Tema 13
JAudepennianbHe yncjaeHHsA PYyHKIIA 0araTb0xX 3MiHHHX

|. Hexaii D - MHOXHMHA yHopsakoBaHux uucen (X;y). SIkmo KokHiKA mapi
(X;y)e D 3a meBHHM 3aKOHOM BIJIOBIZA€ YUCIO Z, TO KaXKyTh, III0 HA MHOXHHI D
BU3HAYeHO (PYHKIIiIO BiJ IBOX 3MiHHMX X 1 y, 1 3amucyioTh Z = f(X,y).

Muoxuny nap (X;y), mams skux ¢ysHkmis Z = f(X,y) Bu3Ha4YeHa, HA3WUBAIOTh
o0J1acTi0O BU3HaYeHHs1 pyHKii 1 mo3HavyaroTh D(f) a6o D.

MHo:kMHY 3HaYeHb Z TO3Ha4daloTh E(f) abo E. AHaJIOTiYHO O3HAYATHCS TOHSATTS

(GYHKIIT TPhOX 1 OUIBIIOTO YUCIIAa 3MIHHHX.
OyHKIIIIO IBOX 3MIHHUX MOKHA 300pa3uTu rpadivyHO y BUTJISAL JESKOI TOBEPXHI.
I'padikom pynkuii z = f(Xx,y) B npsimokytHiii cucremi Oxyz HazuBaetbcst [MT

M(x;y; f(X;y)), mpoekuii skux (X;y) Hamexars obmacti D. ILle TMT yrBOproe B
TPUBUMIPHOMY MPOCTOPI MEBHY MOBEpXHIO (puc. 13.1), npoekuiero skoi Ha miomuny OXy
€ MHOXHHA D.

Puc. 13.1
Jlinier piBus pynkmii z = f(X,y) HasuBaerbes minia f(X,y)=C, B Toukax sAKoi
¢byHkiis 30epirae crane 3HadeHns z =C,C e E( ).
IMoBepxHuero piBusa pynknii U= f(X;y;z) HasuBaeTscs moBepxusa f(Xx;y;z)=C,
B TOYKax K01 QyHKIIis 30epirae crane 3HaueHHs U=C,C € E( f).

Hanani posrisigatumemo nuiie QyHKIIT ABOX 3MIHHUX.
[ToGynoBa rpadikiB GyHKIIIH TBOX 3MIHHUX BUKOHYETHCS METOJIOM MEpPEpi3iB, KU
TIOJISITa€ B TOMY, 110 TIOBepxHIO Z = f( X,y ) mepeTHHaIoTh MIomuHaMu X = X, Ta Y =Y, i

3a rpadikamu kpuBux z= f(X,,y) 1a Z=f(y,,X) BuszHauatoth rpadik QyHKIii
z="1(x,y).
®ynkuis z = f(X,y) HasuBaeTbca omHOpiAHOI0 (yHKIiCIO K -To mOpsaaky, SKIIO
BUKOHY€THCS TOTOKHICTD
f(Ae Ay ) =2 F(x,y) (13.1)
utst noBiapHOro A #0.
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Il. Hexait p(M,M ):\/(X— Xo )2 +(y— Yo )2 - Bizcraub Mik Toukamu M(X;Y)
Ta My(%,;Y,), e MyeD abo M, € D, npore B noBuibHOMY OKOIl TO4YkH M,
MICTUTBCS X04a O 0JIHA TOUYKa MHOKMHM D, BigMiHHA Big M.

Yucno A Ha3uBaeTbesi rpaHuneo ¢pynkunii z=f(M) y Touni M, sxmo ms
KOKHOT'O 9UCIa & >0 3HAWIETHCSA YUCIIO & >0 Take, mo Js Beix Touok M(X;y) e D, saxi
3a10BOJIBHAIOTE YMOBY 0 < p(M M )<, BUKOHY€ETHCSI HEPIBHICTh ‘ f(M)- A‘ <¢.Ilpn
IIbOMY 3aITUCYIOTh:

lim f(M)=Aa6o lim f(x,y)=A (13.2)
M—->M, X—>Xg
Y—=Yo
@ynkuig z = f(M ) HazuBaeTbcs HemepepBHOIO B TOoULi M, SKIIIO
lim f(M)=f(M,) (13.3)
M—->M

(o]

Oyukmist f(X,y) Ha3uBaeThbCsd HeMePePBHOKW Ha MHOXHMHI D, SKIIO BOHa
HerepepBHa B KOXKHIM Toulll (X;y) 1i€l MHOKUHU. TOYKHU, B IKMX HETIEPEPBHICTh (QYHKITIN
NOPYLIYETHCS, HA3UBAIOTHCS TOYKAMM PO3pUBY (pyHKUii. Toukn po3puBy MOXKYTh OyTH
13071b0BaH1, YTBOPIOBATH JIiHIi pO3PUBY, IOBEPXHI PO3PUBY 1 T.J.

I1l.  Sxuro icHye rpaHuis

lim f(x+Ax,y)+ f(x,y)
AXx—0 AX

(13.4)

TO BOHA HA3MBAETHCS YACTHHHOK MoXiaHow ¢pyHkuii z = f(X,y) B Toumi M(X;y) mo
3MiHHIN X 1I03HAYa€ThCSA OJHUM 13 TAKMX CHMBOJIIB:

oz of Ve

T~y Z)( y Ty

OX  OX
3a3HayeHa BHUILE TPaHUIST OOUYMCIIOETHCA MPU YMOBI, IO 3MIHHA Y BBaXKA€THCA

(13.5)

CTaJIOIO.
AHaNOT14YHO 03HAYA€THCS YACTUHHA MOX1/IHA MO0 3MIHHIA Y :
i:@:z'y:fy'_ lim SO0y +AY) = T(x,y) (13.6)
oy oy Ay—0 Ay

®ynkiis f(X,y) HasuBaeTbes audepeHniiioBaHow B Touli M, Ao ii MOBHMIMA
npupict AZ= f(X+AX,y +Ay)— f(X,y) MOXHa MmoaaTu Tax:
Az = AAX + BAY + aAX + SAY (13.7)
ne A 1 B — niiicH1 yucna, 1o He 3ajiexarh Big AX Tta Ay, « 1 [ - HeCKIHYEHHO
maii mpu AX —>0 1 Ay -0 dynkmii.
IMoBHum nudepenuianom dz ¢ynknii z= f(M ) HasuBaeThCs TOJOBHA JIiHIIHA

YacTUHA MPUPOCTY (DYHKIIIT, sTka 00UMCITIOETHCS 32 (OPMYIIOH0:

0z 0z
dz=—dx+—dy, 13.8
- o y (13.8)
ne dx = Ax,dy = Ay.

Ji1s HabIMKEHOTo OOYUCIICHHS 3HaUYeHHS (PYHKIIIT KOPUCTYIOTHCS PIBHICTIO:
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X X
f(x+Ax,y+Ay)zf(x,y)+MAx+MAy (13.9)
YacTHHHUMH MOXITHUMH JAPYyroro nopsaky ¢yskiii z = f(X,y) Ha3uBaroThcs il
YACTHHHI MOXITHI BiJ] YaCTUHHHUX MOX1JHUX MEPIIOTO MOPSIKY:

2 2
a(azj T2 g =ty g(azj DL gty (1810)
OX\ 0x) ox? oy\ox) oxoy

o(ez\_o*z _, ., ofa&)_ 0%z _ ;
A 1T aa =i = T 2=y =Ty
ox\ oy | oyox yloy) oy

YactuaHI TWOXIigHI, K1 BIAMIHHI OJHA BIJ OJHOI JUIIE TOPSIKOM
nvdepeHIlitoBaHHs, Ha3UBAIOTHCS MIillIAHMMHU MOXiAHUMH; BOHH € PIBHUMH MK CO00IO
IIPY YMOBI, 1[0 BOHU HETIEPEPBHI B JCIKOMY OKOJIi TOUYKH M.

0%z 9%z

oxdy  oyox

Jludepennian apyroro mopsaky d°z dymkuii z= f(X,y) o3Hauaetbcs 3a
dbopmyiioro:

(13.11)

0°z 0°z 0°z
d? z——d +2—dxdy+—dy (13.12)
x> Oxoy oy*

Hexait z= f(X,y) - dyHKIiS OBOX 3MIHHHX X 1 Y, SIKi TaKOX 3aJieXaTh BiJ
sMiHHEX U Ta v: X=x(u,v), y=y(u,v), Tom ¢ynkmis z= f(x(u,v),y(u,v)) e
CKJIAJCHOK (PYHKUI€I0 HE3AICKHUX 3MIHHMX U Ta V. SIKmio Bci 3a3HaudeHl (PyHKIT
nugepeHiioBaHi, TO:

G ok ay a_odx ady 1313
ou  oxau 6y8u oV OXOv oyov

3okpema, skmo X =X(t),y=(t), o

dz oz dx oz dy
dt ox dt ay dt

V. Moxignorw ¢yukmii z= f(x,y)B Toumi M(X,y) 3a HampsMoM BeKTOpa

(13.14)

—_—

| = MM, Ha3uBa€eTHCS TPaHMI:

Z_ iy JM)= (M) _ o A7 (13.15)
ol MM;—0 MM p—0 p

ze p:w/sz +Ay2.

Sxmio gyukiis f(X,y) nudepeniiiioBana, To MOXiHa 38 HAIPSIMOM:

@:gCOSa+QSIna (13.16)

ol ox

J¢ o - KyT, yTBOPEHUIH BEKTOPOM I 3 Ox.
Sxmo x U= f(x,y,z), T0
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a—uza—ucosa+a—ucosﬂ+ a—uc057/, (13.17)

ol ox oy 0z
ne COS «,C0S [3,C0S ¥ - HanpsIMHI KOCHHYCH BekTopa |.
I'pagientom ¢ynakmii z= f(X,y) B Toumi M(X,Y)Ha3uBaeTbcss BEKTOpP, IO
MOYMHAETHCSA 3 I1€1 TOYKU 1 KOOPJUHATH SIKOTO € YACTUHHUMH TOX1THUMHU DYHKITIT Z '

grad 2= Zi+ 27 (13.18)
ox oy
I'panienT pyHKIii i MoXinHa 3a HanpsaMoM | 110B’s3aHi GopMyIIOIO:
% = npigrad Z. (13.19)

>

[ToximHa B maHild TOYIl 3a HAMpPsSIMOM BEKTOpa | Mae HaWOIIbIe 3HAYEHHS, SIKIIO
HaIpsaM BeKTopa | 30iraeTbcs 3 HANPSMOM TPaJIi€HTa, IPUIOMY

2 2
(gJ =|grad z|= (@j + a (13.20)
o) ox oy

Sxmox u= f(x,y,z), o
grad u:a—ui+a—u]+.6—uﬁ. (13.21)
ox oy 0z

V. Hexaii mnoBepxHIO  3a/JlaHO  PIBHSAHHIM F(x,y,z)=0 1 TouKa
My (Xo3 YoiZo ) € F . PiBHAHHS TOTHYHOT IUIOIIMHM 10 MOBEPXHi B Touli My
F)E(Mo J(X=X, )+ F;( Mo )(Y—VYo)+ I:z’(Mo N(z-2,)=0 (13.22)
a pIBHSIHHS HOpMaJIi:
X=Xo _ Y—Yo _ Z—1,
Fx(Mg) Fy(Mgy) F (M)

SIK110 piBHSHHS MOBEPXHI 3a/1aHo B sBHIN Gopmi z = f(X,Yy), To piBHsHHES (13.22) 1

(13.23)

(13.23) HaOyBarOTh BiAMOBIIHO BUIIISIY:
2—-24 = (X, Yo )(X=%, )+ f;(xo Yo )(Y—Yo) (13.24)
,x—xo _ ,y—yo _1-1, (13.25)
fx(xo’yo) fy()(o’yo) -1
VI. Hexait ¢yukmis z= f(X,y) BusHauena B o0Omacti D, a Touka

Ta

M, (X,,Y, ) € D. Sxkmio icHye okin Toukn M, skuil Hamexwuts obmacti D 1 s Beix
BIAMIHHUX Bt My Todok M 1BOrO  OKOIy  BHUKOHYETbCS  HEPIBHICTb
f(M)<f(My)(f(M)>f(M,)), To Touky M, Ha3MBalOTh TOYKOK JIOKAJIHLHOIO
makcumMymy (mimimymy) oynkuii  f(X,y), a wmcno f(M,) - JokaabHuUM
MaKkcuMyMoM (MiHiMmymom) wi€i QyHkuii. Touku Makcumymy Ta MiHIMyMY (QyHKIii
HA3MBaIOTh TOUKAMH €KCTPEMYMY.
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HeoOxinni ymoBu icHyBaHHs ekctpemymy ¢yHkmii z = f(X,y): dyakmis f(X,y)
z . 0z . :
MO’K€ MaTH €KCTPEMYM JIUIIE Y TOUKaX, B TKUX pvn 0 i — =0 (cramioHapHi TOYKH) Ta Yy
X
TOYKaX, JIe TIOXIHI HE iICHYIOTb.
s 3’scyBaHHS JOCTaTHiX YMOB icHyBaHHS ekctpemymy ¢yHkmii f(X,y),
MIO03HAYHMO:
fa(X0i¥0)=A;  fo(XiY¥o)=B; f(X;Yo)=C; A=AC-B* (13.26)
Tomi:
1) sxmo A>0, To y Toumi (Xy;Yo ) ICHYE EKCTpEeMyM, IPHIOMY MAKCHMYyM IIpH
A<0 1 miHIMYM TIpH A>0;
2) skmo A <0, To Touka (Xg; Yo ) HE € TOYKOIO EKCTPEMYMY;
3) sKkmo A=0, TO eKCTpEMyM MOXe OyTH, a MOXKe 1 He OyTH (OTpiOHI J0AaTKOBI
JTOCIIIKEHHS ).

le/IKJIalll/l pO3B’SI3aHHSI THIIOBHUX 3aJaY.

Hpuxaan 1.
1

y2-x

3HailTh 00acTh BU3HAYEHHsI D Ta MHOXUHY E 3Ha4YeHb PYHKIIT Z =

Po3B’s13anug.

y2 — X >0, mexa obnacti (mapabdona y2 = X ) HE HAJICXKUTH i, TOOTO 1€ BIJKpUTA

oGmacth X < y2; MHOKHHA 3HaYeHb E 1 (0;+00).

Hpuxaan 2. , ,

. . X +y
3HAWTH TPAHUITIO A_;I(/I:E% \/m_l.
Po3Bp’si3anus.
A lim (X2 +y2) (X2 +y2 +1+1) :“m(xz+y2)(\/x2+y2+1+1):
OO +y =Dy aien) 25 X ayPel-l
:lm(M+l)=2.

y—0

BignoBinb: A=2.

Ipuxaan 3.
X% + 2y -1

2

JlocniauTy Ha HENEPEPBHICTh PYHKIIIO Z = 5
X“+y
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Po3B’s13aHHs.

@dyHKIS HE BU3HAYEHA B TOYIll, /€ 3HAMEHHUK MEPETBOPIOETHCS Ha HYJb. ToMy
BOHA Ma€ po3puB B Toulri 0(0;0) .

BinnoBiab: ¢pyHKIis po3puBHa B Toulll (0;0) .

IIpukaan 4.
y

3HalTH YacTUHHI MOX1H1 PyHKIIT Z = arctg —.
X

Po3B’s13anus.
0z 1 y y
o v T ey
1+(Y)? X X +y
X

o_ 1 1_ x
oy 1+(X)2 X
X

Ipuxaan S.
3HaiiT yacTuHHI noxigHi GyHkmii z =sin(uv), xe U =2x+3y,V = Xy.
Po3p’si3aHHs.

g_z =vcos(uv)-2+ucos(uv)y = cos(2x?y +3xy? )-(4xy +3y?),
X

%:vcos(uv)-3+ucos(uv)x: cos(2x2y +3xy? )-(6xy + 2x?).

Ipuxaan 6.
3HaANTH MOX1AHI APYTOro MOPSAKY BiA PYHKINT Z = x3 — x? y+ y2.
Po3B’sa3anHs.

2 2
OX NG oy oy?
0’z 0%z

oyox  oxdy
Binnosinb: 6X—2Y;2;-2X.

Hpuxkaan 7.

3HaiiTi moBHUM nudepeniian GyHKIii Z = X3y2.

Po3B’sa3anHs.

Yacruuni noxinni ) =3x%y? i Zy = 2x3y € HemepepBHUMU (YHKISIMH Ha BCiif
mommHl OXY .

Tomy dz =3x>y?dx +2x°ydy.
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Ipuxaan 8.
3maiiti d°z ¢yrKuii z = sinXx-siny.
Po3B’sizannsa.
” 14

Zy =cosx-siny, z, =siNX-COSY, Zy =-sinx-siny, zj =COSX-COSY,

2}, =—sinx-siny, d?z=—sinxsinydx® +2cos xcos ydxdy — sin xsin ydy?.

Ipuxaan 9.

3Haiftn moxigny ¢yukuii z = In(x? +y?) B Touni M(3;4) 3a HanpsIMOM rpamieHTa
byHKIT Z.

Po3B’s13aHHs.

Bexrop | criBnagae 3 rpagienToM dyHKii z = In( x% +y?) B Touni M. Ockinbku

0z 2X 6. o 2y 8

& :x2+y2 _25 oy _x2+y2 25
M M M M

6: 8-
To gradz =—i+—j.
25 25

TakuMm YUHOM,

oz ( 6 jz ( 8 jz 2
— =|gradz| =.|| = | +| —=| ==.
ol 25 25 5
BignmoBianb: %
Mpuxnan 10.

3HaANTH PIBHSAHHS HOpPMalll Ta JOTHUYHOI IUIOMIMHHU 10 mapaboioiga Z = X% + y2 B
touni M,(1;-2;5).

Po3B’si3anHs.

3a popmymamu (13.24) i (13.25) maemo:

fuy)=x"+y*,  fxy)=2x,  fi(xy)=2y, fi(1-2)=2,
fy(1-2)=—4, 3BincH, X;l = y_+42 = Z__15 - piBHsHHS HOpMaJi, 2X—4y—-72—-5=0 -

PIBHSIHHS JOTUYHOI IUTOIIMHH.

Hpuxaan 11.

3HANTH PO3MIPH BIIKPUTOTO MPSMOKYTHOTO OaceitHy o0’emy V , 3a SIKUX Ha HOTO
OOJIMIITOBAaHHS Ti/ie HalfMEHIIIa KUIbKICTh MaTepiaiy.

Po3B’sa3anHs.
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Hexait X,y,Z BiAMOBIIHO JOBXWHA, IMUPWHA 1 BHUCOTa Oacevny, Tomi V = XyZ,

. \Y
3BIJIKH Z = —.

Xy

KinpkicTh MaTepiany, He0OX1AHOTO AJis OOIHUIFOBAaHHS OacenHy:

S =Xxy+2yz+2xz, abo S:S(x,y):xy+2V(l+1).
Xy

Tpeba 3uaiiTu MinimyM ¢yHKIT S(X,Y), akmo X >0, y >0,

, N NV
Maemo S, (X,y)= y—X—Z, Sy(X,y)=X—F,
2V
y-—=0
X x=y=32V.
2V
Xx——=0;
y

Otxe, QyHKIIA Ma€ OHY CTalllOHApHY (KPUTHYHY) TOUKy M (3\/ 2V 32v ), jqKa €

. : 1 .
Toukoro MiHiMymy. Tomi Z==3/2V . Takum uuHOM, GaceiiH NOBHHEH MAaTH BHCOTY
2
1 : :
53 2V i KBaJpaTHy OCHOBY i3 CTOpPOHOO 3/2V .

Binnogink: posmipu Gaceiiny 32V ;3/2V ;%3\/ 2V .

Hpuxnanx 12.

3HailTH ekcTpeMyM (pyHKIIT Z = X% + Xy + y2 —3X-0Y.
Po3B’si3aHHs.

3HaxX0aUMO YaCTHHHI ITOX1IH1

Z, =2Xx+y-3, z,=X+2y—6.

y
. : . : 2x+y-3=0, .
CramionapHi TOYkd (YHKIIT BU3HAYUMO 13 CHUCTEMHU: 3B1IKHA
X+2y—-6=0,
x=0;y=3;M(03).
3HalneMo 2,2y, 25!
Zy =2; Zy =2; zw =1 i swHaiinemo 3a  Qopmymnowo  (13.26)

A=AC-B?=2-2-1=3>0;A>0.
Orxe, B Touni M(0,3) 3amaHa (PyHKLIA Ma€ MIHIMYM, IPUUOMY Z i, = —9.
Binmosias: z,;, =—9 B Touni M(03).
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3agaui

13.1. ns pyHKIii Z = X+3
X—3y

2) £(10); 6) £(01); 8) f(3-1); 1) F(1-3); 1) F(—xy); ©) f(%%).

3HAUTH;

13.2. 3HaiiTu Ta 300pa3uTH 00JacTi BUBHAYCHHS (PYHKIIIM TBOX 3MIHHHX:

. B) 2=X—y; 1) Z=4X" —y?;

a) Z=X+Siny; 0) z=

n) z=+x*+y°-1; e) 2= 12 2;>I<)Z=|n\p;3)2=exy;
J1-Xx“—y X

: : X
i) z=arcsin(Xx+Yy); x) z=Inx—Iny; m) z =arccos .
X+Yy

13.3. 3HaiiTi MOBEpXHI1 PiBHS HACTYMHUX (YHKIIIH:
Du=x+y+3z; 2u=x2+y>+2%; 3u=(x®>+y>+22)
13.4. 3naiit rpaHuIll GyHKITIN:

2 2 2 2,2
) lim XY ) tim XY iy OV
0 0 0 i
>;:)>Ox +y >;:>>0 X“+y >y<:03|n(x +y°)
1
L _
L2 2 1 - 2.2 \x2+y? - Kyt
r) im(x“ +y“)sin———; m lim(1+x“y")* ™ ;e) lim :
X—>00 X +y x—0 x—0 X4 + y4
y—0o0 y—0 y—0
13.5. 3HaiiTi TOYKK PO3PUBY (DYHKITIH:
2,2
a)z=2""3 16) - 1)z Dz
y —2X y® —4x 1-e¥ In(x°+y°)
13.6. 3HaifTK YaCTUHHI TTOXIIHI TIEPIIOTO MOPSIAKY:
) z2=x3+y3-3xy:6) z=>Y:g)yz=In |2=Y: 1) z=arctg xy—l;
X+Yy X+Yy X+Yy
X X X
m) Z=sin—cos—; e) z=Incosarctg —.
13.7. 3HaiiTi MOX1AH1 APYTrOTO MOPSKY DYHKITIH:
a) z=YylInx; 0) z=xy+sin(x+Yy); B) z=Intg(x+Yy);
r) z:arctglir y 1) z=X2In(x+VY); e) z=sin(x+cosy).
13.8. 3naiiti moBH1 AU EpEHIIIaIN EPIIOTo MOPSAKY (DYHKITIN:
a) z=In(x? +y?); 6) z=e*(cosy +xsiny);
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B) z:lntg[l); r) z=arctg —2(x+smy)
X 4 —xsiny

1) z=In(x++x? +y?); e) z=e*"Y(xcosy + ysinx).

13.9. 3naiiTi moBH1 AUQepeHIiany APyroro NOpSAKY TakKuxX (yHKILI:

y2

a) z==; 0) z=ylnXx; B) z=e";r) z=sinx-siny;
X

1) z:%ln(x2 +y%);e) z=cos(x+Y).

13.10. 1) 3uaiitu grad z B Toumi (3;2), KO Z = X% + y2;

2) 3uaiit grad z B touni (2;1), AKmo z =4+ X% +y?;

3) 3uaiitu grad z B Toumi (x,;Y,), KO Z = arcty Y
X

13.11. 1) 3naiitu moxigHy QYHKIIT Z = x> —3x2y+3xy2 +1 B Toum M(3,;1) 3a

narpsmom MN, ne N(6:5);

2) 3uaiiti moximHy ¢ynkmii z=arctg(xy) B Toumi (1;1) 3a HampsMom

OicexkTpucH | KOOPIMHATHOTO KYTa;

. . . Z .
3) 3HaiiT moxigHy O(yHKIT U=arcsin——— B Toumi M(1;1;1) 3a

X2 +y
HAIIPIMOM W\E, ne N(3;2;3);

4) 3HaiiTh TOXimHY (QYHKIIIT u=In(x?+y%+2%) B toumi M(I;2;1) 3a

HaIpsIMOM BEKTOpa r=2i+ 4] +4Kk.

13.12. Cknactv piBHSHHS JAOTHYHOI TUIOIIMHU Ta PIBHSIHHS HOpMati 0 3aJaHUX

IIOBCPXOHBb Y BKa3aHUX TOYKAX:

a) z=3+x?—y? yrouui M(1;2;0);

0) z=xy y Toui M(1;1;1);

B) Z=X2—2Xy + Y% —Xx+2y y touui M(L;1;1);

r) Z :arctgl y TOYIi I\/I(l;l;%);

X
1) z=In(x?* +y?) B rouni M(1;0,0);
e) Z=SiNXCOSY B TOYILi M(— % %)

13.13. Jlocniautu Ha €KCTpEMyM (1)YHKL[11.
a) Z=X>—Xy+y° +9x—6y+20; 6) z=4(x—y)—x* —y?;

B) z=1—x% +y?; r) z=x3+y3 —3axy;

2

m z=4—(x%+y?)3; e) z=,/(a-x)a-y)x+y-a)
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13.14. Hamet mae popmy muimiHIpa, 3aBEpIISHOTO MPSIMOI0 KOHIYHOIO BEPXIBKOIO.
[Ipu 3amanomy 00’eMi HaMETy BU3HAUYUTH MOTO PO3MIPHU Tak, 1100 AJIsI MOTo
BUT'OTOBJICHHA OYyJI0 BUTpau€HO HaliMEHIIIe MaTepiany.

13.15. 3HaiiTu HaliMeHIlIe 1 HalOIbIlle 3HAaUeHHS (PYHKITIT:

a) Z= X2 — Xy + y2 —4X B 3aMKHEHI# 001acTi, 10 0OMeXeHa TPSIMUMHU
Xx=0,y=0,2x+3y—-12=0;

0) Z=Xy + X+ Y B KBaapari, o 0OMeKEHUI TPIMUMHU
Xx=1,x=2,y=2,y=3;

B) Z=XYy B KpYy3i X2 + y2 <1

r) Z= X2 + 3y2 + X — Y B TPUKYTHHUKY, 1110 OOMEXECHUN MPSIMUMHU
x=1y=1,x+y=1

13.16. 1) 3maiiTu BenuMuMHY 1 HampsM TpaaieHTa QyHKOI U :1 ae
r

r=yx2+y2+22, B Touri M(Xo;Yo;Zo)-
2) 3HalTH BeTUUYMHY 1 HanpsiM rpaaieHTa GyHkmii U = Xyz B Toumi M(2;1;1).
. . 1. 1 1
3) 3naiTd noxigHy (QyHKOmi U= > X+ 3 y + 5 Z 3a HampsMOM BEKTOpa

I =6i+ 3] —6K B OBiTBHIiT TOUL.
13.17.  Jlopectn, mo  ¢ynkuia z=X'y*  3am0BonbHAE  piBHAHHS:
0z 0z
X—+y—=(x+y+Inz)z.
0x oy

0’7 0%z
13.18. 3amucary B NOJISIPHUX KOOPAUHATAX BUPA3: —— +——.
ox° 0y
0*x o*u

13.19. JloBectH, 110 = )
A 0x20y0z  Ox0yozox

AKIo U=XZ+e” +y.
13.20. JloBecTw, 110 TJIOMIWHA, TOTUYHA J0 MMOBEPXHI XYZ = a’s Oynb-sKiit ii TOUIT

YTBOPIOE 3 KOOPJAMHATHUMHU ILJIOLIMHAMHU TE€TpaeaAp MOCTIHOro 00’ eMy. 3HANTH
el 00’ eM.
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