ11TB iHTErpajIH, BUKOPHCTOBYIOUH METON IHTGprBaHHH YaCTUHAMHU:
1) [ x?Inxdx; 2) [xe*dx; 3) [Inxdx;
4) [arctg xdx; 5) [xarctgxdx ; 6) [arctg+/xdx;
7) 'x sin xdx ; 8) [xcos?xdx; 9) [+/xInxdx;
10) Ixjﬂx ; 11) [e¥sinxdx; 12) _[\/1+ x? dx;
1-Xx '
13) jsm (In x)dx.
11.8. OOumcaiTh iHTErpaIn j?X—JrBdX, j Ax+B dx:
ax’ +bx+c Vvax? +bx+c
dx dx Y dx
D |\ 5——; 2) | 3) | —
Y x2 _2x+5 IX2+4X+29 Y x? +3x+1
2) ¥ 26x—7 dx : 5) .[ x+1 . 6) -4;(—5dx;
73X -7x+11 6 x> +x 1 X +5
- dx - dx
7) , 8) ;9) ;
VX% +2x+3 I\/Z 3x Ax? T2 -3x—4x?

dx x+3 dx
10) ; 11) ,  12) '
'[\/3x _ox— j\/5 4% — X2 jJ4x +4x+3

X 3dx x+3 dx
13) : 14)
J.\/3+66x 11x2 J.\/3

11.9. TlpoinTerpyBatu parioHaabH1 IpoOH:

dx 2X1 _
Wm’ 2 [ B B e

+4X—4x?

—5X+ 9 xdx X—3
4) )] 6) d
'[ —5X+ 6 j x + 1 '[ x3 —x
11.10. O6qI/ICJ11TL lHTeraJII/I BiJl TpI/IFOHOMeTpI/ILIHHX byHKIIIH:
1) [ sin? xcos? xdx ; 2) |cos* xdx;
3) [ sin3 Xdx ; 4) [ sin? xdx X
5) [cos* xsin® xdx; 6) [sin* xcos* xdx;
7) [tg®xdx; 8) [ctg®xdx:
9) d): ; 10) jsin X C0S 3xdX ;
* COS” X
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1) | ——M;
)14—5§nx

12) | —;
)j5 3cos X

1+wx
9n2x

11.11.O6uucniTh IHTETpAIHU Bif ippaioHadIbHUX (YHKITI:

13) j cos xdx ;
1+ cos X

1) + 5X—6 dx
Y \J1-3X
[y3 3

3 VX J&dx;
Jo64x
3

5) —5——dx;
Y Ux-=1

i
) jV;§+1dX’
4) _[ dx )

xVx2+4x—4’

©) J‘x+2
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