Tema 10

['panun BiHOLIEHHS MPUPOCTY (PYHKINI 0 MPUPOCTY apryMEHTY B JaHIA TOMYII,
KOJIM TIPUPICT apryMEHTY TpSIMYy€ 0 HYJIsA, Ha3WBA€ThCS MOXiAHOW (PyHKuii B Toumi i
MI03HAYAETHCS
= fim AY i YOXHAX) — Y(X)
y'=y, = lim —= lim :
Ax—0 AX  Ax—0 AX
3 BU3HAUYEHHS BUILTMBAE, 110 MTOX1/IHA BiJl CTAJI01 TOPIBHIOE HYJICBI.

[IpaBuna gudepeHiiroBaHHS:

1.° [cu(x)]’ =c-u'(x); (10.1)

20 [u(x) £v(x)] =u'(x)£V'(x); (10.2)

3.0 [u(x)-v(x)]' =u'(x)-V'(X)+u(x)-v(x); (10.3)

. {u(x)}':u'(x)-vmu(x)-v'(x); 104
v(x) vZ(x)

5.2 skmo ¢yskmis Y= f(t) Mae moxigHy B Toumi t, a t =¢(X) i Mae mOXiaHy B TOUI
X, To ckiagHa QyHkis Y = f [gp( X )] Ma€ TOXIJIHY B TOYIll X, IPUUOMY

y'(x) =yt -t
abo
dy = dy dt (10.5)
dx dt dx
6.° Hexait dynkuis y = f(X) 3aI0BONBHSE YMOBH:
- CTPOr0 MOHOTOHHA Ha [a,b];
- icHye moxigHa y' B Oyab-sKii Toumi X €(a,b);
- f'(x)#0, xe(a,b).
Toni icHye o6epHeHa QyHKITT X =@( Y ), sIKa Ma€ MOXiTHY, TPAIOMY
1 1
P'(y)=———, abo X, =— (10.6)
f'(x) Ty
Ta0auusa moxixHux
(x") =n-x""1 (sinx)’ = cos X (arcsinx)’ =
1-x?
(a*)=a"-Ina (cosx)’ = —sinx (arccosx)’ = — L
1-x?
(") =¢" () =—2—  (arctgxy =
COS“ X 1+Xx
, 1 , 1 :

(Inx) == (ctgx)’ = —— 5 (arcctgx)’ = — 5

X sin“ X 1+X
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[Ipy BignIykaHHI TOXiAHOI MOKAa3HUKOBO-CTeNEHeBOi (yHKITI abo ¢yHKIil, ska €
JOOYTKOM BEJMKOI KUIBKOCTI CIIBMHOXKHHKIB, 1i CHOYaTKy JIOrapupMyrTh, a TOTIM
3HAXOJIAThH MOXITHY:

r_ f(x)
[Inf(x)] = ) (10.7)

Taka moxijgHa Ha3UBAETHCS JIOrapupMiuHOI0 MOXigHo0 GyHKknii y = f(X).

IloximHa n-ro mopsiaky Bix pynkmii Y = f(X) B TOUNi X BU3HAYAETHCS SK:
d B B '
y(n):&[y(n 1)]:[y(n 1)] (10.8)

Jlsis 3HaXO/KEHHST TOXiTHOT Y;< JUIS HesiBHOI (PYyHKINNT, sika 3aa€ThCs PIBHSAHHAM
F(X, y): 0, Tpeba oOMIB1 YaCTHHM PIBHSAHHS MPOAUGEPEHIIIOBATH M0 X, PO3TJISIAI0UH ) K
dbyHKIIII0 BiJl X. 3 OTPUMAHOTO BHpa3y 3HAXOJATh LIYKaHy MOXITHY y'X. JIJist 3HaXO0JKEHHS
yl;(x Tpeba piBHIHHS F(X, y) =0 aBiui npoaudepeHIitoBaTH MO X 1 T.1.
Sxo QyHKISA 3a1aHa MapaMeTPUIHO
{x =o(t)
y=w(t),
TO 11 mepia i Apyra MoxiJaHi 3HaX0AThCs 3a (OpMyIaMHu:
dy _y(t). d’ :i£v/ (t)J v ()0 )-9 th 1) (109)
i @) d® dx(e(t) o ©)f

PiBHsIHHS 1OoTHYHOI i HOpMaii 1o rpadiky ¢yHKmii Y = f(X) B T. X, Mae BiamoBiTHO

BUTJISLI:

Y=Yo=Y (X )(X=Xp) (10.10)
(X=Xg) (10.11)

Y=Yo=—7,
T Y(%)

Sxmo ¢ynkmis Yy = f(X) Mae ckiHYeHy MOXiAHY B TOYIN X, TOAI ii MPUpPICT, IO
BIJINIOBIJIA€ IPUPOCTY apryMeHTy AX, MOKHA 3alMCcaTH Y BUTJISIAL:
Ay = f'(X)AX + AX - a( AX) (10.12)
e AX—>0 1 a(Ax)—0,
['onoBHUH, MIHIAHUKA BIJHOCHO AX WieH nOpupocTy (QYHKLII, HA3UBAETHCS
audeperniagom GpyHkiii B TOULI X 1 TO3HAYAETHCS:

dy = f'(x)Ax (10.13)
J{nst HaGamKEeHUX 00YUCIIEHb BUKOPUCTOBYIOTH (hOPMYITY
Ay =~ dy
abo y(X+ AX) = y(X)+ y'( X)AX (10.14)

IIpaBuio JlomiTajasi poO3KpUTTS HEBU3HAYCHUX BUPA3iB:
- skmio ¢yskmii f(X) i g(X) Bu3HayeHi i qudepeHIiiifoBaHi B OKOJII TOUYKH X = a 3a
BUHSITKOM CaMOI TOUKU X =a;
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- lim f(x)=1lim g(x)=0;
X—a X—a
- g(x)ig/( x) HE JIOPIBHIOIOTH HYJIEBI;
- icuye lim (%)
x—>a g'(x)

TOJI1 ICHY€E TPaHUIIS BiTHOLIEHHS (QYHKIIIH, IPUIOMY
fim L) _ gy 100
x—a g(Xx) x—ag(x)

(10.15)

3ayBakeHHsI

[TpaBwito JlomiTans BUKoHyeThes 1y Bunanaky, komu lim f(x)=lim g(x)=o0.
X—a X—a

3ayBaxxumo, 110 MpaBwio Jlomitans MOXHa BUKOPHUCTOBYBAaTH 0aratopasoBO /10 THUX
mip, TOKU BUPa3 HE CTAaHE BU3HAUCHUM.

Ipukaaau po3B’sA3aHHA TUNIOBHUX 327124

Hpuxaan 1.

9% In 2x.

OO0uncIUTH NOXIAHY PYHKIIT Y =€
Po3p’si3aHHs.
®OyHKIis € 100yTKOM IBOX (YHKIIM, TOMYy BHKOPUCTOBYeMO Tpete mpaBuio (10.3)

nuepeHIFOBaHHS:

( 9. n 2x) :( tgx) In2x +e'% - (In2x) .
Jlai BUKOPUCTOBYEMO MPaBWIIO AU(EPEHIIIIOBaHHS cKiIaaHoi pyHkii (10.5):

! ’ 1
(etgx) —e%.——, (In2x) =—-2
COS“ X 2X
Takum ynHOM
" % In2x eY
(tgx In 2x) = — +
COS“ X X

Ipuxaan 2.
OGuucauTu noxigny gpynkuii y = (sinx ).
Po3p’s13anns.
[Iponorapudpmyemo 3agany QyHKIITO:
Iny =x-Insinx,
a Tenep npoaudepeHIiFeEMO:
;y’ =Insin x + x - ctgx.

3 1IBOTO CHIBBIAHOIICHHS 3HANUIEMO Y':

y' = y(Insin x + x - ctgx ) = (sin x )* (Insin x + x - ctgx ).
Ipuxaan 3.
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3HalTH MOXiAHY N -TO MOPSAKY Bix QyHKIIT Y =SinX.

Po3B’si3aHHs.

BizbMeMo KkisTbKa MOX1THUX, 00 M0OAYNTH 3aKOHOMIPHICTh:

y'=cosX, y'=—-sinx, y"=—cosx, y'V) =sinx, ...

bauumo, 1110 Yepes moxigHy MOpsAIKY, KpaTHOTO YOTHPHOM, IMTOBEPTAEMOCH IO BHX1THOT
dbyukiii. Tomy 3aranpHa GopMysia MaTUME BUTIISI:

"

y(”)zsin(%+x), neN.
Ipuxaan 4.
O06uKCIUTH TOXIJIHY MEPIIOTO 1 APYToro nopsaAKky s ¢pyHkuii arctgy —y + x=0.
Po3B’si3anHs
JludepeHiiitoeMo 3a1aHe piBHAHHS, BBAXKAIOUU ¥ (YHKIIIEIO BIJT X'
J > -y +1=0,
1+y

abo y -y —y’y +1+y*=0.
Po3B’s13yeMo 11e CMiBBIAHOIICHHS BIJTHOCHO Y :

1+y> 1

y2  y?41

3HaxXoAMMO Jaii y .

y
HpuxaanS.
d’y .. | X=Int
OGuncianty —- a1 QyHKU1i )
dx y =sin 2t
Po3B’s13anna
3HAXOIUMO:
: 1 " 1
X(t)== X (t)=——
(t)=" (M=—73
y(t)=2cos 2t vy (t)=-4sin2t
Toni 3a popmymnamu (10.9) maTumemo:
ﬂ = 2tcos 2t,
dx

) —4sin2t-}+i-20052t
d7y t t° i
- = 2t(cos 2t — 2tsin 2t).
dx? 1
t
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IIpuxkaanx 6
O6uuciutu Sin46°,

Po3B’s13anus.
Cxkopuctyemoch popmymoro (10.13). Hexait x = 45° = % c Ax =10 = . 5
180
Tomi sin( X + AX) = sin X + COS X - AX
sin46® =sin(Z + " YxsinZ v cos X~
4 180 4 4 180
260 sin46° zﬁ+ﬁ- X _07071+07071-0017
2 2 180
sin46° ~ 07194
Hpuxnax 7
OOuucnutu rpanumo lim M.
Xx—0 3x
Po3B’s13anus.
Bci ymoBu 115t BUKOpHUCTaHHS npaBuiia Jlomitans BUKOHYIOThCSA. Tomy:
- 2 -
lim 1-cos6Xx _ 9 _lim 2sIin“ 3x o lim 2sIiNn3x-cos3x-3 o lim sin6x 0.
x—0 3X x—0 3X x—0 3 Xx—0
Ipuknan 8
. . . x3 .
Hocnigutu 3acobamu  nudepeHiiagbHOTO YHCIeHHA (yHKIII0 Y = W 1
4(2-xX

noOyayBat ii rpadik.
Po3B’s13aHHs.
Oo6nactro BuzHaueHHs D( f ) ¢ynkniie D(f )=R - {2}

Tak sx
3 .
X { y(x);
—2 ¢
42+x)° = Y(X),
TO (PyHKII HE Ma€ OCi 1 LIEHTpa CUMETPIi.
@DyHKIIs HENepepBHA BCIOAU, KpPIM T. X=2, Ji¢ BOHa Ma€ BEPTUKAJIbHY ACUMIITOTY 1
pospus |l pony. 3nalineMo oqHOOIYHI TpaHuLll B T. X=2:

y(=x)=-

3 X=2+0 3
: X . (2+0) 8
lim — = 0—0 |=Ilim 5 = =4o0.
x—>2+0 4(2 — X) 52 §04(2-2-75) +0

X=2-0

3 )3
im —X | 550 |=tim 220 18,
x>2-0 4(2 - X) ‘s §04(2-2+0) +0

3’scyeMO OBEAIHKY (DYHKIIT, KOJTH X —>+oo
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3
lim — 5= +o0, (Tak SIK MOPSAOK YACETbHUKA BUIIMI MOPSAKY 3HAMEHHHKA).
x—>10 4(2 — X)
Takum YHUHOM, FOpI/IBOHTaJ'IBHO'I' ACUMIITOTH HEMAE.

3Hal1eMOo TpaHMIIl )1 TOXUIIOT aCUMITTOTH

3
k= lim X—2 = 1 (Tak K TOPSIIOK YMCEIbHUKA 1 3HAMEHHUKA OJIHAKOBI).
x>0 4(2-x)" 4
3 3 Y 3 4y2 2
b= lim | XX i X METX)T XXX
x>t 4(2—X)T 4| xoio 4(2-X) X>%0  4(2—X)

3HAUUTh MMOXHJIa ACUMIITOTA MA€E PIBHSIHHSA Y = 2 +1.

3HaiinemMo noxiaHy (GpyHKIii, K MOXiAHY B ApoOy:
,103%%(2-x)*=x-2(2-x)(-1) _ 1 x*(2-x)(6-x) _X*(6-X) _

4 (2-x)* 4 (2-x)* 42-x)°
_ x*(x—6)
4x-2)>
HeobxinHa ymMoBa eKCTpeMyMy:
y' =0 y' = o0 y' He icHye
X; =6 Xel X e@d.

JlocTaTHsA yMOBa EKCTPEMYMY:

3HaK y’
T~
/ 2 6 / .

min

®yukiisn 3poctae npu Xe(—0,2)U(640) 1 cnamae mpu Xe€(26). B 1. x=6

GyHKIIIST Ma€ TOKaJIbHUN MIHIMYM, IPHUOMY

27

Ymin =y(6)=—o.
8

3HaiiieMo iHTepBaM OMYyKJIOCTI QYHKIT 1 TOUYKH Teperuny rpadika (QyHKII, SKIIO

BOHU €. JIs 3HAXOPKEHHS JPYyroi IMOXiAHOI CIoYaTKy IpoJiorapudmMyeMo (GYHKIIIIO, HE

1
BPAaXOBYKOUYU KOHCTAHTY 2 )

_x*(x—6)
(x=2)*
Iny=2Inx+In(x-6)-3In(x-2),
y' 2 1 3

y X x-6 x-2
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Toni

y'—XZ(X_e)-£E+ 1 3 j

T (x=2)® \x x-6 x-2
abo
,_X*(x=6) 2x° —16X+24+x° —2x—3x” +18X
(x=2)3 X(X=6)(x—2) |
,  X-24
YT )
TakuM 9MHOM 3BIJICH OTPUMAEMO:
, 24X 6 X

A x—2) (x-2)*
€auna Touka, e Y" =0, e x=0. 3’sicyeMo 3HaK Y" B 00JaCTi BUBHAYCHHS:

®Oyukmis onykna npu X € (—o0) 1 Brayra npu Xe€(02)u(2+4x). B 1. x=0 —
NEPEruH rpadiky.
Tenep mobyayemo rpadik QyHKIii, BAKOPUCTOBYIOUH OTPUMAaH1 pe3yJIbTaTu.

3agaui

10.1. 3naiaiTh noxifHy PyHKII] 32 BA3BHAUCHHSIM:
a) y=3x%; 6) y=5-4x%; 6) y=(x+1)>2
10.2. 3naiiaiTe noxiaHi QyHKIIN:
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1) y=x\/§; 2) y:—ZXﬁ; 3) y:§/§—2x/x‘1+%+4;
X

4) y=x/x; 5) y=323x; 6) y=y2xJ2x

2 4
7y y- 1. ) y:5x —&—3; 9) y:7—3x+x ;
X+/2X 3/x X —x2
2
10) y= Vx ; 11) y:m—z?’—ez; 12) yzx——%.
2 +3/x2 X 3 X

10.3. 3HaiiaiTh NoXiaHI GyHKIIIH:
1) y=(x?+1)(3=-5x%); 2) y=(x?+x+1)(x*>=x+1);

2 2
X“+3 X —5Xx+6
3) y="—7; 4) y=" 00
x—1 XS +X+7
10.4. 3HaiiniTh moXiaH1 QyHKITIH:
1) y=sinx+ctgx; 2) y=5xcosx;
3) y=(xe2)gs 4) y="
5) y=x3cosx; 6) yzﬂ;
tgx
7) y=xarcsinx; 8) :arc';gx;
X
9) y:arcc9sx; 10) y = arctgx + arcctgx.
arcsin x
10.5. 3naiiaiTe MoXigH1 QYHKITIN:
1) y=xlnx; 2) y:In_x;
X
3) y=e"log, X; 4) y=Ilog, 2;
5) y=(Vx++2)*; 6) y=xe*—e*;
7) y=(J2)%; 8) y=(Inx+7z)(vx+4);
Inx—e
9) y= ;
x> +4

10.6. 3naiiaiTh moxiaHi QyHKIIN:
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1)

3)

5)

)

9)
11)

13)
15)

17)
19)

21)

23)

25)

27)

29)
31)
33)

35)

y=Y1+x?;

:\/2x2 X2 +1;

y = Ctgx? —%tg32x;

y = sincos? x-cos sin? x;

y=In(x? +Vx* +1);
_in (x+3j

y X+2) "

y=InInIn(x+1);

y:%tgzx+lncosx;

y:%In(sin3ﬁ+7zX );

tgx

y—2 +c032eX2;

X X
y = arctge2 —In

e’ +1
=In®(2x+3)?;

_tg°x.
tgxz’

y = Intgg—cosx-lntgx;

2

y — el logy e .
y = ?{/arctg cosin® x;
esinzx

:q/1+tgx;

10.7. 3naitaiTe noxigH1 QYyHKIIN:

2) y:(&+%jlz;

c0s23x

4) y= ;

sin5

6) y= sin(l);
X

y:\/1+tg(x2 +x72); 8) y=arcty X

2_

1
J2x
10) y=sinInx+cosInx;
12) y=sin(arcsin vx);

14) y:25in23X.

16) vy = arctgtg ’x;

1+2x

18 =In X

)y 1-2x
20) y:elnzx’

22) y=Intg Z+
) Y 9(4

sin xj_
2 7

24) y= cosi;
Inx
26) y = 3arctg(2x+7r);

1-x
28) y:e\/;;

30) y=cos?arctgInx?;

. 1+sinx
32 = arcsin :
) Y 5
34) y=Inarcsinv1-e**;
36 ) arcsm 4arctg~’
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1) y=x% 2) y=x";

3) y=sinx®*; 4) y=x5"%;

5) y=(cosx)™%; 6) y=(x+1)(2x+1)(3x+1);
(x+2)? [ X2

7 = 8 =X3 :

)y (x+1)3(x+3)* )Y x2 +1

9) y=(arctgx)”; 10) yzxxx.

10.8. 3HaiiaiTh noxiaHi GyHIINA, 3aJaHUX HASBHO:
1) x> +xy+y% =6;
2)e¥ —e " +xy=0;
3) e*siny—e Y cosx=0;
4) x =y +arctgy .
10.9. 3naiaiTe noxigH1 (yHKIIH, 3aJaHUX TapaMETPUYHO:

1
X=—", 2t
’ X =2cost; X=e";
n 2){ _ 3 3
y = 1 . y=5|nt. y:et_
t+1
_3at |
B 3’ ) )
2) 1+t2 5 {x_t + 2t;
_ 3at y=In(t+1).
1+t3'

10.10. OGuuchiTh y BKa3aHUX TOYKAX MOXiAHI U1 (DyHKITIH:

1
1) y=2", x="1:
T
2) y=arcsin > x=0, X=2;
1+X
3) y=(1+xW2+x2¥3+x3, x=0:
. T
4 =Insinx, X==.
)y 1

5)e¥ —x3+y3=0 x=0;

_y _
6)xe4+ye%=2 x=0;
7) XIny+ylnx=1 x=1;
8) x? +y% —4x—10y+4=0 Xx=6;

9) x%+y%:a%;
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X =t?

10) :
y=t3+t, t=1
X =acos>t

11) |
y =asin’t, t:g

10.11. 3naiaiTh MOXIIHI IPYTOT0 MOPSIKY:
3

1) y=x*+13x+11; 2) y= a R
3—-X
2_
3) y=cos®x; 4) y=arcsin——;
X“+1
5) y=e'*; 6) y=(x*+x+1)e*.
7) x°+y® =3axy; 8) y =tg(x+Y);
9) e* —e¥ =y—x; 10) x+y=e*"7;
3 X = acost
11) xy° +2y-1=0; 12) L
y = asint
X =Ccost +tsint x = e
13) _ : 14) |
y =sint —acost y =g

10.12. Cxmanite piBHSHHS JTOTHYHOI 1 HOpMauTi 110 rpadiky QyHKIIII:
1) y=e* Brouni X, =0;
2) y=+/X BT. Xg =4;
3) y=x>+2x% —4Xx—3 BT. Xy =—2;
4)y=3x-18BT. Xg =1;

5) y =tg2X B mo4atky KOOpUHAT;

B TOUIIl IepeTuHy 3 Biccio OX;

6) y = arcsin

7) y = arccos 3x B Toulli mepeTuny 3 Biccio Oy ;

8) x% +y% +4x—2y—3=0 B TOYKax mepeTHHy ii 3 Biccio O;

9) X% +y? —2x+4y—3=0 B TOUKax HepeTHHy ii 3 Biccto OX;

10) X2 + y2 =25 B TOYKaX, B SKUX JOTHYHA Oyne mapaielbHa MpsAMIN
3X+4y—-12 =0. 3poOuTH MaTIOHOK.

Xx=a(t-sint
11) ( ) BTquaxa)t:Z; 6)t=z;
y =a(l-cost) 2 3
12) XZZ\/?COSt BTOIII_[i'[ZZ;
y =2sint 6
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o x=t7+1 . . y
13) Ha mninii s ., SHAWTH TOUKY M, B sIK1ii JOTHUYHA TAPAIUIECIIBHA TIPSIMIN
y=2t" -t
y =2X;
X = 2cost

14) 3HalTH KyT MK JOTHYHUMH JI0 €JITICY .
y =3sint

T .
BTquaxt:E 1

t= % [ToGynyBaTu eminc 1 JOTUYHI.

10.13. BusHaure mpoMi>KKH MOHOTOHHOCT1 ()YHKIIIH Ta 1X EKCTPEMYMH:

2
1) y=2x3+6x?—-18x+120; 2) y=X +1; 3) y=+x3-3x;
X

4

4) y=——; 5) y=——; 6) y=2%
VX% +16 sinX
7) Y=mx+2; 8) y=sin®x—x.
X
10.14. 3naiiTu IHTEPBaAIHN OMYKJIOCTI 1 TOUKH NEPETHHY (PYHKIIIM:
1) y=2x*-3x*+x-1; 2) y= 12;
1-x
3) y=%x+3; 4) y=e*;
eX
5) y=(x%+1)%; 6) y=—.
X
10.15. Jocaiautu QyHKIi Ta moOyayBatu ix rpadiku:
(x—1)2 x—1
1 = ; 2 = ;
)y i1 )y 74
3) y=x%%; 4) y=xlInx;

5) y=31-x3; 6) y=X+sinx.

10.16. 3naiitu qudepeniianu:

1) d(e™* +Inx); 2) d(arccose™);
3) d(X+2vX+X): 4) d(2Vx3(3Inx-2)).

¢dyHkii y=Y(X) y BKa3aHUX TOYKaX:
1) y=3%Xx, X = 65;
2) y=sinx, X=29°;

2—X

3) y= m, X:0,15.

10.1. OGuucnitTh rpaHuIll GyHKITIN:
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1)

3)

5)

. 3X2 +4x-T
lim 5 ;
x->12x° +3x-5
In(x? -8)

lim > ;
x>32X° —5x—-3
. X=sinXx

lim ;
x—0 tgxX — X

2)

4)

6)

. Incos x
lim—;
x—0 Incos 3x

lim In(1+x)—x_
x—0 thX

sinx X
—€

. e
lim——.
x—0 SIN X — X
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