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Beryn

HaBuanbHuil MOCIOHUK YKJIAJ€HO HA OCHOBI KYypCy JICKLIM 3
JTIHIAHOI anreOpu, SKUM € CKIaJ0BOI0 YacTUHOIO Kypcy BHIIOI
MaTEeMaTHKH.

BucsitiieHi B MoCiOHMKY TEeMHU TOB'sI3aHl 3 1HIIUMU PO3J1IAMHU
Kypcy BHIIOi MaTeMaTHKH, a TaKoX 3 OaraTbMa 1H)KCHEPHUMH
JTUCHMUIUTIHAMM, 110 BXOJSTh JO TMPOTpaMu MiArOTOBKU (PaxiBIiB
OyiBEIbHOI TaTy3l.

Po3B’si3yroun anreOpaiuHi pIBHAHHS JOBIJIBHOTO CTEMEHS Bij
OJIHI€T HEB1AOMO1, BUEHI 3ITKHYJIMCS 3 THUM, III0 MHOKUHU JTIMCHUX YHUCE
HEJIOCTATHHO. Y TOSIBI KOMIUJIEKCHUX YKCEJ BaXJIMBY pOJb Bijirpaia
dopmyna Kapmano (Ha3BaHa B 4YeCTh ITAJIIMCHKOTO MaTeMaTHKa
. Kapmano (1501-1576)) nns  3HAXOJKCHHS KOPEHIB KyOidHOTO
piBHsIHHS. SIKII0 KyOluHE PIBHSHHS 3 AIMCHUMHU KOe(ILiEHTAMU Ma€ TpU
JIACHI KOpPEH1, TO IS iX 3HAXO/KCHHS B MPOMIKHUX OOYMCICHHSX
BUKOPHUCTOBYBAJIMCSA YHCIIa HOBOTO HEBIJIOMOTO JIOTH THUIy. BBeneHHs
TaKUX «ySIBHUX» YUCEJ, SKI Mi3HIIe Oy Ha3BaHi B Mpalsix HIMEIbKOTO
matemaTuka ®pinpixa aycca (1777-1855) kOMIICKCHUMH 4YHCIIaMHU,
Jamo 3MOry po3B’si3aTh Oarato mnpoOsiem anredbpu. 3okpema, Oyiia
chopMysibOBaHA Ta JOBEJEHA OCHOBHA TeOpEMa areOpu Mpo 1ICHYBaHHS
KOpPEHIB  anre0paiyHoro piBHSAHHS 3  JOBUIBHUMH  YHCJIOBHUMU
koe(dimientamu. KoMIuiekcHI uyuciia MarOTh BEJIMKE 3HAYEHHS 1 1o3a
MexaMu anredpu. Teopis (yHKIIH KOMIJIEKCHOI 3MIHHOI IIHPOKO
3aCTOCOBYETBCS MalXKe Yy BCIX pO3JUIax TEOPETHYHOI (HI3UKH.
KoMmmiekcHi 4mcia BifirpaoTh BaXJIMBY pOJb B  EIEKTPOTEXHIII],
KBAHTOBI! MeXaHiIli, acpoIMHAMIII1 TOIIIO.

[cTopruHO mepioro 3a7ayero JiHIHHOT anredpu Oyiao po3B'a3aHHA
HAWUTIPOCTIMHX JIIHIWHUX PIBHSIHB, IKUMH 3alMaJIACS 11I¢ BABUJIOHCHKI Ta
JTaBHLOTPEIbKI MaTEMAaTHKH. 3aCTOCYBaHHS TaOIHIlb YHCEN, Ii3HIIIe
HA3BaHUX MATPHISIMHU, JJIS PO3B’s3aHHS CHUCTEM JIHIWHUX PIBHSHb
BIIEpIIIe 3raAyeThbcsl B crapodaBHboMy Kurai. Po3BuTOK Teopii cuctem
JTHIAHUX PIBHSIHB MOTPEOYBaB PO3BUTKY TEOPil MAaTPHUIIb 1 BU3HAYHUKIB,
3yMOBHUB TIOSIBY Teopii JIHIWHUX MPOCTOpiB. Marpuili TpUpOIHO
3'SIBJIAIOTBCST 1 TIPM  BUBYEHHI JIHIAHUX TIEPETBOPEHb JIHIMHUX



npoctopiB. Y XVIII cromitri po3nodanack 1oOyjmoBa  Teopii
BU3HAYHUKIB B Mpaugx (¢paHiy3pkoro marematuka A. Banaepmonna
(1735-1796), mBeitnapcbkoro matematuka I'. Kpamepa (1704-1752) ta
iH. 3okpema, ['abpienr Kpamep chopmymroBas npaBuio Kpamepa s
CUCTEM JIIHIMHUX PIBHSHB, sike omyOikyBaB y 1751 p. [IpubnusHo B Toi
e yac 3'BUBCS MeToid l'aycca mjisi po3B’s3aHHSI CUCTEM JIIHIWHUX
piBHsHb. JliHiliHAa anreOpa HaOyna 3HaA4HOro po3BUTKY B XIX cTomiTTi
3aBJIIKH poOoTaM aHrimiichkux MatematukiB JI. CimbBecTpa (1814-1897)
i A.Kem (1821-1897), mimenpkux wmatemaTukiB K. Beitepiurpacca
(1815-1897) i ®@. dpobdeniyca (1849-1917), dppaHiry3pkoro MareMaTruka
M. Kopnana (1838-1922) Ta iu. JliHiliHa anreOpa Biairpae BaKIUBY
poJib B MaTeMaTU4HIA OCBITI, aJbke MoTpeda B 3aCTOCYBaHHI 11 MOHATH
BUHHKAE, SIK y 0araTb0X po3/ijJax MaTeMaTHUKH, TaK 1 B MeXaHiIli, (izuir
Ta TEXHIYHUX HayKaX.

HaBuanbHuii MOCIOHUK CKIIAAETHCS 3 TPHOX PO3/LIIB: KOMIUIEKCHI
YyCjia, MHOTOWICHH Ta iXHI KOPEHI Ta €JIEMEHTH JIHIWHOI anreOpwu.
KoxeH po3ain MICTUTh TEOPETUYHUN MaTepiai, SKUi BKIIOYAE OCHOBHI
MOHATTS TEMHU, O3HAYCHHS, TBEPKCHHS 1 TeopeMmu. (i1 KOXKHOI TeMu
HaBEJCHO TMPUKIAAM PO3B’SI3aHHA THUIOBUX 3ada4. Hampukidin
OCHOBHMX TEM HaBEJIEHO BMPAaBH, BHUKOHAHHS SKHX MAa€ CIPHUATU
3aCBOEHHIO MaTepiaay 1 pO3BUTKY BMiHb 1 HABHYOK HOT0 3aCTOCYBaHHS B

pO3B’sA3aHHI MPAKTUYHUX 3a]1a4.

VY pesynbTaTi BUBYEHHS po3auty «JliHilHA anreOpa» MUCHUILIIHA
«Bwura maTemMaTrka) CTyJE€HTH TOBUHHI

3HATH:

— TOHSITTS KOMIUIEKCHOTO YHCIIA;

— PO3KJIa], MHOTOWICHIB HA MHOKHUKHU HAaJl YUCIIOBIUMHU TIOJISIMH;

— MOHSTTS MaTPUIIl 1 BU3HAYHUKA;

— OCHOBHI METOAM PpO3B'S3aHHS CHUCTEM JIIHIMHUX pIBHSHB 1
CTPYKTYPY MHOKHHH 1XHIX PO3B'SI3KIB;

— TOHSATTS JIHIKHOTO MPOCTOPY;

— MOHSTTA JIHIKHOTO OmepaTtopa y BEKTOPHOMY TPOCTOPI,

BJIACHUX YHCEJI 1 BJACHUX BEKTOPIB JIIHIMHUX ONIEPaTOPIB.



yMiTH:

— BUKOHYBAaTH [1i 3 KOMIUICKCHUMH YHCIIaMH y anreOpaidyHii i
TPUTOHOMETPUYHIN (opmax;

— PO3KJIaJJaTd MHOTOYJICHH Ha MHOXHHUKH HaJ[ TOJEM IMCHUX
qHCEI 1 HaJl TTOJIEM KOMITJICKCHUX YHCET,

— 00YMCITIOBAaTH BU3HAYHHUKHU JIOBUIBHOTO TTOPSIKY;

— PO3B'I3yBaTH CUCTEMU JIIHIMHUX PIBHSHb;

— 3HAXOJIUTH PAaHT MATPHII;

— BU3HAYWTH, YU € CHCTEMa BEKTOPIB 0a3MCcOM JIIHIMHOTO
IPOCTOPY;

— 3HAXOJIUTH KOOPJAMHATH BEKTOpa B 0a3ucCi;

— 3HaxoAuTu (GyHAAMEHTAIbHY CHUCTEMY PO3B'SA3KIB OJHOPIIHOI
CUCTEMHU JIHIHHUX PIBHSHb;

— 3HAXOJWTH BJACHI YHCJIa 1 BJIacCHI BEKTOPH JIHIKHOTO
oreparopa.



Po3ais 1. KommiiekcHi uncia

1.1. Auaredpaiuna ¢opma kKoMILuIieKcHOro umciaa. /[ii 3
KOMILUICEKCHUMH YHUCJIaMH B ajreoOpaiuniu popmi

Yucna, 1m0 BUKOPHCTOBYIOTHCS TPH JI1UO1 ab0 1Jid MO3HAYCHHS
KUTBKOCTI TIPEAMETIB, YTBOPIOIOTH MHOXHHY HaTypaJbHUX YHCE]
N={1,2;34..}. Posrmsuemo pisusuEs a+Xx=Db, ne ab -
HaTypaJibHl 4ucia. lle piBHAHHA Mae pO3B’A3KM B MHOXKHHI
HATYpaJbHUX YKCE JIMIIE 3a yMOBH A < D. IcHyBaHHS po3B’s3KiB TaKuX

piBHSAHB I8 HOBiIBHUX 3HayeHb @, 3a0e3neuyerbcs BBEICHHAM

BII'€MHUX YHCEJ Ta HYJs, SKI pa3oM 3 HaTypaJbHUMH YHUCIIAMHU
yTBOpIOIOTh MHOXMHY mimux umcen Z={...,—2;-1,0;1,2;....}. V¥
MHOKHMHI IIUIMX 4YHCEl pIiBHIHHI a+ X =D Mae po3B’sA30K mpH
JMOBUIBHUX ITUTMX 3HAUYCHHSIX a Ta b.

Pipnsuna a-X=b, a,be Z, a # 0, ne mae poss’s3kiB B 1innX
Ypcliax, Ko Ykciao D He ainmuThes Ha a. IcHyBaHHS pO3B’S3KiB TaKMX
PIBHSIHb 3a0€3M€4Y€ThCSl BBEJCHHIM MHOXUHU PalllOHATBHUX YU CEI

Q= E:a,beZ,a;zf:O :
a

PiBusiusa X2 —2 = 0, sk BiZOMO, HEe Ma€ palioOHAJIbHUX KOPEHIB.
BoHo Mae po3B’si3Kku B MHOXKHHI DIMCHUX YHcen R, fka € po3mupeHHsam
MHOKWHH paIioHanbHUX urcen Q 1 CKIagaeThes 3 pamioHaJbHHUX Ta
1ppalliOHaIbHUX YHCEL.

3 Kypcy eJIeMEHTapHOI MaTEeMAaTUKH B1JIOMO, 1110 CUCTEMHU A1HCHUX
1 parioHaJbHUX YHCEJI MalOTh MEBHI CHIJIbHI BJIACTUBOCTI — B KOXKHIN 3
HUX MO>KHA J0JIaBaTH, BITHIMATH, MHOKUTH, IIJTUTH YUCJIa, BUKOHYBATH
3a MIEBHUMH TPABWIAMH ajreOpaiuHi MepeTBOPEHHS YMCIOBUX BUPA3iB.
Jlnst  3araabHOCTI  (DOPMYIIFOBaHHS TaKWX CIUIBHHX —BJIACTHBOCTEH
YUCJIOBUX CHCTEM  3arajbHONPHUHHATON0  anredOpaiuHOI0  MOBOIO,

PO3IIAHCMO IIOHATTA nOJIA.



O3nauenna. /lonem Ha3zuBaeThcsd MHOKMHA K, Ha sIK1¥ 3a/1aHO AB1
omeparllli — J0AaBaHHS 1 MHOXEHHS, 110 3aJI0BOJIbHSIOTh TaKi YMOBH
(axkciomu ToJIst):

1)a+(b+c)=(a+b)+c mia Bcix a,b,ceK (aconiatuBHicTh
JIOJaBaHHs );

2) a+b=Db+a ms scix a,b e K (komyrarusHicTh H01aBaHHS);

3) icuye nyasoBuii enement 0 €K takwmii, mo 0+ a =a mma Bcix
a € K (icHyBaHHs HyJs);

4) nna Bcix a €K icHye mpotwiexHui eneMeHT —a € K Takui,
mwo a+ (—a) =0 (icHyBaHHS IPOTHUIIEKHOIO €JIEMEHTA);

5)a-(b-c)=(a-b)-¢c ama =scix a,b,ceK (acouiarupHicts
MHO>KEHHS);

6) a-b=Db-a mus scix a,b e K (komyrarusnicTs MHOKEHHS);

7) icuye omuanuHuii eneMment 1€ K, Takumii, mo a-1=a mms Becix
a €K (icayBanus oxuuuili, Bumaraetbes 1 # 0);

8) ma Bcix a€K i a#0 icuye obepHeHHI eleMEHT alek
Takui, 0o a- al=1 (icHyBaHHSI 0OEPHEHOTO €JIEMEHTA);

9) (a+b)-c=a-c+b-c 15 BCiX a,b,ceK

(IMCTpUOYTUBHICTD).

3a3HauMMoO, 0 MHOXXHMHA palioHaJIbHUX yucenl Q 1 MHOXHHA
niicHuX 4yucen R € momsimMu, a MHOXWHA HartypaiabHux ducea N 1

MHOKHAHA [UIUX YUCe Z MOJIIMH HE €.

PosrnsHemMo piBHSHHS x2+1=0. Bono He Mmae PO3B’SI3KIB B
MHOKHHI JTIMCHUX YHUCEN, OCKUIBKHM KBajpaT JIHMCHOTO YHCIa HE MOXKE
Oytu Big emMHUM. [[1s1 po3B’s3aHHS TaKkWX PIBHSIHH HEOOXITHO BBECTU
HOBY YHCJIOBY MHOXXHHY, sika Oyje PO3IIUPEHHSIM MHOXXHHHU JIHCHUX
yucen R, 1 B sKiif BKa3aHe piBHSHHS MaTUME PO3B'S30K.

Bumoru 10 HOBOT UMCII0BOI MHOKUHH .

1) B HOBIfi 4YMCIOBIH MHOXHWHI MarwTh OyTH BH3HAYCHI i

JIOJIaBaHHSA 1 MHOKEHHS, SIK1 3aJOBOJILHSIOTH 3BHYAiiH1 BJIACTUBOCTI i



HaJ ynciaMu. ToOTO Taka MHOXHMHA YHCEN TIOBUHHA YTBOPIOBATH I10JIE
(mo3raunmo #oro C);

2) mone C mae OyTH pO3UIMPEHHSM IO MAiicHUX uymcen R:

RcC;

3) noBuHEH icHyBaTH eiieMeHT | C, skuii OyJe KOpeHeM
. 2 2 .
piBHsHHS X~ =—1, T0OTO 1° = -1,

4) mone C He MOBUHHO MATH BJIACHMX IJAMOMIB, SKi MICTSTh

eJIEMEHT « | » Ta JIMCHI Yncla.
BBeaeMo MOHATTS KOMIUICKCHOTO YHCIIA.

Os3nauyenns. KomnaekcHum uwuciom HA3WBaKOTh BUPA3 BHIY
a+Dbi, ne a i b — niiicui uncna, a | — gesaxuii cMMBOI (Tak 3BaHa ysA6HA

OOUHUYSL).

MHOXHHA KOMIUIGKCHHX d9ncen mo3Hadaerbess C. CuMBOT |
oToToxHI0eThes 3 BupasoM 0+ 1i. TobTo maemo i€ C.

JlBa komIulekcHi umcna a+bi Ta ¢+ di BBaxarThCs piBHUMHU
a+bi=c+di tomi i mume Tomi, komu a=c i b=d. Ilonarrsa
«OiNbIe» Ta «MEHIIE» Ui KOMIUIEKCHHX YHCENI HE ICHYye, TOOTO
MHOXHMHA KOMIUIEKCHUX uncen C Ha BiAMIHY, HAPUKJIIA, Bl MHOKUHU
nificHux ymcen R He BopsiaKoBaHa.

i 0o0asanns i MHOJCeHHs KOMIUIEKCHUX yncen a+Dbi ta ¢+ di
BU3HAYAIOTHCS TAKMM YUHOM:

1) (a+bi)+(c+di)=(a+c)+(b+d)i;
2) (a+bi)-(c+di)=(ac—hd)+(ad +Dbc)i.

Jlnst Tak BU3HAYEHHWX I JOJABaHHS 1 MHOXKEHHS TEPEBIPUMO
3a3HA4€Hl BHUMOTHM JO HOBOi YHCJIOBOI MHOXHWHH — MHOXXHHH
KOMIUIEKCHUX YHCET.

1. ITokaxkxeMo, 110 MHOXKMHA KOMILJICKCHUX 4YHCEI € mojem. J[iis
HOTO Tpeda MEepeBIPUTH JIEB’SITh AKC1IOM TOJISL.

Axkciomn 1, 2, 5, 6, 9 Oe3mocepeIHbO BUILIMBAIOTH 13 BU3HAYCHHS
T Jo/1aBaHHs 1 MHOKEHHST KOMIUIEKCHUX YHCe].

Axcioma 3: nynsosuii enement 0+ Oi.



Akcioma 4: MPOTUJICKHUM €JIEMEHTOM J0 KOMIUIEKCHOTO YHCIIa
a+bl € xomIuIekcHe 4ncIo
—(a+bi) =(-a) + (-b)i.
Akcioma 7: oquanunmii enement 1+ 0i .
Akcioma 8: 00CpHEHHM €JIEeMEHTOM J0 KOMIUIEKCHOTO 4YHCTa
a+Dbl, ne xoua 6 omue 3 uucen a abo b me nopisHOE HymO, €
KOMILJIEKCHE YHCJIIO

— a b .
(@+rbi) t=—% | — 2 _|i.
2 2 2 2
a“+b a“+b

OTtxe, MHOKMHA KOMILIEKCHUX yucell C € 1moyieM, IKe Ha3UuBA€EThCS
noJjiem KOMHAEKCHUX Yucei.

2. MHoxnHa TIACHUX YHUCEI € IIIIMHOXHWHOIO MHOXUHU
KOMIUIEKCHUX 4YHCeNl. byab-sfike AICHE YHMCIO @ OTOTOXHIOETHCSA 3
KoMIutekcHuM unciaoMm a + 0i. JI1s Takux KOMIUIEKCHMX YMCell IpaBuiia

JOJAaBaHHS 1 MHOYKCHHS MAlOTh BUTJISI:
(@+0i)+(c+0i)=(a+c)+0i,
(@a+0i)-(c+0i)=ac+0i.
ToOro kommiekcHi umcna Bumy a+ 0l gomaroTs i MHOXATh, K

BIMOBIAHI iM mificHl unciia d €R. OTxke, moyie koMmiiekcHux yncel C e
pO3MIUpeHHsIM 1o aiicHux yucen R, tooro R < C.

3. 3 BU3HAYCHHS apuUPMETUYHUX /11 BUTUTHBAE, 1110

i2 = (0+1i)° = (0+1i) - (0+1i) =
=(0-0-1-1)+(0-1+0-Di=-1+0i=-1.

.2 . .
Orxe, 1° =—1. Kommiaekcue uncino O+11 abo mo te came | €

. 2 :
PO3B'I3KOM KBaapaTHOro piBHsAHHA X +1=0 B mom KOMIUIEKCHHX

gucen C.

4. Tlone C He MICTUTH BJIACHMX MIJMOMNIB, IKI MICTATH €JIEMEHT
«l» Ta mificHi yncna i 3a10BONBHAIOTE yMOBH 1-3. Bei posmmpenHs

noyist AificHux uucen R, oTrpumani npuenHaHHsM 10 nojs R KopeHs

PIBHSHHS X2 +1= 0 i3omopdni mixk codoro (aus. [7]).
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Takum YUHOM, BCl BKa3aHI BUMOTH JI0 HOBOI YHMCJIOBOI MHO>XHHU
KOMIIJICKCHUX YUCCJI 3aJOBOJIBHAOTHCA.

3anrc a+bi HasuBawTh aneebpaiunon Gopmor KOMILIEKCHOTO
gyucia. KoMmIiekCHI YMciia dYacTo IMO3HA4aloTh OJIHIEKD JIITEPOIO
Z=a+Iib. Yucno a Ha3mMBaIOTH OilicHOI0 YacmuHolo, a 4UCIO D —
VAGHOI 4aCMUHO KOMIUIEKCHOTO uucna Z=a+Ib i mosmawarors sx
a=RezeR, b=Imz eR. B Takux no3HauyeHHIX KOMIUIEKCHE YUCIIO Z
Mae Burjsin Z=Rez+ilmz.

Kommnekcue wuymcno Bumy bi (b#0), y sxoro Rez=0
HA3UBAIOTh CYMO YA6HUM. 3 O3HAYEHHS Jii MHOXKEHHS KOMILUIEKCHUX
Ypcell BMIUIMBAE, 10 KOMIUIEKCHE 4MciIo DI MOXHA po3riasgaTH, SK
100yTOK KOMILUIEKCHUX uncen D ta i:

b-i=(b+0i)-(0+1)=(b-0—0-1)+(b-1+0-0)i = 0+ bi =bi.

3ayBakMMO, IO JOJaBaHHA 1 MHOXKEHHS KOMILIEKCHHX YHCEN
BUKOHYIOTh 3a 3BHYAHHUMH TIpaBUJIaMH JIOJAaBaHHS 1 MHOXKCHHS
MHOTOYICHIB 13 MPUBEACHHAM MOAIOHUX WICHIB 1 3Ba)KalO4M Ha Te, IO
-2
1©=-1.

Hanpuknan,

BG+3)+(2-1)=5+31+2-i1=5B+2)+(3-Di=7+2i,
(3-2i)-(2-i)=3-2-2i-2-3-1+2i*=6-4i-3i-2=4-T7i.

Kommekcne umcio Z =a—bi  wasuBaerscst cnpsocenum 10
KOMIUIEKCHOrO umcia Z=a-+Dbl. Hanpukmax, crnpsokeHum 10
KOMILIEKCHOTO uucia Z=—2—3l € KOMIUIEKCHE yuciio Z =—2+3i, a
CIIPSDKEHUM 0 KOMIUIEKCHOrO uuciaa Z =5+ 41 € KOMIIEKCHE YuCIIO
Z=5-4i.

YucinoMm, COpPSHKEHUM 10 Z € Z, TOMY TOBOPATH PO Mapy

KOMILIICKCHO CIIPS2KCHHX YHCCIIL.

Bracmusocmi cnpsowcenns:
1) nmificHi yucna 1 TIIBKM BOHM KOMIUIEKCHO CHPSDKEHI cami J0
cebe, TooT0 ZER = 272=7;

2)Z=1;
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3) z+Z =2a€R;

4) 3£, =7, %7;

5) z-Z=a’+b%eR;

6)212,=122;

Nzt=(2)L

BrnactuBocti 1 — 4 0Oe3mocepeHbO BUIUIMBAIOTh 3 O3HAYCHHS
CIPsDKEHOTO KOMIIJICKCHOTO YHUCIIa.

Biactusicts 5:
z-7=(a+bi)a—bi)=a-a+bi-a—a-bi—b%°=a’+b’eR.

BractusicTs 6:

2) -2y = (8 +byi) - (8 +bol) = (aga@; —byby ) + (8, +yay)i =
(agap —byby ) — (ayb, +byay)i = (@, —yb, ) + (—ayb, —byay )i =
=(a —by)-(a; —0yi) =7 - 7,.

BrnacTusicts 7:

: : 1 .
3 piBHOCTI Z-Z ~ =1 Ta BmactuBocteil 1 Ta 6 MaEMO

z.z7t=1, z.zt=7.7t, 7.7t =1, 77 :(7)_1.
Z
I[JISI BU3HAYUYCHHSA YaCTKH — ABOX KOMIIJICKCHHUX YHCEII
23
: : . 4]
=81+ bll Ta Zp, =ady + b2| YUCEJIbHUK 1 3HAMEHHUK JpoOy Z_
2

Tpe6a IMOMHOKHWTHU HAa YUCJIO, CIIPSAKCHEC 1O 3HAMCHHHKA. B pe?,YJ'IBTaTi B

3HAMEHHUKY OTPUMAEMO JIICHE YUCIIO:

4t (a+bi)-(ay—boi) _

:a1~a2+bl-b2+bli~a2—a1-b2i _
a§+b22
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_(-ap+by-by)+(by-ay—a -by)-1

_yrayth

a% +b22

by +b_L-a2—a1-b2 r

a% + b22
Hampuxkiian,

(-5+3i) (-5+3i)-

i
a§+b22

(2+7i) -10+6i-35i-21

(2-7i)  (2-7i)-2+7i) 22 4(=7)?
_-31-20i 31 29 .
53 53 53

[Tons xommiekcHux yucen C, mificHux yucen R Ta parioHaaIbHHUX

YHCCI Q Ha3uBAOTBCA YUCTOBUMU NOJIAMU.

1.2. T'eomeTpuyHe 300pa:KeHHSI KOMILIEKCHUX 4YMHCeJ.
Tpuronomerpuyna ¢popmMa KOMIIJIEKCHOI'0 YHCJ/IA

Hexali Ha myomuHi 3aaHa TPSMOKyTHa JEKapTOBa CHCTEMa

koopauHat OXYy. OcCkKijabKu

KOMIUIEKCHE 4Yncio Z=a-+bl moxHa

posrsgaTd K BIOPAAKOBaHY mapy aificuux uucen (@;b), to Horo

MokHa 300pasutu Ha mwiommuai OXy Ttoukoro M(a;b) aGo paniyc-

%
sexropom OM = (@;b) (Puc. 1). To6T0 mone xommnekcuux uncen C

IPUPOJHO OTOTOKHIOETHCA 3 MHOXKHHOIO Touok tromuau  OXY.

YA
M (a;b)

<y

[InomuHy, TOYKM SIKOT OTOTOXXHIOKOTH 3
KOMIUICKCHUMHM 4YHCJIaMHM, Ha3HUBalOTh
KOMNJIeKCHOI0 naowunoro. Bick abciuc
Ha3MBAETLCI  OIUICHOIO  6icclo,  BIChH
OpPIAUHAT YA6HOIO BICCHO.

JloBX)HHY paziyc-BeKTopa

r=va’+b? >0 wnasusators MOOYIeM

KOMNJIEKCHO20 uucia Z 1 TIO3HAYaroTh
|Z|, a kyr @ Mix mogaTHIM HANPIMKOM
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ocl abcuuc Ta pajJilyc-BEKTOPOM HA3UBAIOTh apeyMeHmOoM KOMIUIEKCHOTO
yucina Z. Ilpu upomy

a=rcCcosqo,
P (1)
b =rsing.
ApryMeHT KoMIuiekcHoro yucia Z # (0 BU3HAYAETHCS 3 TOYHICTIO
no noganky 27k, ke Z

Arg z=argz+2nk, ke Z,

ne argZ — 20/108He 3HAYEHHs apeyMeHmad, M0 HaJEKUTh TPOMIKKY

zaioBkku 2n ( (-m;w], [0;2m) abo [—g;?) ). 3a3Buuaii 3a

apryMeHT (» KOMIUIEKCHOTO 4Yucjia OepyTh TOJOBHE 3HAYCHHS
aprymeHra arg z. ApPryMEHT  KOMIUIEKCHOIO  YHC]a z=0

HEBU3HAYEHUH, @ MOJ1yJIb JIOPIBHIOE HYJIIO.
ApPryMeHT KOMIUIEKCHOTO YHCJIa Ta WOro TrOJOBHE 3HA4YE€HHS
MO’KHA 3HAUTH 3a 3HAUEHHSMH JIBOX TPUTOHOMETPUYHUX (PYHKIIIM:

a
COS(p = ———
[L2 W2
a b+b 2)
T

Takox, sikmio arg z € (—m; ], To
b

arctg —, akuwo a>0,b#0,
a
b

arctg—+m, saxwoa<0,b>0,
a

arctg 9 —n, saxuwoa<0,b<0,
a
argz = (3)

g, saxwo a=0,b >0,
—g, axwo a=0,b<0,
0, axkuwo a>0,b=0,
T, akuwo a<0,b=0.
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Komrekcue uncno Z =a+bi, 3Baxkaroun Ha Bupasu (1), MoKHa

3aMnucaT y BUIJISI1

Z=rcose+rsingi=r(cose+ising). (4)

Takuii 3amuc HA3UBAETHCA  MPUSOHOMEMPUUHOWO  HOPMOIO
KOMIUIEKCHOTO YHCIIA Z .

Jdns  koMIIekcHHX — umcen  Zg = [ (COS@ +iSing,) i

Z, =1,(COSQ, +iSiN@,) Maemo
21222 <:>r1=r2,(P1=(P2+27Ck, keZ.

KoMiiekcHO  crpspkeHI  49uciia  TEOMETPUYHO €  TOYKaMH,
CUMETPHUYHUMHU BigHOCHO nificHoi oci OX. 3Bigcu BHUILUIMBaE, IO
CIpsKeH1 KOMITJIEKCHI YKClia MalOTh OJTHAKOBI MOYJI1, @ iXHI apryMEHTH
BiIpi3HAIOTHCA 3HaKOM (y BUIAAKY, Kouu arg Z € (—m; ]), Tooro:

|Z | z], arg(z) = —arg(z).
Sko
Z=a+bi=r(cose+ising),
To Z =a—Dbi=r(cos(—p)+isin(—p)).

Jii 3 KOMIVIEKCHUMH YMCJIAMU Y TPUTOHOMETPUYHIN Gopmi

Hexait z; = r;(CoS@q +ising;), z, =1,(CoS@, +ising,).

2, -2, =R (Cos@, +ising,) - 1,(Cosp, +ising,) =
=1, [(Cos @, COSp, —SiN@; SiN,) +i(SiN @, COSP, + COSP;SINP,)] =
= 1,1, (COS(Py + @) +isin(ey +¢,)).
OTtxe,
71 - 2p = 111 (COS(Py + p2) +isin(ey +¢2)). (5)

ToOTo y pasi MHOOJICEHHS KOMNAEKCHUX uucel IXHi MOOYi
NEPEMHONACYIOMb, A AP2YMEeHMU 000aOMb.
BukonaeMo MiIeHHS KOMIUIEKCHUX YHCEN y TPUTOHOMETPHUYHIN

dopmi (z, #0):
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n(cose, +ising;) K (Cose, +ising;)(cose, —ising,)
I, (COSQ, +ising;) I’Z(COS2 o)) +sin2(p2)

I; . . ) . . ]
=L (Cos @, COS@, +iSin g, COSP, —iCOS P, SINP, +SiN@, SiNQ,)
b
abo

Zl rl - =
— =—=-(Cos(p — ) +15IN( — 7)) (6)
L h

Tobto 6 paszi dinenns KomnaiekcHux uucen ixui Mooyl Oiiimv, a

apeymeHmu 8iOHIMAams.

3a ¢opmynoro (5) MokHAa TOMHOXHUTH JOBUIBHY KUIBKICTh
MHOKHHKIB, 30KpeMa, miag N eN oaHaKOBUX MHOXHHUKIB OTPHUMAEMO
dbopmyiy, sika Ha3UBAETLCA gopmynoro Myaspa:.

(r(cosp+ising))" =r"(cosne +isinng). (7)

MoxxHa mnepekoHarucs, mo ¢opMmyna MyaBpa 3alUIIAETHCA
cipaBeauBoio 1 it N =0, i mig minux Big'eMHux N, TOOTO IS BCIiX
3HaueHp Ne Z.

Sxmmo Z =r(Cos@+ising), To

1 1 cos0+isin0

7 t=22 >~ —r(cos(—)+isin(-¢)). (8)
Z r(cose+ising)

-n _ /-—-1\n
Jns BusHayenns Z  =(Z ) JOCTaTHBO 3aCTOCYBATU (HOPMYITY

-1 - .
MyaBpa 110 yuciia Z -, 3aJIaHOTO B TPUTOHOMETpUYHiK popmi (8).
O3HaueHHs TMOKAa3HUKOBOI (PYHKIi KOMIUJIEKCHOIO YHCIa 3
OCHOBOIO € naB Euep:

e?™® = e?(cosb +isinb) (9)

Jlnst  moka3HUKOBOi  (PYHKII 13 CyTO YSBHHM IOKa3HUKOM

cripaBeniivBa gpopmyna Eiinepa

e'? = cosg +isino. (10)
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To6To komiuiekcHe ymncio Ha ocHOBI (opmya (4) 1 (10) moxHa
3aMUCATU Y NOKAZHUKOBIL (PopMi:

7 =re'?.

[TpaBuia MHOXKEHHS 1 AUIEHHA KOMIUIEKCHUX YHUCEJ, 3alIUCAaHUX Y
MOKa3HUKOBIM (opMi, BUIUIMBAIOTH 13 MPaBWI Ui Al 3 4YUCIaMu Y
TpuronoMerpuuHiii ¢popmi. ToOTO

o .
ﬁ _ N i)

relq)l -T eI(PZ =TI e'((Pl"'(PZ),

Yucno & € kopeHeM N-ro CTENeHs 3 KOMIUIEKCHOTO Yuciia Z, SIKILO

g =1z.
Teopema 1.  KoxHE  HEHyJbOBE  KOMIUIEKCHE  YHCIIO
Z=r(cos@+isin@) wmae piBHO N KOpeHiB N-TO CTEmeHs, sKi

BU3HAYaIOTh 32 (HOPMYJIOI0
Ex :(‘/F-(coswﬂsinwj, k=01..,n-1 (11
n n

Jlosenennst. Ilosnaunmo & =p(COS\y +iSiNy) kopiHe N-ro

. en
crenensi3 Z . Togi & =27, abo

(p(cosy +isiny))" =r(cose+ising).
CkopucTtaBiuch Gopmyioro Myaspa (7), micTaHeMo
p"(cosny +isinny) = r(cose+ising),
sBinku P =r i ny=¢+2kn, k=0,+1,+2,.... Ynco r >0 i mae

oyru p >0, Tomy ng/F , J€ il KOPEHEM CIiJl PO3YMITH HOro

apudmeTnyHe 3HaYeHHs. OTXKeE,

Yr(cos@+ising) =Q/F(COSM+ isiannkj_
n n

17



Hmst k=0,12,...,n—1 nicranemo pi3Hi N 3Ha4eHb KOpEHS &y .
Jng  iHmMX — mioux  3HadeHs K apryMeHTH KopeHiB &,
BigpisHaTuMyThCa Bin 3Haimenux migs K=0,1,2,...,n—1 wna uucno,
KpatHe 27 , TOMy KOpPEHi 30iraTUMyThCS i3 BXKC 3HAHICHUMU. W

BiaMiTUMO, 110 TOYKM HAa KOMILJIEKCHIN MJIOIIMHI, BIANOBIAHI &y,
3HAXOJIATHCS Ha KOJ1 pajiyca Q/|27| 3 IIEHTPOM B MOYATKy KOOPIWHAT 1

JUISATH 1€ KOJIO Ha N PIBHUX YaCTHH.

Ipukaan 1. 3anucatu B anredpaiuHiii GopMi KOMIUIEKCHE YUCIIO

(3=4)(2+1) i34 _g5y.
3-2i

Po3B’s13aHH1.
(3—4|)(?+|) P (4-3i)= 6+3'_2_3I+4—(i2 ) (4—3i) =

3—1 3—1
_10-5 a3y 2 LO=ONBHD i g2

3—1i (3-1)(3+1)
=30+ﬂ1;15+5+4$+3=35_a+3+4L:&5—Q5+3+4h:
~6,5+3,5i.

Ipukaaxg 2. BukoHatu nii 3 KOMIUIEKCHUMHM YHCIaMH Y
TPUTOHOMETPHUYHIHN Popmi

T . . T 4 T . . T
2| coOS—+1SIn— -5] cos—+1sIn—
[ ( 3 3jj ( 4 4)

T .. T 2
3| cosS—+1SIn—
(( 6 6D
Po3B’s13aHHA.

7T . . T 4 7T . . T
2| cos— +1sIn— -5 cos— +1SIn —
( ( 3 3jj ( 4 4)

2

7T . . T

3| cos— +1sIn—
( ( 6 GJJ
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24| cos4- " +isind-T |5 cos ™ +isin~
3 3 4 4

32(cosz-n+isin2.nj
6 6

4
=ﬁ cos(4-£+£—2-£j+isin[4-£+£—2-£j =
32 3 4 6 3 4 6
80( 5t . . 571:)
=—| coOs— +isin— |.
9 4 4

Ipukaan 3. 3naiiTu anredpaiyHy GopMy KOMILIEKCHOTO YKCIIa

(/6i —\2)8,

Po3B’s13aHHA.

Jlnst  oOYMCIeHHS 1BOTO BHpPa3y CKOpUCTaeEMOCA (HOPMYIIOIO
MyaBpa (7) migHeceHHS KOMIUIGKCHHMX 4ucesl 10 creneHs. CrouaTky

3aMHIIeMO TPUTOHOMETPUYHY (OpMy KOMILJIEKCHOTO 4HClIa —

7= \/gi — \/§ = —\/E + \/gi . JlificHa dYacTMHAa KOMIIJIEKCHOTO 4YHCIIa

a=—/2 , YABHAa 4YacTUHA — b=\/6. Monynp KOMIUIEKCHOTO 4HCHa

|z|:r:\/mz\/§:2\/§.

300pasuMo 4YHCIIO  Z =—J2+/6i ma xommmekcuiii mommMHI
(puc. 2).

Y A
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Kommniekcue uncino Z 3HaxoauThes B 11 I‘IG:TBepTi KOOpI[I/IHaTHO-l'
IJIOIIUHU, TOMY

(p=arctg9+n=arctg(—\/§)+n:—g+n:2—;.
a

OTxe, KOMIUIEKCHE YUCJIO Z Y TPUTOHOMETPHUUHIN (popMi Ma€e BUTIIAL:
2n . . 2
z=2/2(cos <" +isin <™.
3 3
3a popmynoro MyaBpa oTpuMaEmo:
2 .. 2
718 = (2\5)18(005?7c 18+ |sm?7c .18) =
=227 (cos12n +isin12x) = 27,
Ipukaan 4. 3HaliTH BC1 KOPEHI PIBHIHHS 7% ~1=0.

Po3B’si3aHHs.
3anumemo uncio Z; =1 y TpuronomerpuyHiit Gpopmi.

2y=1+0-i, r= 1240% =1, COS(pz%zl, sin(p=%=0,

1=cos0+isin0.

Yorupu kopeni piBustaast Z° =1 3uaiinemo 3a Gpopmymnoro (11) ms
n=4, k=0,12,3.
dxmo k=0, ro

§0:coswﬂsinw:cosO+isinO=1,
4 4
akmo K =1,
O0+2rx-1 .. 0+2r-1 T .. T .
£ =C0S——— = +isin———==cos— +isin= =1,
4 4 2 2
akmo K =2,
0+2r-2 .. 0+2m-2 ..
£, =C0S———— +isin——==cosm+isinm=—-1,
4 4
akmo K =3,
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0+2n-3 .. 0+2m-3 3t .. 3w )
&3 = COS———— +1SIN——— = COS— +ISIN — = —i.
4 4 2 2

Ipuxaan 5. 3naliTi BCi KOpeHi piBHAHHS 73 -3+3i=0.

Po3B’si3aHHs
3anumiemMo uuciao Zy =3—3i y TPUrOHOMETPUUHIH GopMi.

Maemo a=3, b=-3. Toxi r =4/3° +(—3)2 =3\/§.

300pa3suMO KOMIUIEKCHE YHUCIO Z; Ha KOMIUIEKCHIM ILIONIWHI

(puc. 3).

4 4 Puc. 3

ToOTO KOMILIEKCHE YHUCIIO Z; Yy TPUTOHOMETPHUUHIN (popmi Mae

BUTJIS
3-3i= 3\5(003% +isin %nj

Tpu xopeHi piBrsaus Z° =3—3; 3Haxogarbes 3a popmyiowo (11)
s N=3, k=0,1, 2.
dxmo k=0,

Y5 7I+27t-0 T+2n-0 7 7n
=818 cos=+—— +isin=— |=%/18| cos— +isin— |,
= 3 3 ( 12 12)

akmo K =1,
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=818l cos+——— +isin=—— | = 618(cos—+isin—j,
2 3 3 12 12

akimo K =2,
- 7;[+275-2 7I+275-2 23 23
= /18| cosF+———+isin-=—— | ={18| cos— +isin— |-
52 3 3 ( 12 12}

Ipukiaan 6. 3HaliTy A1HCHI PO3B’A3KU PIBHSIHHS
(5+2i)x—(3—i)y =3+4i.

Po3B’si3aHHA.

Bukonaemo nii:
(5+2i)x=(3—-1)y=3+4i,
5x+2x1 -3y +3yi =3+4i,
(5x—=3y)+(2x+3y)i =3+4i.

3 03HaYEHHS PIBHOCTI KOMITJIEKCHUX YUCET MAEMO
ox—-3y =3, [5x-3y=3, | x=1, X =1,
2X+3y =4, xX=1, y=2, |y=2/3.
Omxe, mikicHi po3s’sas3ku piBusaus X =1, y=2/3.

KoHTpoJibHi 3antMTaHHS

1. SIx Bu3HAYarOTh anreOpaidyHy (GopMy KOMILIEKCHOTO YHCiIa Ta
111 3 KOMIUIEKCHUMU YUCJIaMU y aireopaiuniit opmi?

2. Sk BHU3HAuYalOTh TPUTOHOMETPUYHY Ta MOKAa3HUKOBY GopMuU
KOMIUIEKCHOTO 4Yuciia Ta Jii 3 KOMIUIEKCHUMHM  YHUCJIAMH Yy
TPUTOHOMETPUYHIN Ta TOKA3HUKOBIN popmax?

3. 3anuunite hopmysly MyaBpa MmiIHECEHHS KOMIUIEKCHOTO 4YHCIa

0 N-TO CTeneHs.
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4. 3anumite ¢dopmyily 100yBaHHS KOpPEHs N-TO CTENeHs 3
KOMIIJIEKCHOTO YHCJIa.

Bupasu

1. O0uucHITH 3HaAUYCHHS BUPA3Y:

a) (5+2i)-(i—7)+6-3i; 6)2—6i+(3—2i) (4—3i):;

9 (5+i)(7.— 6i); 2 4—§i 61 8+ 2i):
3+1 2+1
e) 25_:' +it@-i); o) 2+i)+(2-i)%:
4+ 3i N3 12, 5+6i N2 T,
x) 3_2i+(3+|) I~ 3) T 2-1)+1";
0 20 554y _3it0: ) A L5 002 _git8,
1-1 1+ 3i

2. 3HaiiiTh mificHi uMcaa X Ta Y, M0 330BONBHSAIOTH PiBHIHHS:
a) (6+)x+(2-3)y=4-i;

6) (9-6i)x—(3—-4i)y=6-2i;

B) (B—9)x—(1-2i)y=x+3i—-2;

r) (5+7i)x—(3-i)y=9i—-1.

3. PO3B’s1kiTh PIBHAHHSL:
a)|z|+z=9-4i; 6)|z|-z2=8+12i.
4. 3anuuIiTh B TPUTOHOMETPUYHIN (hOpMI KOMILJIEKCHI YHCa:

a)l; o6)-1, B)i; 1)-i; n)l+i; e)l-Ii;

%) —1+i: 3) —1—i; m)1++/3i: ©)1-+3i: m) —1+3i:
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M) —4—43i; m) —/3+i; n) —/3-i; p)3J3-3i.

5. Hexaii Z =C0OS@+iSiN¢@. 3HaiiniTh TPUTOHOMETPUUHY (GOpPMY
KOMIUIEKCHUX YUCEIT:

a)l+2z; ®z+z?

6. Ha xomrmuiekcHif mIonuHi 300pa3iTh 00J1aCTh, 10 3a0BOJLHSIE

YMOBH:
a) 2<|z|<3;
0)|z|<1, E<z<gﬁ;
6 3
B) |[2—2+3i[>2;
r|z+1-2ik2;

) T 31
n|z-1-1kl —<argz<—;
) | | , SA9z<

e)|z+2-3i>2, 1<Ilmz<6:
€)|z—4+i|>2, —1<Rez, —4<Imz;
x) |2+2—-1[23, —4<Rez<-1;

3) |z-3-2i]>1, Rez>2, —1<Imz;

m) |2-2-2i23 1<z+3+2i|:

i) Imz<2, Esa@zsgﬁ;
6 3

i) Rez <3, ——<amzsgu

7. O0YUCIITE:

a) (3-3i)*; 6) (—24/3 - 2i)";
B) (—5+5+/3i)!%8; r) (4 +4i)%;
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1+i 1-i

o (1—\@] ; e)(\@HJ |

8. 3HalIiTh BC1 KOMIUIEKCHI KOPEH1 PIBHSIHHS:

a) 2 -i=0; 0) 22 -J3+i=0;
B) 24 +8-8V3i=0; r) 22 +2-2i=0;
m) 22 +543-5i =0; e) 25 -2+ 243 =0:
e) z* —16+16i =0; %) 2% +8-8i =0.
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Po3xis 2. MHOrowieHH Ta iXHi KOpeHi

2.1. MHoro4jeHu HaJA YMCJIOBUMM IIOJIAMHU

Mnoecounenom ado noninomom N-ro (me NeN) cremens Haf

yucjioBuM 1oJjieM K Ha3uBaeTbes BHpPAa3 BUAY

-1 2

f(x)=a,x" +a, X" +a, X" +..+ X +ay,

ae ag,dy,...,a, — noBinbHi uncna 3 K, a, #0, X — nesxa 3minna. Ilin

noiiem K po3ymiTuMemMo ojaHe 3 4ucIOoBUX mnodiB: Q — mone
palioHabHUX uKcen, R — nmone aificHux yucen, C — noJjie KOMIUIEKCHUX
gucesa. MHOXMHY BCIX MHOTO4WICHIB 3 KoedimieHTamu 3 mojs K Bifg
3MIHHOI X no3HaudaroTh K[X].

Harypanshe umciio N HasuBaroTh cmenenem MuorowieHa f(X),
(mo3navarots deg f (X) =n), ag,8,...,8, — Koegiyichmu MHOTOUICHA,
npUIOMy 8y — GinbHull KoedimieHrt, a, — cmapuut koedimient f(X).
JIOBIIbHE HEHYJIHLOBE YHMCIO € MHOIOWIEHOM HYIbOBOIO CTEIEHS.
MHOrO4IEHd HYyJIbOBOTO CTENEHS HA3UBAIOTh KOHCMAHMHUMU. UHCIO

HYJIb TAKOX € MHOI'OYJICHOM, CTEIIIHb SIKOI0 BBA)KAIOTh HEBU3HAUECHHM.

MHorowieHn mnepuoro CTeneHs ajX+ay Ha3HBAIOTh JIHIUHUMU.

MHorounexnu JApyroro CTCIICHS ds X2 + X+ ag Ha3UBAKOTh

K8AOpaAMHUMU,
Ha mMuoxuH1 MHOrowieHiB K[x] BU3HaueH1 omeparlii 10JaBaHHS

Ta MHOYKEHHS.
Hexaii € 1Ba MHOTOWIEHH!

f(x)=a,x"+a, X" +a X" +...+aX+a,,
g(x)=b x"+b X" +b_ X"+ . +bx+h,.

Cymoro neox muorowrenis f(X) i g(X), sxmo, manpuxman,

N = M Ha3uUBA€THCSI MHOTOWICH
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f(x)+g(x)=(a,+b)x"+(a,,+b _)x""+..
.+ (8, +b)x+(a; +by),
KOe(ILIEHTH IKOro JAOPiBHIOIOTH cyMi KoedinienTiB Muorounenis f (X)
i g(X), 10 cTOATH NPY OJHAKOBUX CTEMEHSX HEBigoMOI X . [Ipuuomy 3a

yMmoBH N>mM koedimientn b ,,b b

T BBAXAIOThCA PIBHUMU

myio. 3asnaunmo, mo deg(f +g) <max(deg f,deg g).
Jobymxom nBox HenyinboBux Muorowienie f(X) i g(X)

HA3UBAETHCS MHOI'OWIEH, IO CKJIAAAETHCS 3 YCIX MOMKIMBUX JOOYTKIB
ycix momankis f(X) ma Bci momamku Q(X). IIpy MHOXKEHHI 3BOAATH

Mo110H1 YWIECHU:
f(x)-g(x)=a,b x""+(ab. ,+a _b )X+ .  +anh,.

Creninp 100yTKy [ABOX HEHyJIbOBUX MHorowiewis f Ta (¢
JIOPIBHIOE CyM1 CTETICHIB IINX MHOTOYJICHIB:

deg(f -g)=deg f +degqg.

2.2. llogiIbHICTL MHOTOYJICHIB

Kaxyts, mo muorounen ¢(X) € K[X] € mineaukom MHOro4IeHa
f(X)eK[X], sxmo icnye takmii wmuorowren h(X)eK[x], mo
cupaBeumBoro € piBhicts  f(X)=g(X)-h(X). B Takomy pasi mie
roBOpsATS, 10 MHOrowieH T (X) dinumocs na muorounen g(X).

Teopema 2 (npo aijieHHsI MHOro4wieHa i3 3ajaummkom). Hexaii
f(x) i g(x) — mosinmeri muorowrenn i g(X)#0. Toxi icHyrOTb,

npudomy eauni Maorownenu q(X), r(x) raxi, mo:

f(X)=g(x)g(x)+r(x) i degr(x)<degg(x) aco r(x)=0.
Muorouien r(X) nasusaerbes sanuwxom Bin ninenns f(X) ma g(X).

Hacainoxk 1 (Teopema be3y). 3anummiok Bix AiJICHHS MHOTOYJICHA
f(X) wa nimiliauii Muorounen (X—C) nopiBHioe 3Hauenuio f(C)

muorouwnena f (X) mpu X =cC.
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Yucimo C € K nasuBaerscs xopernem muorowiena T (Xx) e K[X],
sxmo f(c)=0.

Hacainok 2. Yucno € € K e xopenem muorowrena f (X) € K[X]

Tosi i Timbku Tomi, komu f(X) mimurees Ha (X —C):
F(x)=9(x)-(x-c)
V takomy pasi degg =deg f —1.

3asnaunmo, ko muorowren f (X) minuTees Ha neskuit miHiHHWT
MHOTOuJIEH aX + b, To BiH ainuThed i Ha MEHOTOWIEH X — (——), TOOTO Ha
a

MHOTOWIEH BHUDIILY X—C. TakuM YHHOM, 3HAXOJUKEHHS KODPEHIB
muorowiena f(X) piBHOCHIIBHE 3HAXOMKEHHIO HOro JIHIAHHX

TIIBbHUKIB.

OJHUM 3 METOJIB 3HAXOKEHHs 110l yactuau ((X) Ta 3anmMmky
r(x) B pesyabrari ginenns muorowinena f(X) ma g(X) e minenns

MHOTOYJICHIB B «CTOBIMUUKY» (200 «KYTOUKOMY).

Mpuxaan 7. [oxginmuru muorowren f(X) va g(X) B croBmuMK:
f(x)=2x* —x®+3x* =5x+2, g(x)=x*—x-1.
2x* — %3 +3x° —5x+2‘x2 —x-1
2x* —2x° —2x° 2X° +X+6

X3 +5x% —5x+2

x> —x% —X
6X% —4X+2
6x* —6x—6
2X +8

Bixnosine: q(X) =2x*+Xx+6, r(x)=2x+38,
2x* —x% +3x% —5x+2=(x* = x—1)(2X* + X+6) + 2x +8.

JIns1 miyIeHHs MHOTOYJIeHA
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1 2

f(X)=a,Xx" +a, (X" +a, oX" " +..+aX+a

HAa JIHIMHUN JBOWIEH X—C MOXKHA BUKOPHUCTOBYBATH «CXEMY

T'opuepa».
q; ap An_1 An_2 A3 | ... a4 ap
b .= b .=
n-1 n-2
C b, =a, bn—3 by r
:bn'C+an_l :bn_l'c+an_2

Otpumaemo, 1o
q(x)=b x" " +b x"?+..+b a f(x)=(x—-c)-q(X)+r.
Ipuxnan 8. [loginmutu MHOTOYICH

f(x)= 3x* —7x% - 25x% + 63x —10

na MuorowreH {(X) =X—2 3a cxemoro ['opHepa.

a; | 3 7 25 63 ~10
2.3—7=-1|2-(-1)-25=—27 | 2-(-27)+63=9]| 8

Bignosigs: q(X) = 33— x% — 27X+9, r=8,

3x* —7x3 —25x% +63x—10 = (x — 2)(3x°> — x® = 27x+ 9) + 8.

2.3. He3BigHi MHOTO4YJIeHH

Mmuorounen f (X) € K[X] crenens N >1 HasuBaeThes He36i0HUM
(HeposknanuuM) Haa nosneM K, sSKio BiH HE po3KIada€eThCsi B 100YTOK
f(x)=fi(x)- f,(x) muorouwreniB menummx creneniB fj(X) € K[X] i
f,(X) e K[X], sxi He € KOHCTAaHTHUMHU. SIKIIO MHOTOWICH HE €
HE3B1JHUM, TO BIH Ha3UBAETHCS 36I0HUM.

CnpaBeqmBa TeopemMa IIpO PO3KJaJ MHOTOWICHa B JOOYTOK
HE3BIJIHMX  MHOTOWIEHIB, $SKa aHaJOriyHa OCHOBHIA  Teopemi

apu(METUKH TIPO PO3KJAJ HATypaIbHOIO YUC]Ia B JOOYTOK MPOCTHX
(HEpO3KJIaIHUX ) YUCETL.
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Teopema 3. Bynp-sikuit maorowten f(X) e K[X] cremenss n>1,

MOXHa PO3KJIACTH B IOOYTOK HE3BITHMX MHOTOWICHIB HaJI mojieM K
f(X)=c-py(X)- pa(X)-...- P (%), (12)

e ceK, p(x),pr(X),..., p(X) — HesBimHi MHOTOUNECHH 3

Koe(illleHTaMyd TpH CTApIIMX CTENEHSAX PIBHUMHU oauHuul. [Ipudomy

el po3KiIaj €MHUHN 3 TOYHICTIO JI0 TTOPSIAKY MHOYKHHUKIB.,

3 Bupa3sy (12), 3i0paBiim pa3oM 0JTHAKOBI MHOXHHKH, JIICTAHEMO
n n n
F(X)=c-p*(x)- p? (x)-...- py" (),

ne Bci muorowneHd Pq(X), Po(X),..., Py (X) wHespigmi i pismi. Lei

PO3KJIaJl HA3UBAETHCS KAHOHIYHUM POZKIAOOM HEHYIb0BO20 MHO20UICHA
f (X) B 100YTOK HE3BIHUX MHOXKHHKIB.

Hexaii f(X) € K[X] nesxuit muorounen. Skmo € € K e kopenem
IIbOT0 MHOTOUJICHA, TO 3a Teopemoto besy f(X) mimurbes na (X —C).

Kopiup C HenynsoBoro mHorowieHa f(X) masuBaerbest kopenem
: : Kk . :
kpamuocmi K, skmo f(X) minarees ma (X—C)° i He xminuThes Ha
(x— C)k+l. B 1iboMy BHIAAKY
k
f(x)=(x=¢)"¢(x),
ne muorowreH ((X) He AiMUTHCS HA X —C , TOOTO YHCIO ¢ HE € HOTo

KOPEHEM.
KopiHub KpaTHOCTI OAMH HA3UBAETHCS npocmum koperem. KopiHb,
KPATHICTh SKOTO OLbIIIA 32 OJINH, HA3UBAETHCSI KPAMHUM KOPEHEM.

Yucno xopenis muorounena f(X) e K[X] 3 ypaxyBauusm ixapoi

KPaTHOCTI HE NIEPEBUILYE CTETIECHS JAHOTO MHOTOYJICHA.

2.4. MHOTO4YJIEHH Ha/J IMOJIEM KOMILVIEKCHHUX YHUCEJI

[Ipy BuUBUEHHI MHOTOWICHIB TIOCTa€ TIUTAHHS, YU KOXKEH
MHOT'OWJICH Ma€ KopeHi. BiioMo, 1110 iCHYyIOTh MHOTOYJICHHU 3 JIHCHUMU

KoedilieHTaMu, K1 He MarOTh JIMCHUX KOpeHIB. BiamoBiap Ha MUTaHHS
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I0JI0 ICHYBaHHS KOPEHIB MHOTOWJIEHAa HEHYJIbOBOTO CTENEHS 3
KOMIUIEKCHUMU Koe(llliEHTaMHU JIa€ OCHOBHA Teopema ajireopu.

Teopema 4 (OcHoBHa Teopema ajredopm). KoxkeH MHOrodsieH
HEHYJBOBOT'O CTEIMEHS 3 KOMIUIEKCHUMH KoedillieHTaMHu Mae xoda 0
OJINH KOP1Hb B TOJII KOMIJICKCHUX YHUCET.

Hacainox 1. Hessimuumu wMHorowirleHamu Hax noiaeM C €

MHOTOWICHH IIEpIIOro cremeHs ajX+ag, aj,ap€C, & #0 1 mume

BOHH.
Hacuinok 2. Jlosinbuuii muorowten f(X) € C[X] crenens n>1

MOXHa po3kiacTy Haj nojeM C B 100yTOK N JIIHIHHUX MHOYKHUKIB

f(x)=a,x"+a, X" +a X"’ +...+ax+a, =

= 8, (X~ C)(X~C))-r (X —C,),

ne Cy,...,C, — KOPEHI MHOTOYJICHA [IMCHI YA KOMIUIEKCHI, d,, — CTapIINi

(13)

koedimient. Ipu oMy posknan (13) € s muorowtena f(X) exunum

3 TOYHICTIO JI0 MOPSIKY CITIBMHOYKHHKIB.
Hacnimok  MOXXHa  JIOBECTH,  MOCHIAOBHO  3aCTOCOBYIOUH
TBEPIPKEHHSI OCHOBHOI TeOpeMH ajire0pu N pasis.

3ayBa)xuMoO, IO KpIM KOpeHiB C;,C,,...,C, I1HIINX KOPEHIB

n

muorowten f(X) He Mae, OCKUIBKM JUIA iHIIOTO 3HAYEHHA X KOJIHA

ayxKa y posknai (13) He mepeTBOPIOETHCS Y HYIb.

Hacainok 3. Byap-sxuii muorowten f(X) e C[X] crenens n>1

Mae N KOpEHIB, SIKIIO KOXHUM 13 KOPEHIB paxyBaTH CTUIBKK pa3iB, sKa
HOTO KpPaTHICTb.

SIKIIo KpaTHicTh qeskoro kopewst ¢; muorounena f(X) mopisHioe

Ki, To K;i MHOXHEKIB (X —C;) B po3kiazi (13) MoxHa 00’ eqHATH B OIUH

k; o
MHOXKHHK (X—C;)"'. TakuM 4YHMHOM, 3 ypaxyBaHHSM KPaTHOCTI BCiX

kopenis muorowtena f(X) posknan (13) MokHa OHATH Y BUIIISAII

f(x):an(x_cl)kl'(X_CZ)k2 ""'(X_Cm)km1 (14)

ne kK +k, +...+k, =n.
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B npomMy posknaai ¢j, Cp,...,C — P13H1 KOPEH1 BIAIOBIIHOI KPATHOCTI.

2.5. MHOro4/JieH! HA/I MOJIeM JIHNX YHUCeJT

Hexaii

1 2

f(x)=a,x" +a, ;X" +a, o X" +..+ax+ay -

MHOTOWIEH 3 JiHCHUMH KoedimieHTamMu, TOOTO d3,dy,...,a, € R,
a, =0.

ChopmynroeMo Aesiki HACHIAKKA OCHOBHOI TEOPEMH aireopu s
MHOTOYJICHIB 3 TIMCHUMH KOe(DIIli€HTaMH.
Teepaxenns 1. Skmo xommiekcae uucio oo=a-+ib (b=0) e

kopenem muorounena f(X) cremens N > 2 3 gilicaumu KoedirieHTaMu,
TO CIpsDKEHE 4nciio OL=a—Ib TakoX € KOpeHeM IbOro MHOIrO4YJIeHa
Ti€l caMO1 KpaTHOCTI.
JloBenenHsi. Hexait MHOTOUJICH 3 AIHCHUMU KOoedilieHTaMU
f(x)=a, X" +a, X" +a, X"% +...+aX+3a,
Ma€e KOMIUIEKCHUHN KOPiHb O, TOOTO

-2

f(o)=a,a" +a, 0" +a, 0" % +...+a0+ay =0.

Ton1

2

flo)=a,a" +a,40" *+a, ,0" * +..+a0+3, = f(Q).

stkmo  f(0)=0, to f(a)=0. 3sigen (@) =0. Omxke, crpskeHe
qpcio o € kopeneM muorowiena f(X).
Takum umbom, wmuorowren f(X) minuTbes Ha KBamparHUid
TpUUIIEH
o(X) = (X—a)(X— @) = x> — (o + Q)X + o,
KOC(IIIEHTH SKOTO € TINCHUMH YHCIIAMHU.
JloBenemo, 10 KOpeHI O Ta O MAarTh OJHAKOBY KpPATHICTb.

[IpumycTUMO Bif CyIpOTUBHOIO, 110 KOPEHi 00 Ta OL MarOTh KPATHOCTI
k ta | Bigmosiguo i mexaii K >|. Toxi muorowren f(X) mimurscs na

| -ty creniap Mmuorounena @(X), T06TO
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I
F(x) = ¢ (x)a(x).
Muorowten ((X), SK dYacTka JBOX MHOTOWICHIB 3 JiHCHHUMH

Koe(illeHTaMH1, TaKOXK Ma€ AIMCHI KOE(IIEHTH 1 MA€ YUCIO O CBOIM
(k —1)-kparnum kopenem. Ane o He € kopeHeM ((X), 10 CylepeynTh

JIOBEIEHOMY BHILE TBEPIKEHHIO. 3Bijcu BuumBae, mo K =1 . =

Otxe, B po3kian MHorowieHa (13) KOMILJICKCHI KOPEHI BXOMISTH
MOTIAPHO CIpsDKeHUMU. Bike 3a3Hayasocs, M0 Mpu MHOKEHHI JITHIMHUX
MHOXXHHKIB B po3kiaafi (13), mo BIANOBIIaIOTh MHapi KOMILICKCHHX
CIPSDKEHUX KOPEHIB, JICTAHEMO KBAAPATHUH TPUUICH 3 OiliCHUMU
Koe(ilieHTaMu:

(x— (a+bi))(x—(a—bi)) =
= x% —(a+bi+a—bi)x+(a+bi)(a—-hi)=

=x%—2ax+a’+b%=x%+ px+q.

JIMCKpUMIHAHT IILOIO0 MHOTOWICHA Bia'eMHuid. CripaB/i,
D = p® - 4q = (-2a)* - 4(a* +b*) =—4b* <0.
TakuM 4MHOM, CIpaBeJIMBA TAKA TEOPEMA.

Teopema 5. Koxxen muorounen f(X) cremens N>1 3 oiticnumu

KoeghiyicHmamu pO3KIATAETHCS €AUHUM YUHOM (3 TOYHICTIO J0 TOPSIKY
MHO>XHUKIB) Ha MHOXHUKHU 3 OilicHUMU KOe(DIIllEHTaMH TEpIIOTO Ta

JPYTOTO CTETNEHS BIAMOBIIHOI KPATHOCTI:
k K (2 2
F() =a,(x—c)™.(x =)™ (X" + pX+0y) ™. (X" + pX+)™

npuaomy K; +Ky +...+K +2(S; +...+S)=n.

B 1mpoMy po3kiiazi KOKEH KBaJIpaTHUH TPUUWICH Ma€ BiT€MHUU
JTUCKPUMIHAHT 1 HOMY BIJNOBIJIA€ Tapa CHOPSHKEHUX KOMILJIEKCHUX
KOPEHIB.

Hacainoxk 1. Muorounen f(X) 3 nilicuumu koedinienramu
He3BIAHMI Hag moiaeM R Tomi 1 TIABKM TOAl, KOJU BIH € JIHIHHUM
MHOTOWICHOM a00 MHOTOWICHOM JPYyroro CTENeHsS 3 B €MHUM

,[[I/ICKpI/IMiHaHTOM.
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Hacainox 2. JIoBUIbHUN MHOTOWIEH 3 JIMCHUMU KoedilieHTaMu

HEIMapHOTO CTENEHsI Ma€ MPUHANMHI OAUH J1MCHUN KOPIHb.

Ipuxaan 9. 3HaUTH BCI KOpEH1 MHOTO4JICHA
f(x)= x* —3x3 +5x2 —x—10 i Hanucaru ioro PO3KJIa Ha MHOKHUKH
HaJ nojeM R, gxiio Bigomuii oguH Horo Kopinb x; =1+ 2i.

Po3B'si3anHsA. SIKiI0 MHOTOWIEH 3 MIMCHUMU KOe(DIIliEHTaMU Mae
KOMIUIEKCHUH KOPiHb, TO CHPSKEHE YHCIO TaKOXK € HOro KOpPEHEM.

To6t0 Xy =1-2i € kKopeHeM i pO3KJaJ MHOrOYIEHa Ha MHOXKHHUKU

MICTUTh JJOOYTOK
(x—x)(x—xp) = (x— @A+ 2))(x-(1-2i)) =
=x2—x(l+2i+1—2i)+5:x2—2x+5. |

[leit n1oOYyTOK € MHOTOWICHOM 3 JINCHUMH Koe(iIlieHTaMH, Ha
KU 3aaaHuil MHorowieH f (X) mae gumrtucs 6e3 3aauuiky:

x* —3x3 +5x% —x—10[x? —=2x+5

x* —2x3 +5x° X2 —x—2
~x3—x-10
—x3 +2x% —5x
—2x% +4x-10
—2x° +4x-10
0
Hicramm
x? —3x3 +5x2 —x—10= (x> = 2x+5)(x® —=x—2).
2

MHuorowten X° — X —2 mae 1Ba aiiicHux KopeHi x3 =2 1 x4 =—1.

Ormxe, mykani koperi maorowrena f (X):
X1 :1+21, X9 :1—21, X3 :2, X4 =-1.
Poskian muaorowtena f(X) mam momem R mae Burimsi:

x? —3x3 +5x2 —x—10= (X% = 22X+ 5)(x — 2)(x +1).
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2.6. MHOTO4Y/IeHH HAJI 10JIeM PAiIOHAJIbHUX YH el

Hexaii

1 2

f(X)=a,X" +a, X" +a, X"+ +ayX+a

€ MHOTOWICHOM 3  palllOHAIBbHUMU  KoedilieHTamu,  TOOTO
dg,d4,...,dp EQ, a, #0. Posristaemo 3a1aq9y 3HaXOIKECHHSA
pallioOHAIbHUX KOPEHIB Takoro MHorouieHa. I[lozHaummo uyepes (
HallMEHIE CIUIBHE KpaTHE 3HAMEHHUKIB 4Hcen ag,dy,...,d, €Q.
[MTomuoxuBm MEOrOwieH f(X) Ha umcno (, AicTAHEMO MHOTOYIICH 3

HITMMH Koe(illieHTaMH, KWW MaTtume Ti cami KopeHi. OTxe, 3agada
3HaXOJ/KEHHS paIllOHATLHUX KOPEHIB MHOTOYJIEHAa 3 pallilOHaJIbHUMHU
KoedilieHTaMd 3BOJAUTHCA 10 3HAXOPKEHHS paIllOHATBHUX KOPEHIB
MHOTOYJICHA 3 IIJTUMHU Koe]illieHTaMu.

Teopema 6. Hexait HeckopoTHuUiA apid P € KOPEHEM MHOTOYJICHA
HEHYJbOBOI'O CTENEHS 3 IIIJTUMHU KOe(DII[l€eHTaMH
f(x)=a,x"+a, X" +..+aX+ay, 8y d,.,a,€Z.

Toni unucno P € AUTBHUKOM BUIBHOTO KOE(ili€HTa dj, a YUCIO0 (
— NIIBHUKOM CTapIIoro KoeimieHTa ay, .
Hacainok. Skmio
f(x)=x"+a, (X" +a, X"+ +ax+a,
— 3BeJICHUH MHOTOWIEH 3 IIMMH Koedinientamu, To0T0 8, =1, TO BCi

pallioHaJIbHI KOpPEHI MHOTOYJIEHa € I[UIMMH YWCJIaMu 1 JUIbHUKaMU

BUIBHOI'O KOE(III€HTa 8.
Teopema 7 (O3naka Eiizenmreitna). Hexai

n n-1

f(X)=a,x +a,41X ~+..+a;X+3a,
€ MHOTOYJIEHOM 3 HUIMMHU KoedimieHTaMu. SIKIIO 1CHy€ TaKe MpocTe
4yucino P, mo koedimieHTH ag,dy,...,d, 1 AUIATECA Ha P, a cTapLIMi

KOe(ILIEHT Q, HE JUIMTbCSI Ha P, Ta BUIbHUHA KOe(]iLIEHT ad; He
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JUJINTBCS HA p2, tomi mHorowieH f(X) € He3BigHMM Haa MOJIEM
parioHanpHUX uncen Q.

Ipuxknax 10. Po3knacty MHOTOYIEH HA HE3B1IHI MHOXXHUKH HaJl

MMOJIEM MIHCHUX YHCEI Ta HAJ MOJIEM KOMIUIEKCHUX YHCET;
f(x)= x* +x3+2x% +4x-8.

Po3p’sizanunsi. Muorowren f(X) — 3Bemenmit, Tomy #Horo
palioHaIbH1 KOPEH1 MICTAThCS cepell AUIbHUKIB BUIBHOTO KoedilieHTa:
+1; +2; +4;+8. Ilpoctum mnepebOpOM iIBHUKIB 3HAXOIUMO, IO
f (1) =0. [oximumo muorowten f(X) wa mBowien X—1 3a cxemoro

['opuepa.

a 1 1 2 4 -8

3imcn f(X)=(X-1)gy(X), e  gy(x)=x3+2x>+4x+8.
[Ipoctrm miepeOOpOM IIIBHUKIB BLIBHOTO KO€(Qili€eHTa MHOTOYJICHA
01(X) 3maxomumo, mo gq(-2) =0.

[Moginumo wmuorowneH @q(X) Ha gBowreH X+2 3a CXEMOIO

['opnepa.

a; 1 2 4 8

—2 1 0 4 0

3Bigcu  g1(X) = (X+ 2)(x? +4). MHorouwieH X% +4  pificux
KOpeHiB He Mae. Horo KoMmnekcHi kopeHi: X; = 2i, X, = —2i.

Ha)1 I10JIEM JIifICHI/IX YUCCJI pO3KJIad MHOTIOHJICHA MAa€ BUTTIAL
f(x)=(Xx=1)(x+2)(x*+4).

Haz[ IIOJICM KOMILUICKCHHUX 4YHCCJI PO3KJIad MHOI'OYJICHA MAa€ BUIJIAL
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F(X) = (X —D)(x+ 2)(x - 2i)(x + 2i).

Ipuxnax 11. JloBecT HE3BIAHICTh MHOTOWICHA HaJ II0JEM
pamioHapbHUX uncen Q:

f(x)= x° —4x* +6x° —8x% —10x + 2.

Po3p’si3anns. Bci koedimientn muorounena ap =2, g =-10,
a, =-8, a3 =6, ay =—4 npinarecs Ha npocre uucino P = 2. Crapumii
KoedinieHT ag =1 He ainuThca Ha 2. BinpHuit koedilieHT ag = 2 He

: 2 . .

mimateess Ha P° =4. OTxke, 3a 03HaKOI EH3eHINTeHHa MHOTOYICH
f (X) mesBimnmii Hax Q.

KoHTpo/bHI 3anuTaHHsA

1. ChopmymroiiTe TeopeMy Ipo JIJIGHHS MHOTOYJIEHA 3 OCTayero
Ta ii HacIiAoK — TeopeMy besy.

2. 1llo Ha3uBalOTh KOpEHEM MHOroujieHa? Skuil MHOTOYJIEH
Ha3WBaOTh HE3BIIHUM?

3. ChopMyaroliTe OCHOBHY TEOPEMY aJIreOpH.

4, Slk po3knadgaroThCsAd Ha JIHIMHI MHOXHUKH MHOTOYJICHU
HEHYJIHOBOTO CTETICHS HaJ MOJIeM KOMIUIEKCHUX Yrcen?

5. Sk po3kiIamaroThCS HA MHOXXHUKH MHOTOYWICHH HEHYJIHOBOTO

CTEIEHS HaJ II0JIEM IIHCHUX Yncen?
Bupasu
1. Posainite muorounen f (X) i3 3anumkom va muaorowien ¢(X):
a) f(x)= 2x* +3x3 —4x% +5x -6, g(x) = X2 +3x—1;
6) f(x)=4x>—2x* +6x3+3x% —x—3, g(x)=2X>+2x+1;
B) T(X)= X3 —3x% —x—1, g(x) =3x% —2x+1.

2. Posminits i3 3aymmkom mHorowtern f(X) Ha X — Xy 1 o6unciTh

srauenns f(Xp):

a) f(x)= x* +2x3 —3x? —4x+1, Xg=-1;
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0) f(x)=x4—2x3+4x2—6x+8, Xo =1;

B) f(x):2x5—5x3—6x, Xg =—3;

r) f(x):3x5+x4—19x2—13x—10, Xo=2;

) f(x)=x5, X =1.

3. Busnaure kpaTHicTh KopeHs: Xg muorowieHa f(X):
a)f(x):x5—5x4+7x3—2x2+4x—8, Xg=2;
0) f(x)=x5+7x4+16x3+8x2 -16x-16, Xy =-2;
B) f(x):3x5+2x4+x3—10x—8, Xo =—1.

4. Po3kiaaaiTh MHOTOWIEHM HAa MHOKHHUKHA HaJ MOJIEM IIMCHUX
YHCeN Ta HaJ MOJEeM KOMIUIEKCHUX YUCEN:

a) f(x):x4—x3+4x—16;

0) f(x)=x4+x3—2x2—4x—8;

B) f(x):x4—5x3+x2+21x—18;

r) f(x)=x4+3x3+6x2+2x—12;

) f(x)=6x4—5x3—4x2+2x—1;

e) f(x)=10x* —11x> +14x°* + 23x +6.

5. JloBeniTh HE3BIAHICTH MHOTOWICHIB HAJl TOJIEM paIliOHATBHUX

YUCCJI.

a) f(x)=x4+8x3—16x2+4x—2;
6) f(x)=x°%—-9x*+36x° +6x-12;
B) f(x):x5+5x+9;

r) f(x):x4+x3+x2+x+1.
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Poznia 3. EnemenTH JIiHilHOI ajredpu

3.1. Aareépa maTpuunb

OCHOBHI NOHATTSH

[loHATTS MaTpulll € OJHUM 3 HAWUTOJIOBHIIIMX TOHSATH JIHINHOT
anreOpu 1 OCHOBHUM I1HCTPYMEHTOM MpPH BUBYEHHI CHCTEM JIIHIMHUX
anreOpaiunnx piBHSIHBL. [llUpoke 3acTOCyBaHHS TMOHATTS MaTpHUIll B
O0araTboX poO3/lJIax MaTeMaTHUKH Ta B PI3HUX OOJacTsaX Hayku ((izuiii,
TEXHIl1, IpOrpaMyBaHHl, €KOHOMILI, CTaTUCTHULI Ta 1H.) 3pOOMIIO HOro
MPEIMETOM CaMOCTIHHOI Teopii.

Mampuyero po3mipy MXN HA3UBAETHCS MPSIMOKYTHA TaOIHILT
yucea (M psAAKiB, N CTOBIYMKIB)

ay g e
aZl a22 T a2n (15)
aml amz amn

IS au c K, i:].,...,m 1 j=1,...,n.

Tyt K — Oynp-sxe unciose mose. Jlam po3rissgaTuMeMo MaTpuili
HaJ moJieM miiicaux yncen R.
Matpuiii 1no3Ha4yarOTh BEJIUKUMHU  JIATHHCHBKUMH  JIITepaMu

A B, C,... . EnemMenTu Marpuiii mo3Ha4aroTh ajj, e nepiuii ingexc |

BKa3y€ Ha HOMEp pAJKa, a IPYTHi iHIEKC | — HAa HOMEp CTOBIIYMKA, B
AKHX PO3MIIEHUH Ll eneMeHT. Hanpuknan, eIeMeHT dpz 3HAXOIUThCS

Y APpYIromMy pAAKY Ta B TPCTbOMY CTOBIITYHKY.

Koportkuii 3ammc marpuni: A=(a MHOXWHY BCiX MaTpPHIIb

ij )mxn :
po3Mipy MxN 3 koedilieHTaMu 3 MO JIUCHUX YKucen R mo3HayvarTh

Mat__ (R).

Sgxmo mM=n, 1o wmatpuns (15) Ha3UBa€TBbCA KBAOPAMHOIO

men €

mampuyero nopsoky N .
VY kBaapatHiil MaTpuili
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&1 8y . Gy
a21 a22 [N a2 n
a‘nl an2 e a‘nn

20JI06HOI0  01A20HANNI0 HA3MBAETbCA JA1arOHaNb d1,87,...,8p, BiA
JIBOrO BEPXHBOTO KyTa MaTpHIl JO NPaBOrO HIKHBOTO 1i KyTa.
llobiunow Oiaconannto KBaApaTHOI MaTPHIll HA3MBAETHCS JllarOHAJb
81, 8)(n—1)s+-» 8y Bi MPABOrO BEPXHBOTO KyTa 0 JIBOrO HUKHBOTO i
KyTa.
SIkmo M =1, marpumro (15) HazuBarOTh 6exmop-psiokom
A= (ay, a3 . 1),

a sixmo N =1 — gexmop-cmoenyuxom
a1
A=| 2

aml
Brenemo neski MaTpuill CrieliaibHOTO BUTJISTY.

1. Hynvo6010 MaTpuIEi0 HA3UBAETHCS MATPUIIS, BCl €IEMEHTHU SIKOT
€ HyJIbOBUMU:

0O O 0
0

0=
O 0 ... O

2. JliaeonanvHoto MaTPUIICI0 HA3WBAETHCA KBaJApaTHA MATPHIISA

D =(djj)nxn, HEHyNbOBi enemeHTH sKoi MOXyTh OyTH jmMue Ha

TOJIOBHIM JllaroHalll, a PellTa eIeMEHTIB MaTPUIl HYJIbOBI:
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d, O 0
5| 0 b 0
0 0 d

3. Skmo B JiaroHajdbHIA MaTpHIll TMOPSAAKY N BCl €JIeMEHTH

ronoBHoi miaronani d; =1, i=1,...,n, TO BOHa HA3MUBAETHCS OOUHUUHOIO

MaTpHUIEIO MOPSIKY N 1 TO3HAYAETHCA

1 O 0
1 0

E =
O O 1

4. Bepxuvor (HUMCHBLOIO) MPUKYMHOIO MATPUIICI0O HA3UBAETHCS
KBaJpaTHa MATPUIIS, Y SKOi BCl €IE€MEHTHU IIiJl TOJIOBHOIO J11arOHAJLIIO
(Ha/ TOJIOBHOIO J11arOHAJIIIO ) HYJIHOBI:

A Qp ... A,
0 a22 a2n
— BCPXHA TPUKYTHA MaTpULA,
0 O a,
a, O 0
a21 a‘22 O N
HWJKHS TPUKYTHA MAaTPHILIA.
anl an2 ann

5. Cumempuynoro MaTPUILICI0 HA3MBAECTbCA KBAApAaTHA MAaTPHIA
S = (&jj)nxn> Y fKOT &

j =aj A JOBUIBHUX 1, |, TOOTO MAaTPHIIS

CUMETPUYHA BITHOCHO TOJIOBHOI Jl1arOHaJl:
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&; ap Ay,
|8 8y ayy,
S =
ain a2n a‘nn
6. Ksaapatna MaTPHUIIL A= (aij ) HA3UBAETHCS

KOCOCUMEMPUYHOIO, AKWO AN JIOBUIBHUX |, | BUKOHYETbCSA PIBHICTH
8jj =—a;;. 3okpema, y KococuMeTpr4HOi Marpuui &; =—a; =0, 10610

BC1 €JIEMEHTH Ha TOJIOBHIM Jl1aroHai i JOPiBHIOIOTH HYJIIO:

0 a12 aln
—d 0 Ayn
—d, —a, 0
Hampuxkiian,
1 -1 0
A=|-1 2 4 |- cuMerpudHa MaTpuIld,
0 4 3
0O 1 -2 4
-1 0 5 -3
B= — KOCOCUMETpHUYHA MaTPHULIA.
2 -5 0 2
-4 3 -2 0

Onepauii Hag MATPULIAMHA

Ha MHOXWHI MaTpuilhb 3a MEBHUX yMOB, IO HAKJIaJAalOTHCS Ha
pO3MipH MaTpHUIlb, BH3HAYAIOTHCSA MBI aireOpaiuni omeparii —
JMOMaBaHHSA 1 MHOXEHHSA. TakoX BH3HAUYCHa oOImepallis MHOXCHHS
Matpuili Ha guciio A €R.
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OAHAKOBOI'O

mxn mxn

1. Cymoio mampuyb A=(aij) 1 B:(bij)

po3mipy HasuBaeThest Matpuil C = (C Taka, 110

ij)mxn
C;=a;+by, i=L..mi j=1..n.

Hanpuknan,

2 31 N 1 -5 1) 3 2 2
-1 0 4) (2 3 -4) 1 3 0)
Omneparrisi CcyMdu MaTpHIlh PI3HOTO PO3MIPY € HEBU3HAUCHOIO.

Bracmusocmi oooasanus mampuyw

Hexait A B,CeMat_ (R), O — HymsoBa Marpuist po3Mipy

mxn

mxn. Tomi:
1) A+B=B+A;
2) A+(B+C)=(A+B)+C;
3) A+O=A;

4) icaye (—A) taka, mo A+ (—A)=0.

2. [looymxom mampuyi A= ()., Ha uucio A € R nasupaerncs
marpuist A - A= (Aa.

ij /mxn *

Hanpuxian,

(-3)-/3 1]=|-9 -3
0 5) (0 -15

Bracmusocmi mnooicenns mampuyb Ha CKAJIAp

Hexait A,BeMat_ (R), O — nynsosa matpuns posmipy Mmxn.

Toni:
1) A-(A+B)=A-A+A-B, LeR:
2) (A+p)-A=A-A+u-A, A UER;

3)0-A=0;
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4)1-A=A;
5) (A-p)-A=X-(u-A), A, LER.

oxn HA3UBAETHCA

3. Hobymrxom mampuys A=(a; Ta B=(b;)

1] /7 mxs

marpuir C = (C Taka, 1o

ij)mxn
s -
Clj :kz_;[alkbkj’ |=1,...,m 1 j=1,...,n.

MHOX€EHHS MaTpHlb BHKOHYIOTh 3a IIPABUIIOM «PAOOK Ha
cmoenuuky. JIjig TOro mo0 OTpUMAaTH EJICMCHT C; matpuiii A-B
HOTPiOHO |- pANOK MaTpulli A «HAKIACTH» Ha | - CTOBIYUK MAaTpUIIi

B, BiAMOBiAHI €ICMEHTH MIEPEMHOKHTH 1 JOJATH OTPUMAaHI JOOYTKH.
Hampuxian,

1 3)(210) (1.2+3-:0 1.1+31 1.0+3-3)
2 0)l0 1 3) \2.240-0 2:1+40-1 2-0+0-3)

(2 49
4 2 o)

JloOyTOK MaTpullb BH3HAYCHHM, SIKIIO KITBKICTh CTOBIYHUKIB S
NEepIIoi MAaTPUI TOPIBHIOE KUIBKOCTI PAJKIB S APYroi MaTpHIli, 1HAKIIE
N00yTOK MAaTPHUIlh € HEBU3HAYCHHM.

MHOXEHHSI MaTpullb HE € KOMYTAaTHBHOIO OIEpalli€r, TOoOTo,
B3aram kaxyuu, A-B = B- A. [ilicHo, 1100 o0uaBa 100yTKH MaTpPHUIlh

A=(g;) i B=(b)

Aute HaBiTh y TakoMy pasi, B3araii kaxyuu, A-B = B- A. Hanpuxkas,

¢ _1).@=(_1), a @.(1 _1):@ :;]

JIoOyTOK KBaJipaTHUX MaTPUIb OJJHAKOBOTO MOPSAJIKY BU3HAUCHUUN

Oynu BU3HAUY€HUMH, Ma€e OyTh N=S 1 t=m.

mxn ° sxt

sapxkad. IIpore 1 mus KBagpaTHHX MaTpHIlb, B3araili KaXyudw,
A-B # B- A. Hanpukian,
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1000—00a0010—00
o0 oj{1 o) lo0o) (10)loo0) (1 0)
3a3Ha4MMO, 1110 ICHYIOTh MATPUII, Ui AKkuX piBHicTE A-B=B- A
€ cnpaBeiMBo0. B mpomy pasi matpumi 4 1 B Ha3uBaloTh
komymamuenumu adbo nepecmasnumu. Hanpukian, oJuHAYHA MaTPHUIL

E € nmepectaBHOI0O 3 OyJIb-KOK KBaJpPAaTHOK MAaTPUIICIO BIJIMOBIIHOIO
HOPSIIKY.

Bracmueocmi mnoswcenmns mampuyo

1.0-A=A-0=0, ne O — HynboBa MaTpuiis;

2. E-A=A-E=A, ne E — ogunnuna matpuiis;

3. A-(B-C)=(A-B)-C;

4. L-(A-B)=(L-AB=A-(A-B), AeR;

5. (A+B)-C=A-C+B-C, A-(B+C)=A-B+A-C.
BBaxaetncs, mo musa wmarpuis A, B, C,O,E Bci HaBeneHi

omeparlli € BA3BHAYCHUMU.

Hpuxnanx 12.

2 -1 0 0O -1 0
1) 5/-2 1 3 |-3 -1 2 -A4|=
5 4 A4 3 5 2

10 -5 O 0O 3 0 10 -2 O
=-10 5 15 (+| 3 -6 12|=|-7 -1 27
25 20 -20 -9 -15 6 16 5 -14

1 2 2 -1 1 0
-3 5 0 1 0 1
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Lo wlo 2o S5 )

Mpuxaan 13. OOuncnutu 3HAYEHHS MHOT'O4JICHA

f(x)= x> —2x% +3 Bin MaTpPHIIi

-1 2 3
A=|-2 5 3
2 -4 -2
Po3B’si3aHu1. 3amnumnieMo MHOT'OYJIEH BIJI MaTpHuili

f(A)= A3—2A%+3E, ne E - onuuuuna MaTpPHIISI TAKOIO0 CaMOro
HOPSAKY, SIK 1 MaTpuis A.

3Hai1IeMo MaTpHIli A2=A-ATta AS=A%.A,

1 2 3\(-1 2 3 3 -4 -3
A2=|-2 5 31|./-2 5 3|=|-2 9 3]
2 —4 —2)|l2 -4 -2 2 -8 -2

1 -2 3 3 -4 -3 1 0 0
f(A)=|-10 29 15 |-2./-2 9 3 |+3]0 1 0|=
10 -28 -14 2 -8 -2 00 1
4 6 9
=|-6 14 9
6 -12 -7
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Tpancnonoeanoro  mampuyero 0  Mmarpuui A= (aij )

.
HasuBaeThes MaTpuld A = (8j;) -

&y Qp . Ay, Ay 8y e @y
a a e a a e a
N N R
a‘ml am2 a‘mn aln a2n e amn

Bracmusocmi mpancnonysannua mampuys

1. (A" = A,

2. (A-B)' =B" - AT (sixwmo 106yTox A-B BusHaueHuil),
3. (A+B) =A" +B",

4. (A-A) =AAT, LeR.

EnemeHTapHi neperBopeHHss  pAAKIB 1 CTOBIYMKIB
MaTpullb

OsnaveHnHsl. Enemenmaphumu  nepemeopeHHAMU  NEPULO2o,
0py2020, mpemvo2o muny PSIAKIB (CTOBITYUKIB) MAaTPHIll HA3UBAOTHCS:

1) mepecTaHOBKA ABOX PAIKIB (CTOBITYHKIB);

2) MHOXKCHHSI JISIKOro psijKa (CTOBITYMKA) MATPHINl Ha JOBLIbHE

HEHYJIbOBE YHCIIO;

3) nogaBaHHS 0 JEAKOTrO psjaka (CTOBIYMKA) MATPHII IHIIOTO
psaka (CTOBIYMKA) TIOMHOXKEHOTO Ha JOBUIBHE YHCIIO.

JIBi Matpuiii A 1 B po3mipy M XN Ha3UBAIOThCS eKBI8ANIEHMHUMU,
SKIIO OJIHA MATPHIII OTPUMaHa 3 1HIIOI 3a JOIMOMOTOI eJIeMEHTapHUX
NEePETBOPECHD PSIAKIB 1 CTOBMYMKIB. EKBiBajgeHTHICT, MaTtpuiltb 4 1 B
no3Hayaote A~ B.

3aznaunmo, ko A~ B, To cnpaBemmBoi B ~ A.

Teopema 8 (Aaropurm I'aycca). JloBiIbHY HEHYJIBOBY MaTPHIIIO
A=(a;)

MOXHA 3BECTH JI0 «MpaneyicnodibHo2oy BUTISIAY:

mxn CJIEMEHTapHUMHU IEPETBOPEHHSAMHU PSAIKIB 1 CTOBITYMKIB
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1 0 s 0 f1,r+1 coe fln
1 ... 0 f2,l’+1 fzn
00 - 1 1:r,r+1 frn ' (16)
0 0 . 0 0
00 ..0 O 0

ae 0 <r <min(m,n).

JoBenennsi. Hexait

&1 & . Ay,

a a a
A _ 21 .22 2n

aml am2 amn

€ HEHYJIbOBOIO MAaTPULIEHO.
Ockinbku MaTpulls A HEHYJbOBa, TO MEPECTAHOBKOIO CTOBITYHUKIB
1 psnkiB matpuili A MOXHA OTpPHMAaTH CKBIBAJICHTHY MATPHINIO

A= (&) mxn» ¥ #K0i &y #0. Tloginumo mepummii psigok Matpuui A Ha
d,. Hami s xoxworo |1=2,3,....m no |-ro psagka nomamo

OTPUMAaHMH MEPIINI PIJOK IIOMHOXEHHI Ha —4d),. JlicTaHeMo MaTpuIIo

1 b, .. by
o |0 by by | )
0 b, ..b.

ﬂKH_IO MarpunAa B micruts HGHYJ'IBOBi CJIICMCHTH JIMIIC B IICPIIOMY

pAOKY, TO BOHa BXe € TpamerienoaiOnow. B iHmomy pasi cepen
CJICMEHTIB bij, I, ] =2, e nenymboBuii. IlepecTaHOBKOIO CTOBITUMKIB

KpiM Tepmoro) i paakiB (kpiM nepmoro) i3 marpuii B moxHa
p p p p p p

OTpHMAaTH €KBIBAJICHTHY MATPHIIIO
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1 b12 bln
é _ 0 b22 b2n 1
0 62m an

~

B sikiit b,, # 0. IToxinumo Tenep yxe apyruit pagok marpuui B Ha b,,, a

notim s koxkaoro | =3,4,....m no |-ro psagka momamo orpumanmii

~

APYTHi PSIOK, TIOMHOXKEHHH Ha —D),. JlicTaHeMO MaTpHItO

1 ¢, G3 - G
1 C,; ... Cy

C=[{0 0 cy .. C (18)
0 0 ¢, .. C

SIkmo cepesy enemeHTiB  Cjj, Ae I,] >3, € HeHymbOBi, TO

BUKOHYEMO aHAJIOTI4YHI MEePEeTBOPEHHS Aaii JUIisl PAIKIB 1 CTOBMYHUKIB 3
HOMEpaMu > 3, MOKU HE OTPUMAEMO MATPHIIIO BUITY

1 dlZ dl,r—l dlr dl,r+1 d1n
1 d2,r—1 d2r d2,r+l d2n
D= O O 1 dr—1,r dr—l,r+1 dr—1,n . (19)
0 0 .. O 1 dypy o d
0O 0 .. 0 0 0 0
o 0 .. 0 0 0 0

[Ticms mporo 3poOMMO Hym HaA OJWHHMIFIMH Ha JIlarOHAall.
Cro4aTtky poOMMO HYJ B I -My CTOBITYHKY. I LBOrO I/ KOXKHOTO
| =1,2,....,r=1 no l-ro psaxa marpuni D gomamo i r-mii psmok,

MOMHOKEeHHH Ha yncio —d, . OTpuMaeMo MaTpHIO
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1 d12 1r-1 0 d I1,r+1 '1n
1 d2,r—1 O d I2,r+1 d I2n
D. _ O 0 1 d Ir—l,r+1 d 'r—l,n
O O 1 dr,r+l drn
0O O 0 0 0 0
o 0 .. 0 0 0 0

Hani pobumo Hyndi Haj I1aroHauno B (r —1)-My CTOBIYMKY. J[nd
koxkaoro |=12,..,r—2 no l-ro pagka marpuni D' momaemo ii
(r—1)-it psanox, momuoxenmit ma —d, ;. 1 Tak pam. 3pewroro,

OTPpUMAEMO MATPUILIIO

0O O fLr 1 e f1n
0O O f2,r W e f2n
O 0 .. 1 O fr—l,r+1 fr—l,n (20)
O O O 1 fr,r+1 1:rn
O 0 .. 0O 0 0
O 0 .. 0 O 0 0
sIKa Ma€ TPaIenieno iOHuN BUTIISII. u

[Tpouec 3BeacHHS MaTpuili A [0 TpamemienoaiOHOro BHIJISAY
Ha3UBAEThCS aneopummom Iaycca. OnucaHa B JOBEICHHI TEOPEMHU
HOCTIIOBHICTh i IpH Iepexoni Bim mouaTkoBoi Matpuii A 10
Matpuili (19) HasmBaeTbcs npsamum xooom aneopummy Ilaycca, a
HOCIIOBHICTD Jiki mpu mepexoxi Bia marpuni (19) no marpumi (20) —
obepHeHuUM x00om aneopummy I aycca.
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Hacuainok 1. SIkmio 3actocoByBaTH eJeMEHTapHI MEPEeTBOPEHHS

IMWe PAIKIB MaTpuli, TO J0BiIbHY Martpuuio A= (&jj)mun micns

npsiMoro Ta oOepHEHOro xojy anroputmy l[‘aycca MokHa 3BeCTH 10

«mpaneyienodibHo-cxioyesoi» MaTPHIIL.

A Ay oAy 0 A, . @, o« 0 o3
0 0 o 0 @ypn Rpo o B, « 0 .y
0 00 0 0 O 0 B pg o Ay | (D)
0 0 0 O 0 0 0 0 0
0 0 0 O 0 o o0 o0 .. 0 .. 0
Ji€ MiAKPECICHI IEMEHTH &1, @y g+ - -+ Sy 4q BUAMIHHI BII HYJISL.

ITpm npomy ymcna N, N, — N, ..., N —N_ — TOBKUHH CXOAMHOK, 11O

MOXXYTh MaTH 3Ha4eHHS Bim 1 10 N. SIKII0 JDOBXHHHM BCIX CXOJMHOK
JOPIBHIOIOTH 1, TO B pa3zi M =N oTpUMYy€EMO JiaroHajdbHy MaTPUIO, a Y
pa3i M>N Taka MaTpulll MaTUME 1€ ¥ HyIbOBI psaaku. Ta AKIIO
JTOBXXKWHHM BCIX CXOIWHOK, KpIM OCTaHHBOI, MJOPIBHIOIOTH 1, TO
orpumyemo MaTpuilto Buay (16), y sikoi I <N,

Hacainok 2. [IoBiIbHY  HEHYJIbOBY  KBaJApPaTHY  MaTPHIO
A=(a;)

MO>KHA 3BECTH JI0 BEPXHBHOI TPUKYTHOI MaTPHIIL:

n CIEMEHTAPHUMH IEPETBOPEHHAMHU PsAIKIB (CTOBIYHUKIB)

tll t12 te t1n
0 t t

2 "t eR, (22)
0O O t

o1



KoHnTpoJbHi 3anMTanHs

1. o Take maTpura? Ski € BUAU MaTPUITh?

2. Sk BU3HAYAIOTh OIlepallil J0JaBaHHS MAaTpUllb, MHOXKCHHS
MaTpHIll Ha YUCJIO Ta MHOKEHHS MATPHUIh?

3. Illo Ha3WBawTh e€JIEMEHTAPHUMH TEPETBOPCHHAMHU PSIKIB
(CTOBITYMKIB) MaTpHUIIi?

4. B yomy mnossrae anroputMm [aycca 3BeleHHST MaTpHIll 10
«TPANeIienoaI0HOr0Y BUTIIA LY ?

Bupasu

1. O0uucHiTh BUpAa3:

o5 26 o) ol G 3

1 -3 2\(2 3 -4 2 -1 3)(1 -5 3
|3 -4 1|1 0 4|pl1 3 0[|3 1 2
2 5 3)(-3 5 -2 3 4 5)|-4 2

1 2 7 1 6
nl-3 0 1|2 =3
2 -5 2)\{-1 2

2. O6GuuCHiTh BUPA3:

1 1}” (2 —1}” [x 1}”
a) ,0) , B) .
0 1 3 -2 0 A

coso. —sina )"
,neN

r)| .
SIna CoSa

3. 3HaiiAiTh BCl MaTpPHUIIi, IEPECTAHOBOYHI 3 MAaTPHUIICIO:
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o O O
o O =

1 0 1 2 310
a) 0) , 8|0 3 1|
0 1 3 4
0O 0 3

4. 3HalIiTh 3HAYCHHS MHOTOWIeHa | (X) Big marpuni A:

o r O O

o O +— O

a)f(x):x2—3x+5, A:(2 1);

-3 4
1 3 -4
0) f(x):x3+2x2—x+6, A=0 -2 -1|.
5 0 1

3.2. CucreMu JiHiHHUX PiBHAHb

OCHOBHI IOHATTHA

Cucremoro M miHiAHUX piBHAHE 3 N HeBimomumu (CJIP)
HA3WBAETHCS cUCTeMa M PIBHOCTEH

allxl +a12X2 +...+ alan = bl’

a21X1+a22X2 +...—|—a2an :bz, (23)

ae Xy Xpye Xy — nesioomi abo sminni, & € R, 1=1...m, j=1..n -
Koegiyicumu cucTeMu NiHIMHUX piBHsAHB. D €R, 1=1...m — siroui
YjIeHU.

SAkmo M=N, TO cucTeMa JIHIHHUX PIBHAHb HA3UBAETHCS

keaopamuoro. Skio Bci bi =0, To cHmcTeMa HIHHUX PIBHSAHb

HA3UBAETHCSI 0OHOPIOHOI0, B THIIIOMY Pa3l — HeOOHOPIOHOI0.
Posze’sizkom CJIP (23) y mom R Ha3uBaeTbcs Takuii HaOip

(0g,0l9,...,0,) 3 N gHCEnT OLy,0y,...,0y € R, 10 micast migcTaHOBKH B
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CUCTEMY IIMX YHUCEJ 3aMiCTh BIANOBIZHO HEBLAOMUX X, X5,..., X,

OTPUMAEMO TIPaBUJIbHI PIBHOCTI.
Cucrema JIIHIMHUX PIBHSHb HA3UBAETHCA:
— CcyMICHOI0, SIKIIIO BOHA Ma€ Xo4a O OA1H pO3B’SI30K;
— HecyMIicHO10, IKIII0 BOHA HE MA€ KOJIHOTO PO3B’A3KY;
— BU3HAYEHOI0, SKIIIO BOHA MAa€ TOYHO OJIMH PO3B’SI30K;
— HeBU3HAa4eHO!0, SIKIO BOHA Ma€ O1IbIlie OJHOTO PO3B’SI3KY.
JIB1 cucTeMu JIHIMHUX pPIBHSHb HA3UBAIOTHCS €KGIBAIEeHMHUMU
a00 pigHocunbHUMU, SIKITIO BOHU OOMIBI CyMiCHI a00 00U/[BI HECYMICHI I
y pa3i CyMiCHOCTI MalOTh OJJHAKOBI MHOXKUHH PO3B'S3KIB.
Ocnoenolo  mampuyelo  cucmemy  JIHIAHUX — piBHAHL  (23)
HA3UBAETHCSA MATPUIIA

all a12 a.ln

a a oo da
A— 21 22 2n

dnm1 Ap2 - Ay

Yucna, 1O CTOATh B NPaBMX dYacTUHAX cuctemu (23), yTBOPIOIOTH

oy
b2

BEKMOP-CMOBNYUK ) = BUIBHUX YJICHIB.

bm
ManI/II_ISI CUCTCMH, JOIIOBHCHA CIIpaBa CTOBIIYUKOM BUJIBHUX

tI.]'ICHiB, HaA3UBAETHCA PO3UIUPEHOIO MAMPUYEIO CUCIMEMU .

d, dp .. dy | Db
* a a .. a b
P R . 2n )
8 an2 - &nn | By
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ko X = — BEKTOp-CTOBMYHUK HeBigomux, To CJIP (23)

Xn

MO’KHA [TOIATH B MAMPUYHOM) BUTIIAL:

A-x=b. (24)

Enemenmapnumu nepemeopennsmu CJIP Ha3uBaroThbcs Taki ii
MEPETBOPCHHS:

1) mepecTaHOBKA JBOX PIBHSHD CHCTEMU;

2) MHOKEHHS ICAKOTO PiBHSHHS CHCTeMH Ha 9ncio A # 0 ;

3) AoaBaHHS O OJHOTO 3 PIBHSIHB CHCTEMHM IHIIOIO 1i PIBHSHHS,

IIOMHOKEHOTO Ha JESKE YUCIIO A .

Akimo BiAg OJIHIE] CUCTEMM JIIHIMHMX PIBHSHB JI0 1HIIOI MOXHA
MEepedTH 3a JIOMOMOTrOI0 CKIHYEHHOI ITOCTIOBHOCTI €JIeMEHTapHUX
NIEPETBOPEHB, TO TaKi CUCTEMHU JIIHINHUX PIBHSIHB € PIBHOCWJIBHIMHU.

3ayBakMMO, LIO0 €JIEMEHTAPHUM IepeTBOpeHHsIM piBHsAHL CJIP
BIIMOBIZIAIOTh TaKi caMl €JIEMEHTapHI MEPETBOPEHHS BIJIMOBIIHUX
psankiB posuupenoi Matpuiil 1iei CJIP, 1 HaBmaku. Tomy cripaBeinBuM
€ TaKe TBEPHKCHHSI.

TBepmxenns 1. Sxmo posmmpeni wMarpuui aBox CJIP
eKkBiBaJICHTHI, TO BiA10B1AH1 CJIP piBHOCHIIBHI.

Metona I'aycca po3B'si3yBaHHSI cCTeM JIIHIHHUX PIBHSAHb

MeTton MOCIIIOBHOTO BUKIIOYEHHS HEBIIOMHUX 3 CHCTEMU
JTiHIAHUX  piBHAHB (23) 3a J0ONOMOrOK TaKMX  €IIEMEHTapHHUX
NEePETBOPECHDb PIBHSAHB, MO0 [JI1 OTPUMAHOI EKBIBAJICHTHOI CHUCTEMH
MOkHa Oyio Oe3mocepeqHbO BUIMCATH 11 PO3B’SI3KM (SIKIIO BOHH €),
Ha3uBa€ThCsl Mmemodom laycca. Meron Taycca € wmerogom
pO3B'sI3yBaHHS CUCTEM JIHIMHUX PIBHSHb 3arajlbHOr0 BUIJISAY, TOOTO
KUIBKICTh PIBHSHH CHCTEMH MOXXE HE JOpPIBHIOBATH KUIBKOCTI
HEBITOMUX.
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EnemeHnTapHuM MepeTBOPEHHSIM pPIBHSHb CHCTEMHU (IIPU  SKUX
cUCTeMa TMEpPeXOJuTh Yy PIBHOCWIBHY) BIANOBIJAIOTh €JIEMEHTAPHI
NEPETBOPEHHS PAJNIKIB ii po3mMpeHoi Matpuul. Tomy, mo0 po3B’s3aTu
CUCTEeMY JIIHIMHUX PIBHSIHbL MeToJoM I['aycca, moTpiOHO 3amucatu
pO3LIMPEHY MAaTPUII0 CHUCTEMH Ta 3a JIONMOMOTOI0 €JIEMEHTAPHUX
MIEPETBOPCHD PAMKIB MATPHUIll TIEPETBOPUTH PO3IITUPEHY MATPHUIIIO TaK,
00 OCHOBHAa MAaTpulll CHCTEMH Majla TpareuienoaioHo-cXiIeBui
Burisg (21), ToOTO 3acTocyBaTH anroput™M laycca Juis 3BEICHHS
OCHOBHOI MAaTPHIll CUCTEMHU IO TpPameIlenoi0HO-CX1IIeBOT0 BUTJISIY.
JlomaBmm TMEpecTaHOBKH CTOBITYMKIB, OCHOBHY MATPHII0 CHCTEMHU
MOJKHA 3BECTH J0 Tpamnemienogionoro Bursiay (16). 3a3Haummo, 1o
MEPECTaBISAIOUYN CTOBMYUKKA B OCHOBHIM MaTpHIll CHUCTEMH, MOTPIOHO
nepeiMeHOBYBATH 3MiHHI.

Ha npakrtuii, po3’s3ytoun CJIP, cTOBIYMKHY B OCHOBHIN MaTpuIll
CUCTEMH 3a3BHYali HE IepecTaBisAOTh. [IpoTe, s HaOYHOCTI
po3B’s3anHa CJIP B 3araibHOMy BHIJISIZII BBaXKalOTh, IO MEPECTAHOBKHU
CTOBITYMKIB B OCHOBHIN MaTpHIll CHUCTEMHU 3IIMCHIOIOTHCS W OCHOBHA
MaTpPHIISI CHCTEMH 3BOJIUTHCS 70 BUIIIsiay (16).

3rigHo 3 metoaoM ['aycca posB'szanns CJIP micnst npsamozco xo0y
aneopummy  laycca  po3MMpEeHOI  MaTpUIll  cUCTeMH  (ImiCis
NICPECTaB/ISIHHS CTOBIYMKIB Ta mepeiMenyBaHHs 3minHux) CJIP (23)

3BOJIUTHCSA JI0 €KBIBAJICHTHO1 mpaneyicnodiono-cxioyesoi CIJIP

+o.+dyx =D,
X+t 0y X +d, X+ +dy X =Dy,

r+l1

X + X, +o+dy X +dy X

< Xr +dr,r+1xr+1+"'+drnxn :b;’ (25)
O:b;+l’
K 0=b_,

pO3IIMpPEHA MATPHUIISI SKOI € TparemienogioH0-CXIiAIEBOI0 MAaTPHIICIO.
OcHoBHa Matpwuils cucteMu Mae Burisig (19).
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TBepmkennss 2. fkmio B TpamemienogioOHO-CXiANEBIN cUcTeMi

(25) xoua 6 ommur 3 b #0, r+1<i<m, o cucrema JTiHIHHUX PiBHSIHb
(23) He mae po3B’s3Ky, TOOTO HecymicHa.

Hiicno, Hexait nesxuit b, #0, r+1<k <m. Toxi matumemo

PIBHSIHHSI

0-% +0:-Xy+---+0-x,=b, 0. (26)

3sigcu 0 =Db,, mo cynepeunts npunymenso b, # 0.

Teopema 9. Cucrema JiHiIHHUX piBHAHB (23) cymicna Tomi i
TIIBKA TOAI B  TpamerienoaioHo-cxiamesiii cuctemi  (25) Bci
b =0, r+i1<i<m.

HiiicHo, sixmo CJIP (23) cymicHa, TO 3 TBep/PKEHHS 2 BUILIHMBAE,
mo cucrema (25) He nosuHHA MicTuTH pisHsHb Burasry 0="h, (b #0),

r+1<k<m.
Hexaii B TtpameumienomiOHo-cxifmeBiii  cucremi (25)  Bci
b, =0, r+1<i<m. 3puificaioroun obeprenuii xin anropurmy Iaycca

JUTS pO3IIMPEHO0T MaTpulli cuctemu (25), orpumaemo ekBiBaieHTHy CJIP

-

X + T X ot B X =0y

r+l

X2 + 1:2,r+1Xr+1 Tt onXn = h2’

L Xr + fr,r+1Xr+1 Tt 1:ran = hr !

OCHOBHA MaTpPHIIS sIKOT1 Mae Tpanerienoaionuit surisy (20).
Jiis CJIP (27) MoIuBI [iBa BUTIAIKH.
1.V Bunanky, koiu I =N, CJIP (27) mae BUrIsizn

-

Xlzhl’
X, =h,,
$
KXn = I‘|n.

To6to CJIP susnauena i mae equnmii po3s'szok (hy,h,,....h,).
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2. Y Bunanaky, koau I <n, CJIP (27) mae I' HEHYJIbOBUX PIBHSHB,
111 MO’KHA MEpEeNHCcaTH TaK

Xl - hl - 1:1,r+1xr+1 T 1:1nxn’
) Xy = hZ - 1:2,r+1Xr+1 T 1:2an’ (28)
Xr - hr - fr,r+1Xr+1 T 1:ran'

K1 BHU3HAYAIOTHCS

X.. B

r+lr1n

Mu orpumanu 3Ha4deHHS [ HEBIIOMHX X,..., X,
CIIBBIIHOIICHHSMH Yepe3 HEBIJIOMI, IO 3AIMINHIACH X
[IbOMY pa3l HEBIAOMi X,...,X, Ha3MBAIOTbCA 106 A3GHUMU, & HEBIIOMI
X 11000 X, — 6L16HUMU. BUIBHUM HEB1IOMHUM MOXKHA HAJaBaTH IOBLIbHI
JIACHI 3HAYEHHA: X, 1 = C 1.0y X, = €. JIJIs1 KOKHOTO 3a1aHOr0 HabOpy

3HaY€Hb BUIbHUX HEBIJIOMHUX 7106 A3aHi HEBIAOMI BHU3HAYAIOTHCS

OTHO3HAYHO:
X = hl o 1:1,r+1cr+1 T _flncn’
Xp =Ny = Tp €1 == SonCs
1% = hr - 1:r,r+lcr+l _"'_frncn’ (29)
Xr+1 - Cr+1’
\ X, =C,.

Taxkum yunom, CJIP nesusnauena, mae HECKIHYEHHY KUIbKICTb
po3B’s3kiB (29).

Po3B’s130x HeBu3HaueHoi CJIP, 3anmucanuil y BUIIISIAI PIBHOCTEH
(29) abo Habopy

(hl o 1:1,r+1cr+1 _"'_flncn; "';hr _fr,r+10r+1 _"'_frncn' Cri ""Cn)

13 JOBUIBHUMH  mapaMeTpaMH  C,,1,Cr.0,..Cy, € R,  Ha3uBaroTh

r+l:
3a2anvHum po3e'asxom HeBuzHaueHoi CJIP.
MHoxuHa po3B'sa3kiB HeBu3HaueHoi CJIP mae Bursg
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{(hl - fl,r+lcr+1 _"'_flncn; "';hr _fr,r+1€r+1 _"'_frncn’ Cr i1 ""Cn) |

CrisC .c, €R}.

r+1r~r+21"

Yacmunnum po3s’azkom HeBuzHaueHol CJIP Ha3uBaeThCs KOKHUIN
PO3B’A30K 3 HECKIHUEHHOT MHO>KMHH PO3B'SI3KIB.
3ayBaxkumo, ockiibku CJIP no Burisimy (25) MoXHa 3BOJAMTH IO
pi3HOMY, TO BHOIp MOB’si3aHUX HeBigomux HeBu3HaueHoi CJIP, B3arami
KaKY4d, € HEOJJTHOBHAYHUM. AJie KUIbKICTh OB’ SA3aHUX HEBIJOMHUX BiJ
croco0y 3BEJEHHS MAaTpUIll JI0 TPANEIeNnoAIOHOTO BUTJSIY HE
3aJIeKUTh, 1 TIOPIBHIOE KUIBKOCTI HEHYJIBHOBUX PSAJIKIB OCHOBHOT MaTpHIII
CUCTEMHU TIICIIs IPSAMOTO X0y anroputmy ["aycca.
Ipukaang 14. Po3s'a3aTtu cucrteMy JIIHIMHUX PIBHAHb METOIOM
l'aycca
2% + Xy — X3 = 2,
3% + Xy —2X%3 =3,
X + X3 = 3.

Po3B’s13aHHA. 3anuiiemMo po3MMpPEHy MaTPUIIO CUCTEMHU

2 1 -1|2
3 1 2|3
1 0 1]3

3BeIeMO MATPHUINIO J0 CXIIIEBO-TPANEIIENOAIOHOTO BHUTIIAIY 32
JOTIOMOTOI0 €JIEMEHTapHUX TEPETBOPEHb PsAKIB. IlepecTaBuMo psaku
MaTpulll 1 OTPUMAEMO

1 0 113
2 1 1|2
3 1 2|3

Jlo npyroro psiaka n0JaMo MepHIdid psJioK, MOMHOXEHUN Ha (—2), a 10
TPETHOIO Ps/IKa JOJAAMO MEPIIUM PSAOK, TOMHOXEHUM Ha (—3):

1 0 1] 3
01 3|4
0 1 -5|-6
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Jlami 10 TpeThoro psaKa 10JaMo IAPYTUN PsJIOK, TOMHOXKEeHUH Ha (—1):

1 0 1] 3
0 1 3|4
0 0 -2|-2

: 1
[ToMHOKHUMO TPETIH psIOK Ha (—E):

1 0 1] 3
01 3|4
00 1|1

Mu 3poOunu npsamuil xig anroputmy ['aycca. Cucrema JiHIAHHX
PIBHSIHb CYMICHA, OCKUIBKM Y PO3IIMPEHIM MAaTpulll HEMae PSAIKIB, Y
SAKUX 3]11Ba BiJI PUCKHU CTOSITh HYJIBOBI €JIEMEHTH, a CIIpaBa BijJ PUCKH
HEHYJIbOBE uKciio, To0To CJIP He MicTUTh piBHSIHB BUaY (26).

Jlami BuUKOHyeMO oOepHeHUM Xin anroputMy Il'aycca, TOOTO
poOMMO HyJII HaJ AlarOHAJUII0 OCHOBHOI maTpwuill. JIJIsi mporo TpeTiit
PAIOK MaTpHUIll MOMHOXKMMO Ha 3 1 J0AaMoO 10 JPYroro psiaka Ta
MOMHOXXHUMO TpPETiH psiiok MaTtpuill Ha (—1) 1 JogaMo 10 MEpIIoro

psaKa:

1 0 0] 2

01 0f-1}.

0 0 1|1

Takum yrHOM, CMCTEMa HaOWpae BUTIISILY

X =2,
X, =-1,
Xy =1.

OTxe, cucTema JIIHIMHUX PIBHSIHb € BU3HAYCHOIO, a ii €JUHUM
po3B’A3KOM € X, =2, X, =—1, X; =1.

Bukonani B mpukiaal eleMeHTapH! MEePETBOPEHHS PO3IIUPEHOT
MaTpUIll CUCTEMH 3PYYHO 3aIMCYBaTH TAaKUM YHHOM:
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2 1 1|2 1 0 13 1 0 1] 3
3 1 -2|3|~|]2 1 -12|~|0 1 3| 4|~
1 0 13 31 2|3 0 1 -5|-6

1 0 1| 3 1 0 1] 3 1 0 0| 2
~0 1 3| 4|~10 1 3] 4(-{0 1 O0|-1}.
0 0 2| -2 0O 0 1|1 0 0 1|1

Ipuxknax 15. Po3p'szatu cucremy JMHIMHUX PIBHSIHb METOIOM
["aycca
2%, +3X, — X3 =3,
—4X, + X, +6X; =1,
—2X, +4X, +5%X; = 7.

Po3B’si3aHH4A. 3anUIIeMO PO3IMIKUPEHY MATPUIIO CUCTEMHU

2 3 -1|3
-4 1 6|1/
-2 4 5|7

Jlo nmpyroro psaka 104aMo NEPIIni pAI0K, IOMHOXEHUN Ha 2, a 110

TPETHOI'O pAAKa 104aMO nepumﬁ pPAOOK:

2 3 -1, 3
0 7 4|7
0 7 410
Jlo TpeThoro psaka 104aMo Ipyrui psiaoK, IOMHOKeHu| Ha (—1):
2 3 -1|3
0 7 4|7]
0O 0 0|3

Taxkum 9UHOM, TPETE PIBHSIHHS CHCTEMH HaOWUPaE BUTIISITY
0-%+0-%x,+0-%x,=3.

KUIBKH 1€ PIBHSHHSA HE M B SI3KIB HECYMICHOIO.
Ocki e pl e Mae po3B’sa3kiB, CJIP € HecymMmicHOIO
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Ipuxknanx 16. Po3B’s3aTu cuctemy JHINHUX PIBHIHB
2%, —3X, +2X5 = =2,
3% —4X, + X3 = 2.

Po3B’s13aHHsA. 3anuiiemMo po3MUpPeEHY MaTPULIIO CUCTEMH:

1 -1 -1| 4
2 3 2| -2
3 4 1| 2

Jlo apyroro psiika J10JaMo MEpIIUi psiAOK MOMHOXKEHUN Ha (—2), a 10
TPETHOTO PsIIKA AOJAMO MEPIINM psAIOK TOMHOXKEHUH Ha (—3)

1 -1 1| 4
0 -1 4 -10
0 -1 4 -10
Jlo TpeThoro psijKa 10JaMO IPYTUil psioK NOMHOKeHUM Ha (—1)
1 -1 -1 4
0 -1 4 -10
0O 0 O 0

Mu BukoHanu npsmuit xin anroputmy ['aycca. CJIP HeBu3HaueHa,
OCKIJIbKH PO3IIMPEHA MATPHIISl CUCTEMH Ma€ J1Ba HEHYJIbOBI PAJIKH 1 TpU
HeBigomi. Slkmo micas  mpsMoro  Xoay — anropurmy  [aycca
TpamnemienoaioHo-cxianesa marpuns (21) mae I' HeHyJIbOBUX PSIJIKIB,
a0o mo Te came Mae I' CXOIWHOK, TO KUIBKICTh IOB'I3aHUX HEBIJOMHX
nopiBaroe I (r >1). [To’s3anHi HeBigOMI MOTPIOHO OOMpATH 3 PIZHHUX
CXOJUHOK Tpanemienomaiono-cxianesoi marpumi (21). 3a mnoB’s3aHi
HeBiIOMI  BuOepeMo X, X,. Bubip  mOB'A3aHMX  HEBIAOMHX

HEOJHO3HAYHUM. [ OTpMMaHOI MaTpuil 3aMiCTb X, MOXHa Oyno O
obpatu x3. [lam BukoHaeMo oOepHeHuil xia anroputMmy I'aycca. To6To B

MaTpuIll HaJ OB’ I3aHUMH HEB1JIOMUMU 3pOOHMMO HYI.
Hpyruii psiiok moMHOkUMO Ha (—1) Ta J01aMO /10 TIePIIOTO:
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1 -1 -1 4 1 0 5|14
0O 1 -4|10/~10 1 4 /10|,
0O 0 0|0 00 0|0

Takum ynHOM cucTeMa HaOUpae BUTIISILY

X —5X; =14, . X, =5X; +14,
x2—4x3:10aO X, = 4%, +10.

HeBimomi X, X, € IOB’S3aHUMHM HEBIJOMUMH, & X; — BLIbHE
HeBiome. BUIbBHOMY HEBIIOMOMY X, HaaaMoO JOBUIBHE 3HAYCHHA
X; =c;€R. CJIP mae HeckiHUEHHY KUIBKICTb PpO3B'SI3KiB, TOOTO €

HEBU3HAYEHOIO. [i 3arajibHuUii po3B’ 430K Mae BUTIIA]

X, =5c,; +14,
X, =4c; +10,
X, = Cs.

Muosxuna po3s’s3kiB CJIP: {(5c, +14; 4c, +10; c;)| c;eR}.
Mpukaan 17. Po3p’s13atu cuctemy JiHIMHUX PIBHSHb
=X, — X, +2X; +2X, =—-3;
Po3B’si3annsa. Cuctema JHIHHUX PIBHSIHb MAa€ YOTUPH HEBIIOMI
Ta TP PIBHSHHS. 3alHIIEMO PO3IIUPEHY MATPHUIIIO CUCTEMH Ta 3BEAEMO

MaTpUIl0 J0 TpamneuienoaioHO-CXiIIEBOTO BUJY 3a aJrOPUTMOM
l"aycca:

2 4 -3 -1|5 -1 -1 2 2|3
-1 -1 2 2|-3|~{2 4 -3 -1|/5 |~
3 5 -5 3|8 3 5 -5 3|8
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-1 -1 2 2|3 11 -2 2|3
~10 2 1 3|-1(~|0 2 1 3 |-1].
0 2 1 3|-1 0 0 0 0O

OcCKUIbKM TICHS MPSMOT0 X0y ainroputmy [aycca 3aidmimioch
JIBa HEHYJIBOBUX PSAIKH (200, IO TE X came, JBa PIBHSIHHSI B CHUCTEMI),
TO CUCTEMA JIIHIMHUX PIBHSHb € HEBU3HAUCHOIO 1 MA€ JiBa MOB’SI3aHUX

HeBinomux. Ob6epeMo X, Ta X; 3a NOB's3aHl HeBlgoMI. Toxl HeBlgOMI, 1O
3aJIMIIAINACE X,, X,, € BIIbBHUMHU HEB1IOMUMHU.

3a3HaunMo, 1110 BUOIp MOB’sI3aHUX HEBIJIOMHUX B I[bOMY MPHUKIIA],
K 1 B mipukiaal 16 € HeolHO3HAYHMM: 3a MOB'A3aHI HEBIIOMI MOHA

BUOpaTH TaKOXK X, Ta X, a0o X, Ta X,.

Jam BUKOHaemMo oOepHeHuU Xia anroputMmy [aycca, ToOTO Haj
oOpaHMMHU NOB’SI3aHUMH HEBIAOMHUMHU (€ 11€ TOTPiOHO) 3pOOMMO HYJI1 B

MaTpHIIi:
1 50 4|1
0 2 1 3|-1|.
0O 00 0|0

3anumeMo 3arajibHui po3B’ 130K HeBu3HaueHo1 CJIP, BpaxoByroun
BUTJISIT] OTPUMAHO1 PO3IIMPEHOT MAaTPHUIll CUCTEMH:

X, =¢C,, X, =¢C,,
J7E a6o 4 - c,, ¢, €R.
X =—2X, —3%X, -1, Xy =—2¢, —3¢c, -1,

Mmuosxuna po3B’s3kiB CJIP mae Burisn

{(-5¢c, —4c, +1; cy; —2¢) =3¢, =15 ¢4)|cy,cs €R}
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Ipuxnan 18. Po3B’s3aTu cuctemy JHIMHUX PIBHIHB
Xy +4xy +2x3 —3x5 =9,
2% +9xy +5x3 +2x4 + x5 =0,
Xg +3xy + X3 —2x4 —9x5 = 6.
Po3p’sa3anns. CucteMa JiHIMHUX PIBHSAHb Ma€ I'STh HEBIIOMUX 1
TPHU PIBHSHHS. 3alUIIEMO PO3LUIUPEHY MATPUIIO CUCTEMH Ta 3BEIEMO

MaTpUII0 3a alropuTMoM laycca 10 TpamerienoaioHo-CXiaieBoro
BUTJISA LY. JJIsT ITbOTO 3pOOKMMO HYJI1 1111 TOJIOBHOIO JI1arOHAJLTIO:

1 4 2 0 3|2 1 4 2 0 3|2
2 95 2 131~10 1 1 2 7 |-1|~
1 31 -2 9|6 0O -1 -1 -2 6|4

1 4 2 0 3|2
~10 1 1 2 7|1
0 000 1|3

[licms mpsiMoro Xoay anroputMmy laycca 3amummmioch TpU
HEHYJIHOBUX PSAKU (TpU PIBHAHHSI B CHCTEMi), TOOTO cCHCTeMa €
HEBHU3HAYEHOIO 1 MA€ TPU MOB’SI3aHUX HEB1JIOMUX.

[loB’s13aH1 HeBiAOMI MOTPIOHO BUOWpATH MO OAHOMY 3 KOXHOI
CXOJMHKH OTPUMAHOI TpamnerienoaioHo-CX111eBOi MaTPpHIli 1 IXHii BUOIp
€ HeogHo3HauYHUM. O0epeMo 3a NOB'A3aH1 HEBIOMI Xp, X, Ta X (3aMICTh

X, 13 Ipyroi CXOOMHKN MOXHa Oyo 6 obpartu x; abo x,). Toxi HeBinomi,
1[0 3aJIULIMINCE, X3, X, € BUIBHUMH.

Jlami nposenemo oOepHeHuit xin anroputmy [aycca, ToOTO B
MaTpulll 3p0OMMO HyJ1 HaJ BUOpAaHUMH MOB’SI3aHUMHU HEBIAOMHUMU (7€

1€ MOTPIOHO):

1 4 2 0 3|2 1 4 2 0 0|11
o112 7|-1|0j0 1 1 2 0|-22|C
0O 00 0 1]3 0O 000 1|3
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1 0 -2 -8 099
Jgjo 1 1 2 0|-22|
00 0 0 1|3

3anuiiemMo 3arajdbHUN po3B’sI30K HEBU3HAYEHOT CUCTEMH JIIHIHHUX

pIBHSIHb, BpAaxOBYIOUYM BHIJIAJ OTPUMAHOI PO3IIMPEHOI MaTpHI

CHUCTEMHU:
(X = 2% +8x, +99, (% =2c3 +8c, +99,
Xy =—X3—2Xx4 — 22, Xy =—C3—2¢cy — 22,
1 X3 =C3, abo 1 X3 =cC3, C3,C4€R.
X4 =Cy, X4 =Cy,
X5 = 3, (X5 = 3,

Mmuoxuna po3B’s3kiB CJIP mae Burisn
{(2c3+8c4 +99; —Cc3 —2c, —22; C3; Cy; 3) | C3,C4 €R}.

s nepenukux CJIP iHKOMM 00epHEHOTO X0y anroputMmy [aycca
pPO3LIUPEHOT MaTPHIll CUCTEMU HE BHUKOHYIOTh. Ilicnma mpsMoro xomy
anroput™my l'aycca Bunucyrorh CJIP 1 BuU3HAualOTh HEBIJIOMI
MOCJTIJOBHOIO  MMIJICTAHOBKOK. [IpoimtocTpyeMo Takuil MiaXia Ha
PUKJIIATI.

IMpukaang 19. Po3s's3atu cucreMmy JiHIMHUX PIBHSHB METOIOM
["aycca
(2%, +3X, —5%, =7,
6X, +8x, —14x, = 20,

2% —2X, — X3 =1,
5x, +11x, —16x; = 21.

Po3B’si3aHHsl. 3anuimmeMo pO3MIMPEHY MATPHUII0 CHUCTEMHU 1
MOCJIITOBHO 3pOOMMO HYJI1 T1JT TOJIOBHOKO  J[larOHAJLITIO:
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203 57 (2 3 T (2 3 5|7

6 8 -14|20 0 -1 171 0 -1 1|1

2 2 101 |71% = 41070 o -1]u

5 11 -16l21) |0 £ —Z|Z|1 (o o o]0
> 2|2

[Ticst cripoIeHHs CUCTEMa Ma€ BUTIISI
- X3 - _1-

3 ocTtaHHbOro piBHSAHHA X, =1. IlizcTaBisroun Ie 3HAYEHHS
MOCIIiIOBHO Yy ApyTe 1 Ieplle PiBHSAHHSA, JiCTaHEMO X, =2, X =3.

Binnosins: X =3, X, =2, X; =1.

Merton I"aycca € mpoctum Ta €(heKTUBHUM METOJIOM PO3B’S3aHHS
CUCTEM JIHIMHMUX PIBHSIHB 3arajibHOTO BUTIsALY. lIpoTe 1eit meton He
703BOJIsSIE C(HOPMYITIOBATH YMOBHM CYMICHOCTI Ta BU3HAUYEHOCTI CUCTEMU
JIHIAHUX PIBHSIHB 32 KOe(Dil[lEHTaMU CUCTEMH Ta BUIbHUMH YJICHAMHU, HE
Jla€, HAMPUKIIA, SBHUX (POpMYIT 11t po3B’A3KIB BU3HAUEHOT KBaIPaTHOI
CUCTEMHU. B pi3HUX MNpakTUYHUX 3aJadax aHali3 CHUCTEM JHIMHHUX
pIBHSIHb Ta iXHIX PO3B'SI3KIB BUMAara€ J0JaTKOBUX TBEP/KEHb 1
dbopMyOBaHb 3 BHKOPUCTAHHSIM TEOpli BU3HAYHUKIB Ta JIHIAHHUX

IPOCTOPIB.

KoHTpo/bHi 3anuTaHHs

1. IIlo Ha3uBaIOTh CUCTEMOIO JIHIMHUX PIBHIHB?

2. Sy cucremy IIHIMHUX pIBHSHb HA3UBAalOTh CYMICHOIO,
HECYMICHOIO, BU3HAUYECHOIO, HEBU3HAUEHOIO?

3. Onumite Merox [aycca po3B'sizyBaHHS CHCTEM JHIMHHX

PIBHSIHb.
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Bupasu

PO3B'sKITh CUCTEMU JIIHIMHUX PIBHSHB METOAO0M ['aycca:

[ X + Xy +2%3 =11,
2% — Xy +2X3 =8,
(A% + Xy +4%3 =22,
(2% — 3%, +4%3 =5,
4% + Xy — X3 =—1,
(—3% —2X, +6X3 =12.

B) 1

(2% + 7 Xy +3%g + X4 =5,
X; +3Xy +5X3 —2X4 =3,
X1+5X2 —9)(3 +8X4 :1,

X; — 2%y +4X3 — X4 =5,
3) § 2% —3Xy — X3 + 9%y =3,
X; — X9 —5Xg3 +6X, =—8.

(2% — 3%y + X3 — X4 =2,
A% — 06Xy +4X%3 +6X, =1,

K) <

—2% +3X9 —3X3 — X4 =1,

| 6% —9X; +5X3 +5%4 =3.

(X + Xo — Xg — X4 + X5 =3,

X1+2X2 —2X3 +2X5 :3,
M) <

2X; — X9 + X3 —5X4 — X5 =6,

r)

x)

u)

2% —3Xy +4X3 = -5,
4% + Xy — X3 =—1,
—3%] — 2Xy +6X3 =12.

(7% +5%, —5X3 =4,
—4X —3Xy +3X%3 =3,

| 3% + Xy +3X%3 =2.
(2% + 3%y — Xg + X4 =1,
8% +12X, —9X%3 +8X4 =3,
4% +6X, +3X3 —2%X4 =3,

—9%; +6X, + /X3 +10%, =3,
—6X; + 4%y +2X3 +3Xy =2,
—3%; +2X, —=11X3 —15%, =1.

2%y +5X, —8x%3 =8,
4% +3Xy —9%3 =9,
2% +3Xy —5X3 =7,
| X +8Xy — Xy =12.

-

X; — Xo +2X3 — Xy + 2X5 =4,
X1+2X3 —3X4 +5X5 :1,

68



-

(2% + Xy — X3+ X4 =1, 2% — Xp + Xg — X4 =1,

3% —2Xo +2X%3 —3X4 = 2, 2% — X9 —3Xy =2,
) 4 p) 4

5X1+X2—X3+2X4:—1, 3X1—X3+X4:—3,

3.3. BU3HAYHUKH

IlincranoBxku

[TincranoBkOO 6 Ha MHOXMHI Q ={1,2,3,...,n} 13 N eleMeHTIB
HA3UBAETHCSI B3AEMHO OJIHO3HAYHE BIOOPAXKEHHSI MHOXKUHU () Ha cebe:

c:. Q2 —> Q.
[MincranoBky o:i —o(i), 1=12,..,n, B posropuyriii dhopmi
300paXKYIOTh Y BUTJISIII TAOJIHIIL:
1 2 .. n
N PR
ne k,lp,...,iy — cumBomm 1,2,3,...,N, mepecTaBiicHi 3a JOTIOMOIO0

migcraHoBku G . Tobro Iy =o(k), k=1,2,3,...,n,

G:[l 2 ... n j (31)
ol o(2) .. o(n)

MHOXHHY BCiX ITiICTAHOBOK i3 N €JIEMEHTIB MO3HAYAIOTh S, .

[Ipukinaau mijICTAaHOBOK HA MHOYKHMHI 3 T’ SITU €JIEMEHTIB:
1 2 3 45 1 2 3 4 5
Cc= , T= : (32)
2 1 4 5 3 31 2 5 4
3a3HauKMMo, 110 B Apyromy psaaky miactaHoBku (30) MOXyTh OyTH

BCi MOXKJIMBI NepecTaHoBKM 3 N eneMeHTiB MHoxuHM {1,2,3,...,N},
skux € N!. Tomy MHOXUMHA S, BCix mizcTaHOBOK Mae N! exemeHTIB.
MHoxuHa S, YTBOPIOE TpyIly, SKy Ha3MBAlOTh CHMETPHYHOO

rpynoro crenenst N [1]. Onepariist MHOXKEHHS €JI€eMEHTIB MHOXHUHH S, —
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komno3uniss miacraHoBok: (o -T)(i) =o(t(i)). Hampuknax, s

mizcTaHoBOK (32) MaeMo
(123 45/ (12345
°' 2145 3/l3 125 4]

(123 45
1 35 4 2)
3arumIneMo TaKOX
(1 2 3 45)(1 23 45) (123475
T3 125 4)l2 1453 la 2135

MaemMo, G- T# T-O.

B < N < -
W <~ kB <N
U < b <« W
A — 0 — B
N(—clalo<—01

MHOXEeHHS T1JICTAHOBOK HE € KOMYTaTUBHOIO omepaiiiero. TooTo,
B3araji Kaky4u, 6-T#T-C, e G, TES , N> 2.

Onepairis MHOKEHHS M1ICTAHOBOK € acoIlaTUBHOIO:.
(t-0)-m=1-(c-m) Wi BCiX T,05,TES,.

Tomoorcna niocmanoska

(1 2 .. nj
E=
1 2 ... n

€ HEHTPAJIbLHUM €JIEMEHTOM BiTHOCHO MHOXCHHS, TOOTO G:€=€:G =G

AJIs1 KOJKHOT MiJICTAHOBKU G € S, .

. 1 2 .. n ,
ObepHenoro 10 MJACTAHOBKU G =| . . _ | € mpacTaHoBKa
h b .
N O TR P -1 -1
c = , TOOTO -0 =0C -O=¢.
1 2 .. n
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O3HavyeHHsA

1. Mapa uucen (i, ]), 1, j €{l,2,3,...,n} HazuBaerscs insepcicio
MiZICTAaHOBKH G € S, sikuio 1< J, a o(i) > o(]). Kinbkicts iHBepciit B
MiZICTAaHOBLI G € S, mo3HayawTs INV(G).

2. IlincraHoBKa G €S, Ha3UBaeTbCA napHoio (BIIIOBIIHO
HenapHoio), SKINO KiIbKicTh iHBepciii INV(C) € mapHUM 4KCIOM

(BIZMOBITHO HEMTAPHUM YHUCIIOM).

Jlis  BU3HAYCHHS KIUIBKOCTI iHBepcid B migcraHoBii (31)
J0CTaTHRO po3rsHyTH Kinbkicts map uucen (o(i),c(])) B apyromy
paaky migcranoBkn Takux, 1mo o(i)>o(]) za 1< j. g 1mporo
N1paxoBYIOThb, CKUIBKA 4yucen OulblKX 3a 1 cToiTh mepen yucioMm 1,
MOTIM OJIMHUIII0 BUKPECTIOITh. Jlam migpaxoByIOTh KUIBKICTh YHCEN
nepes 9uciaom 2, OuTbmuxX 3a 2, 1 Tak g0 umcia N. IloTiMm, cymyrouu
3HalJIeHl 1HBEPCli, BU3HAYAIOTh IXHIO 3arajibHy KUIbKiCThb. Hampukmnan,
M1ICTAHOBKA

1 2 3 4 5
2 1 4 5 3

mictuth TpH iHBepcii (1,2), (3,5), (4,5) 1 € nenmapuoro. TyT BiAMOBiAHI
mapu (o(i),o())): (2,1), (4,3), (5,3).

Tpancno3zuyiero HA3UBAETHCS TIICTAHOBKA, YTBOPEHA 3 TOTOXKHOI
MiJICTAHOBKU ¢ TIEPECTAaHOBKOIO |-r0 Ta |-rO €JIEMEHTIB B JPYroMy
PAIKY:

1 2 ... 1 .. ] ..n

= 1< .
U R S T S L

TIOMHOXUBIIN TPAHCIO3ULIIO T; 371iBa HA TOBUIBHY MiJCTAHOBKY

G € S,,, B HIJICTAaHOBII G MEPECTaBUThCA B JIPYyroMy psAAKy i-il Ta |-i

€JIEMEHTH, a PeIlITa eJIEMEHTIB 3aJTUIIAThCS HA CBOIX MICIISX.

KoxHa migcTaHOBKAa G €E€S,, pPO3KIANAETBCI B JTOOYTOK

Tpancno3unii. IlincraHoBka G €S, € mapHOI (HEMapHOIO), TOAi i
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TUIBKM TOJI BOHAa PO3KIAMAEThCA B JOOYTOK TapHOi (HEmapHO)
KUIBKOCT1 TPAHCHO3UIIIH.

Tpauncmosnuist 7; 3aBXIM € HEMAPHOIO IMiICTAHOBKOK, OCKUIBKH

inv(tj;) =2(j—1)—1. [obyrox tpancnosuuii 7; Ha JOBUIbHY

MiJICTAaHOBKY G € S, 3MiHIO€ MapHICTh MiJICTAHOBKU HA MPOTUIICKHY.

O3HaYeHHS TA OCHOBHI BJIACTHBOCTI BUBHAYHHUKIB

OsnaveHHs. Busuaunuxom (Oemepminanmom) N-20 NOPAOKY

keaopamnoi mampuyi A= (a Ha3WBa€ThCs ayireOpaiuHa cyma Nl

ij)nxn
TOJAHKIB, KOKEH 3 SIKHX € I0OOyTKOM N eJIeMEHTIB Ch MaTpuii A, B3ITHX
10 OJHOMY 3 KOXKHOTO PsIKa Ta 3 KOKHOTO CTOBITYMKA, IPUIOMY IICH
TOOYTOK OEpeThes 31 3HAKOM «ILTFOCY», SKIO 1HASKCH MO0 MHOYKHHKIB
CKJIQIAl0Th MAapHY MiJACTAaHOBKY O €S, , 1 31 3HAKOM «MIiHYC», SKIIO I

M1JICTAHOBKA € HEMAPHOIO:

a, ... a, |
detA=|... . ...|=> (_1)"“/(6)aia(l)aZG(Z)"'anU(n)’ (33)

UESn
a, .. a,

ne cyma OepeThes 3a BCiMa MiJICTAaHOBKAMH G 13 5.

Y mit popmyni CHIBMHOKHHKA B KOXHOMY JOJaHKY CYMH
3amnucaHl B MOPSAJKY 3pOCTaHHS HOMeEpiB psakiB. Homepu cTOBMYMKIB
(apyri 1HAEKCH €JIEMEHTIB) YTBOPIOIOTH BCI MOXKJIMBI TMEPECTAHOBKH.
[TapHUX Ta HENAPHUX I1IJCTAHOBOK € OJHAKOBA KilbKicTs — NI/ 2.

3ayBakMMO, 110 BH3HAYHUK 3alUCYIOTh y BUTJISAAI TaONWIN, a
3HAYEHHSIM BU3HAYHUKA € YHCIIO, SKE 3HAXOATh 3a MpaBuiioM (33).

3anumemMo mpaBwiIa IS OOYHMCICHHS BHU3HAYHUKIB TMEPIIOTO,
JIPYTOTO Ta TPETHOTO MOPSIKIB.

1. Busnaunuxom nepuiozo nopsioky marputi A= (a;;) € gucio

2. Busnaunuxom opyzo2o nopsoxy matputli A= (a;),,, € 4UCII0
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a1 Ao

det A - - all . a22 - a12 : a21- (34)

dp1 A
Hiicao, 3anumemo dopmyny (33) mis oOYMCIIEHHST BU3HAYHHMKA
MaTpuLi Apyroro nopsaky A= (),

[TincTaHOBOK HA MHOYHHI 3 JIBOX €JIEMEHTIB € [IBI:

1ole o)

[lepma mincraHoBka MicTuth 0 i1HBEpCi, TOOTO € MapHOWO, Jpyra
N1JICTAHOBKA MICTUTh OJHY 1HBEPCIIO 1 € HenapHot. [{uM nigcTaHoOBKam

BIAMOBIAHUMH € JOOYTKH aj18y, Ta (—815dy1). 3BIICH OTPHUMAEMO
bopmyy (34).
Hampuxkiian,
1 2
=1.4-2-3=-2.
3 4

3. Busnaunuxom mpems020 nopsoxky Matpuii A= (a;)s,; € 4ucio

A, A3
Ay Ayp 8y = (35)
A3 83, Ag
= 8y;8,,855 + 818,385, + Ay3898g, — (B38,83; + 818y 85 + 8y18935,)-
\lt N

r " \o
«n “—»

®opmyiy (35) oOunCIeHHsT BU3HAYHUKIB TPETHOTO MOPSIKY JIETKO
3alam'sTaTv, SKOIO0 CXEMAaTHYHO IOJATH 11 TAaK 3BaHUM ''HNpasuiom
mpuxymuuxis", BimoOpakeHMM Ha pucyHkax. I3 dopmyau (35) i
PUCYHKIB BHUIHO, IO AOOYTKH €JEMEHTIB, 3'€lHAHMX JIHISIMA Ha
NEPIIOMY PHUCYHKY, BXOISATH y CyMy 31 3HAKOM «IUTIOC», a JOOYTKH

CJIEMEHTIB, 3'€IHAHUX Ha JPYTOMY PUCYHKY, — 31 3HAKOM «MIHYC».
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His orpumanas ¢dopmynu (35) i3 3aranapHOi Gopmymn (33)
BUIMIIEMO MiJICTAHOBKH Ha MHOXKHHI 3 TPhOX €JIEMEHTIB, skux € 3!=06.
[TapHi miACTaHOBKHU:

1 2 3Y(1 2 3)(1 2 3
1 2 3){2 3 1)\3 1 2)

HenapHi miicTaHOBKHU:

1 2 3)(1 2 3)(1 2 3
(3 2 1}’[2 1 3}’(1 3 2}'

[Tapaum MICTAaHOBKaM B1IIIOBITHUMHU € T00YTKH
@11899833, 82893831, 81381837, @ HEIIAPHUM IIIJICTAHOBKAM — JOOYTKH
(—8y38908371), (—812821833), (—8y7189383,) . TaKUM YUHOM, OTPUMYEMO
bopmymy (35).

Hpuknax 20. OGUKCINTH BUSHAYHUK TPETHOTO TOPSIAKY.

23 0
1 4 -1=(-2)-4-2+3-(-1)-5+1.0-0-
5 0 2

(0-4-5+2-1-3—(=2)-0- (1)) = —37.

3ayBaskeHHsl. BUsHauyHUKHN Apyroro 1 TPEeTbOro MOPAJKIB MalOTh
reoMeTpHYHy iHTeprperanio. Moayns BusHaunuka |det A| mus n =2

pPIBHMI Mol  mapanenorpama, m0oOyJOBaHOTO Ha  BEKTOpax,
KOOPIMHATAMU SKHX € CTOBIYMKHM YM DSAAKA MaTpuii. Y BHIAIKy
N = 3 moxayns BusHauynuka | det A| mopiBHroe 06’ emy napanenerninesa,

o0y 1I0BaHOTO Ha TPHOX BEKTOPaX, KOOPJIUHATAMU SIKUX € CTOBITYUKH YU
PSIKA MAaTPULIL.

JI1st BUBHAYHHUKA YETBEPTOTO MOPSAKY KUTBKICTh JOJIAHKIB y CyMi
st ioro oOuucieHHs 4!=24, m'atroro mopsaky — 5!=120. ¥V wmipy
30UIBIICHHS TTOPSIAKY BU3HAYHMKA KIJTBKICTh JOJAHKIB MIBUIKO 3POCTAE.
Tomy mjiss BU3HAYHUKIB BHUIIUX MOPSIKIB METOJ O€3M0CcepeIHbOrO

O0OYMCIICHHS 3 BUKOPHCTAHHSIM O3HAYEHHS € JOCUTh T'POMI3JIKUM 1 HE
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MPUIATHUM SIS PAKTUYHUX OOYrCIieHb. JIjisl 00YMCIeHHS BU3HAYHUKIB
BUIIIMX TOPSIIKIB  3aCTOCOBYIOTH 1HIN Metonu. llepen  ixHim
BUKJIAJICHHSIM HaBEIEMO OCHOBHI BJIACTUBOCTI BU3HAUHHUKIB.

TBepmxennss 3. Y pa3l TpaHCIOHYBaHHs KBaJpaTHOI MaTpulll ii
BHU3HAYHHK HE 3MIHIOETHCS, TOOTO

det AT =det A.
Josenennst. Hexait A=(&;),.,, Tomi Al = (ai'j)nxn, e
ailj =a;;, maseix 1, j €{l,...,n}.

detA" = ¥ (-D)™7al, a2

o'eSp

=3 (-p™ Ay (1)195(2)2++ @5 (n)n- (36)

o'eSp

no'(n) =

ITizcTaHOBKM 1HIOEKCIB 1A AT MAarOTh BUTJIST
c'd o'(2 .. o'(n) 1 2 3
= =0
1 2 ... DN o) o(2) .. o(n)
To6to 6=(c")", ne (6')" — obepHena miacraHoBKa 10 G'.

Bimomo [1], mro migcraHoBKka i oOepHEHa 0 Hel MiJIcTaHOBKA OJHOYACHO
napHi abo HemapHi, TOOTO

(_1)inv(o-) _ (_1)inv((cr')_1) _ (_1)inv(a')_

Tomy 3 (36) maemo

det A" = Y (-1)™7ay, 1)8,2) - Bng(n) = dELA. .

UESn

no(n)

Hacuaigok. I[Ipu oOuucieHHl BU3HAYHMKA KBAJpPAaTHOI MATpuUul il
PSZIKU Ta CTOBITYUKH € PIBHONPABHUMM.

TBepmxenns 4. SIKmio Bci €JIEMEHTH JESKOTO psiika abo JESTKOTo
CTOBITYMKA BHU3HAYHWKA JOPIBHIOIOTH HYJIO, TO BU3HAYHUK JOPIBHIOE

HYJIIO.
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I[OBeHeHHﬂ. BGSHOCGPGI[HBO BUIIJIMBA€ 3 O3HAYCHHA BU3HAYHHKA.

TBepmkennss 5. Ko BCl €JIEeMEHTH SIKOTO-HEOyAb psliKa
(ctoBmunka) Marpuii A MOMHOXHTH Ha 4ucio A, To det A rtakox
IMOMHOXHUTHCS HA A

81 e A g1 e A
7\,ak1 ..... }\,akn = 7\, akl ..... a.kn .
Ay e ann - WO R ann

JloBeneHHs1. TBepIKEHHs BUIUIMBAE O€3MOCEPEIHBO 3 O3HAUCHHS

BusHauHuka. JlilicHo, Hexaii A= (a;

i) - [losHaummo  A'= (3 ), —

ij
MaTPHIIIO, €JICMEHTH SIKOi, KPIM €JIeMEHTIB K-TOro psjka, € eJIeMeHTaMu
maTtpuili A, a eneMeHTH K-ro psjaka € eJleMeHTaMH MaTpulili A,
IIOMHOKEHHUMH Ha YUCJIO A, TOOTO

& I =k,
a'.. =
| Ay, i =k
Otpumaemo
" iﬂV( ) 1 ' 1 1 _
o€
_ inv(o) _
= Zs: (-1) 15(1)820.(2) -+ Ao (k) - Bno(n) =
o€Ed
=4 ES: (D™ a, 1802 Bo(n) = ADELA. -
o€d

Teepmkennsi 6. SKio y BU3HAYHHKY MaTpuili A mepecTaBUTH

MicisiMu  Ba  psaAkd  (cToBmumkm), TO O€tA 3MiHMTH 3HaK Ha

MPOTUJICKHUU.
Josenennsi. Hexait A=(a;),.,, a A'=(q;),, — Marpuus,

OTpyMaHa 3 Marpuii A MepecTaHoBKOK I-ro Ta j-ro psaxis (| >1).

EnemenT Matpumi A' MaroTh BUIJIS

76



a,, k=i k=],

a'k| = aJI, k=i,
|I’ k _J
Otpumaemo
detA'= Y (-1)™ 78", a0 @ hom =
o'eSp
inv(c’)
aé (D™ a1y 3202) - Qjo i)+ Bio () - Bnor(n) - (37)
n
ITo3nauumo

_[ 1 2 .. i .. j .. n j_
lo@® o) .. o) .. o)) .. o))

| A N L L |
_(“'@ 6@ . o) . o) .. am)j‘fu-c,
JIe T; — TPAHCTIO3HILis.

MHOXEHHS TMJICTAaHOBKM Ha TPAHCIIO3UINI0 3MIHIOE ITapHICTh
M1JICTAHOBKH Ha TIPOTHIICIKHY

( 1)|nv(a) ( 1)|nV(T|J U) ( 1)|nv(a (_1)inv(o') _ _(_1)inv(o).

Takum unHOM, piBHICTH (37) Habepe BUTIIAAY

" inv(o)
det A'=— Z (_1) ’ aio-(l)aZG(Z)"'ajG(j) |a(|) ncf(ﬂ)

oeSp

_ inv(o)
=—> (-1 A, Q0(2) B (i) Rio(j) oy = —JELA. m
oeSy
TBepaxennst 7. SIKIIO €IEMEHTH JESIKOr0o psjka BHU3HAYHMKA
MPECTABIICH] Y BUTJISII CYMHU JBOX JIOJAHKIB, TO BU3HAYHUK JOPIBHIOE
CyMl JBOX BU3HAYHHUKIB, y MEPIIOMY 3 SIKMX €JIEMEHTH I[bOTO PsIKa €

MEePIINMU JTOJAHKAMU, 4 Y APYTOMY — IPYTUMH JOJAHKAMH:
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al 1 ..... aln al 1 ..... a.ln al 1 ..... aln
by +Cig oo bip +Cin| = b1z - bin | +|Ciz -oe Cin

Ay e ann Ay e ann| Ay e ann
JloBeneHHs. besnocepenubo BUIUIUBAE 3 O3HAYCHHS

susHaunuka (33). JlificHo, Hexail eneMeHTH 1-ro psaka Marpuui

A= (a;) . € CYMOIO IBOX YHCEN

aij = b” + C;:

ij j=12,...,n.

Toni

_ inv(o) _
detA= > (-1) A1) R52) Ric (i) Bno(n) =

oeSp

=Y ()™= A5 (1)220(2) Bio iy + Cioiy) - Bnony =

o€Sp

inv(o)
2 D™ a8 2) Bio iy Bnony +

oeSy

inv(o)
+ 2 (D)™, 1)@20(2) - Cior iy Bno(n) - u

oeSy

TBepmkennss 8. S0 BU3HAYHUK Ma€ JBa OJHAKOBI PSJIKU
(CTOBMYMKM), TO BiH IOPIBHIOE HYJIIO.

Hosenenns. Hexaii marpuis 4 Mae 0qHaKOBI paaku — | -i Ta J -1
i mexait A' — matpuis, oxepkaHa 3 A IEPECTAHOBKOK 1-ro Ta j-ro

psankiB. Ockineku 1- Ta - psgku oxnakoBi, To A'=A. 3a
tepkernsM 6 det A'=—det A. 3sigcu det A=—det A, 2-det A=0,
det A=0.

JIJ'IH CTOBITYMKIB TBCPIKCHHA TOBOANTHCA aHAJIOTTYHO. |

3 TBepKEHB S Ta 8 BUIIMBAE TaKe TBEPIKCHHS.
TBepakennss 9. SIKno BU3HAYHMK Ma€ JIBa MPOMOPIINHI PSIKU
(CTOBITYMKH), TO BiH JOPIBHIOE HYIIIO.

TBepmxennss 10. BuzHaunuk matpuiii A He 3MIHUTBCS, SKIIO J10

€JIEMEHTIB OJHOTO 3 11 pAAKIB (CTOBIYHMKIB) JOJATH BIAMOBIIHI
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€JIEMEHTH I1HIIOTO psJika (CTOBMYMKA), TTOMHOXEHI Ha JIESKE YHCIIO.

TobTo

BU3HAYHUK

HC

3MIHIOETHCS

BHACJIIJIOK

€JIEMEHTAPHUX

MEPETBOPEHb TPETHOTO TUITY PSAJKIB (CTOBIMUUKIB) MaTpHIll A.

JoBenenns. Hexait 3anana marpuisg A= (aij xn -

Joxamo 110 | -10

psAfKa MaTpuli j-H pAXOK, NMOMHOXKEHMM Ha uucnmo O € R Ta

00YHMCIIMMO BU3HAYHUK OTpUMaHOl MaTpuii A';

det A'=

+0=det A.

Jlnst oOuucneHHs: BU3HaYHWKA BUKOPUCTaHI TBEPIKEHHs 7 Ta 9.

TBepJI)KeHHH JJIA CTOBIIYHKIB ManI/II_Ii JOBOIATH AaHAJIOTTYHO. |

TBepmxenns 11. Hexait A — BepxHsl (HM>KHS) TPUKYTHA MaTPHULSL.

Toni 11 BU3HAYHUK JOPIBHIOE TOOYTKY J1aroHaJIbHUX €JIEMEHTIB!
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1 Y2 Y3 - Y
0 ap a3 .. apy
0 0 ag .. ag|=ay -8y,
0 0 0 a
&% 0 0 .. O
ay a» 0 .. O
831 Az Ay . 1 | =dp-8gpcetpp-
. : .. 0
dyy 8n 8x3  App
JoBenennsi. Hexaii A — BepxHS TpPHKyTHAa MaTpuild. 3a

o3HadeHHAM (33) BuzHauHuk Oet A MIiCTUTBH y KOXKHOMY JOJAHKY CYMH

ZS: (D™D a8y By O OIHOMY CIEMEHTY 3 KOXKHOTO
O €9on

CTOBITYMKA 1 KOXKHOTO psiika Matpuili A.
VY BU3HAYHUKY Ma€ OyTH OAMH €JIEMEHT 3 MEPIIOrO CTOBIYHUKA.

HenynpoBuii €lEMEHT B IEPIIOMY CTOBIYMKY JIMIIE€ OIUH — d1.

BusHauuMo, Ha sIKi €JIEMEHTH 3 JPYroro CTOBIYMKA BIH MOXe OyTH

nomHokenuid. Ha @, He Moxke OyTM NOMHOXKEHHH, 060 &, CTOITh B
IEepUIOMY PSIKY, SIK 1 & (3 IEPIIOro psaKa BKe elNeMEeHT BHOpaHui).
Tomy enemeHT aj; MOxe OyTH IOMHOKEHHI JIMILIE HA Ay, 3 CIEMEHTIB
Apyroro croBmuuka. JIo0yTok @;; - dy, MOKHA MHOXKHTH JIMIIC HA dg3 3
TPETbOTO CTOBIUUKA, 00 83 3 MEPILOrO PsfiKa, dy3 3 APYIOro psaka, a

€JIEMEHTH 3 TIEPIIOro 1 APYroro psaka Bxe € B J00yTKy. [Ipomosxkyroun
Tak Jaial A0 N-ro CTOBMYMKA, OTPUMAEMO Yy CyMi JJIsl 3HAXOJKECHHS

BU3HAYHUKA TUIBKHA OJIUH JIOJAHOK ajq - 8ys *...* 8y, OCKUIBKH BCI 1HIII

JTOAAHKU HYJBOBI. 3aJUIIUIOCh BU3HAUUTH 3HAK «+» YU «—» TEpes

NOOYTKOM @189y *...-8y,. LIbOMy 100yTKy BIANOBIAA€ TOTOXKHA

[I1ICTAHOBKA 1HIEKCIB
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1 2 ... n
1 2 ... n)

detA:all'azz '...'ann.

sKa € mapHoro. OTxe,

Jns HWKHBOI TPHUKYTHOI MATPHUIIl TBEPJKEHHS JIOBOJMTHCS

AHAJIOT14YHO. [
Ipukaan 21.
-2 1 0 3
O 3 -6 4
=(-2)-3-5-(-1) =30.
6 0 5 o (-2) (1)
O 0 0 -1

Teepmxennsn 12. Sxmo wmarpuis A= (a Mae OJIOKOBO-

(o &)

ne B i C — kBaapatni Mmatpuiii, TO

ij )nxn

JTlarOHaJIbHUN BUTIIA

det A=detB-detC.

Hosenennst. Hexait B = ()i, C=(Cjj)1q. 3a nacrinkom 2

teopemu [aycca (teopema8) wmarpuii B 1 C 3a momomororo
CJIEMCHTAPHUX IEPETBOPEHb PSJIKIB MOXXHA 3BECTH JIO BEPXHBHOTO

TPUKYTHOTO BUTJIALY

by by .. by 1 CGp - Q
5. 0 by by - C92 o1 |
0 0 .. by 0 0 .. g

3a TBepKeHHsIM 11

81



detg:ﬁ.lt_)zzt_)kk’ a de'[E:EllEZZE”

I3 TBepmkens 5, 6, 10 mpo 3MiHy BH3HAUYHMKA y pa3l BUKOHAHHS
€JIEMEHTAPHUX MEPETBOPEHb MATPHIIl IICTAHEMO

detB=p-detB, detC =vy-detC, ne B,ye R.

3a JOMOMOrow Ti€l caMOi TOCIHIJIOBHOCTI  €JIE€MEHTapHUX
HICPETBOPCHB PSIKIB MATPUIFO A MOXHA 3BECTH JI0 MATPHIIl BUILY

by @2 @k ‘111 C_le (111
O b22 s b2k d21 d22 X d2|
x_|0 0 . b dig i .o dy
0 0 .. 0 T G .. G
0 0 .. 0 0 Ty .. Gy
0 0 .. 0 0 0 .. {

OcKinbku MaTpulisi A € BEpXHBOIO TPUKYTHOIO MaTPHULIEIO, TO

3Biacu

det A=B-ydet A=pB-ydetB-detC =pdetB-ydetC =.

=detB-detC. m
IHpuxnan 22.

1 2 4 0 1

-1 3 -2 5 2 1 3

1 2

00213:‘13‘-4—2 0=

O 0 4 -2 O 0O 1 -1

O 0 0 1 -1

=(3+2)-(4+0+12-0+4-0)=100.
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Teopema 10. Busznaunuk g00yTKy ABOX KBaJpaTHUX MaTpPHIlh
OJIHAKOBOT'O TOPSIIKY JOPIBHIOE I00YTKY BU3HAUYHUKIB CITIBMHOKHUKIB:

det(A-B) =det A-detB.
Hosenennst. Hexail A=(&j)ncn, B=(0j)n«n- [obynyemo

JOTIOMIXXHHUU BU3HAYHUK A TIOPSIIKY 2N BULJISIILY

b, b, .. b, -1 0 .. O

A by By ... by O O ... -1
|0 0 .. 0 a; a, .. a
0 0 .. 0 ay ay .. a,

0O 0 .. 0 ay ap ... ay

3a TBepmKEeHHAM 12 mpo BU3HAYHUK OJOKOBO-1aroHaJbHOI
MaTpULl MAEMO

A =detB-det A=det A-det B.

Jlami 3actocyemo A0 MaTpuill BHU3HAYHMKA A  eleMeHTapHi
MEPETBOPEHHS TPETHOTO THUITY, III0 HE 3MIHIOIOTh BU3HAYHUKA, TaK, 1100

BCi &, 1, ]=12,...,n cram mymamu. T nporo go (N+1)-ro psaxa

1’
JOJIaMO TIEPIIUHI PSNOK, MOMHOXEHUN Ha &4, JOAAMO JIPYIHil PsJIOK,
TIOMHOKEHHI HA &, 1 T.1. B pesynbrari orpumaemo B (N+1)-my psiaky

HyJi. AHAJOTIYHO BHUKOHYIOYM TaKl €JIE€MEHTapHl TMEePETBOPEHHS IS
(N+2)-ro psaka i gani no 2N -ro psjaka, OTPUMAEMO BU3HAYHHK
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b, by .. b, -1 0 0

b21 b22 b2n 0 -1 0
A b bpo by O O -1
B 11 C12 Cn 0 0 0
C21 C22 C2n O O O

Cn1  Cn2 cqn 0 O 0

[Ipu IbOMy €JIEMEHT
Cij = apbyj +aighyj +...+ dinby = (4-B)jj, 1,1 =1,2,...,n.
To6to C = (Cjj)nun = A-B.

VY Bu3HayHUKY A 3poOMMO TEPEeCTaHOBKY CTOBITYMKIB TakK, IO

OTPUMA€MO BU3HAYHUK

1 0 .. 0 by by .. by
0 _1 e O b21 b22 nan b2n

0 0 .. -1 by by . byl

A=(-D"
0 0 O Cll C].Z Cln
0 0 O C21 022 CZI’]
0 0 .. 0 ¢y ¢ -

Mu 3pobuam N mepecTaHOBOK CTOBMYMKIB. [lepmmii  cTOBITUMK
nominsyin  Micuamu 3 (N+1)-M  CTOBOYMKOM, IpYruii CTOBITYHK

nomiasutt 3 (N+2)-M CcTOBMYMKOM 1 T.A., N CTOBmMYUK 3 2N-M

CTOBIYUKOM.
TakuM 4MHOM, MM OTPUMaJIM BU3HAYHUK OJOKOBO-/1arOHAJILHOI

MaTpwuill. 3a TBepKEHHIM 12 MaeMo
A=(=D)"-(-D)"-detC = (—1)2n -det(A-B) =det(A-B).
Orxe, det(A-B) =det A-detB. m

84



3ayBaxkeHHs1. Bxe 3a3HaueHO, IO B 3arajJlbHOMy BHUIAIKY
A-B#B-A. Ane, oCckibKM 3HAa4YCHHS BH3HAYHMKA MATPHUI — IIC
YHCIIO, a OIepallisi MHOKEHHS YMCell KOMYTaTUBHA, TO JUIsl KBaJPAaTHUX
Matpuilb A i B 0HAKOBOIO OPSIIKY CIIPaBEIMBA PIBHICTh
det(A-B) =det A-detB =det B-det 4 =det(B- A),

TOOTO

det(A-B) = det(B- A).

CrpaBenBoo € Takox pisaicTs det( A") = (det A)", neN.

Osnavenns. Marpuns A, y saxoi det A#0, nasuBaerbes

Hesupoodiceroro, a'y pasi det A=0 — supooorcenoro.

Po3kjiaag BU3BHAYHMKA 32 PSJAKOM (CTOBITYUKOM)

Hexait A= (aij nxn KBaIpaTHa MaTpuld Hopsaaxy N. BusHayHuk

(n—1)-ro mopsxy

A e g A e

M. — Qg1 oo Xgja Hgja - gy
ij = ’

Qg1 - Qa1 Rgja Aii1n

anl an j-1 an j+1 ann

OTpUMaHMi 3 Marpuii A BHKPECIIOBAHHAM |-TO psjaka Ta j-ro

CTOBITYMKA, HAaA3HMBAC€TbHCA 00NOBHIOBANIbHUM JVliHOpOM ejnemernma aij

mampuyi A 1103Ha4a0TH Horo sk M.

Yucno Ay = (-1)'*! Mj; HasuBaerbcs ancebpaiunum OOnosHeHHAM
enemMeHTa &; Marpuui A.

Hanpuknaz, y BA3BHAUHUKY
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-2 3 0
1 4 -1
5 0 2

anreOpaiyHe JOIOBHEHHS €JIEMEHTA a)3

2 3‘
= —((~2)-0-3-5)=15.

_ {_1)\2+3
As =D O

Teopema 11 (mpo po3kiaaa BH3HAYHUKA). [[1g1 1OBUIBHOT

KkBanpaTHoi Marpuili A= (a;),,, Mae miciie poskiaj BusHaunuka det A

3a Oyab-sxuM | -m (1 =1,...,N) psakom:
det A=a,A; +a,A, +...+a,A,. (38)

Amajioriudo cnpaBenauBuii poskian susHaunuka det A 3a Oyab-

akuMm | -M (] =1,...,N) cToBIUUKOM:

detA=a;;A; +a,;A +...+3a;A;. (39)

JloBeneHHsi. BUKOpHCTOBYIOUM TBEPIKEHHS [, PO3KIAIEMO

BU3HAYHUK MaTpuili A= (8;),.,°

Qe gy e Q| By e B . Ay,
det A — Ay . A .. Ay, _ a ... 0 .. a, N
By o &y e Ayl A, .. 0 oA,
&, .. 0 .. a &, .. 0 .. a,
s Ay . By Ay, - a ... 0 .. a, _
a, ... 0 .. a, Ay e By e A
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all 0 ain
S
:Z ail au ain =
i=1
a, .. 0 .. a,

IlepectaBuMO y KOXKHOMY BH3HAYHHMKY €IEMEHT @jj Ha Micue ajq. s

nporo Tpeba 3poburu (i—1) mepecraHoBok psakiB ta (] —1)

MEePECTaHOBOK CTOBITUUKIB!

& Ay o Ay Qjjq din
0 a; . & A - &,
4 i+j—2
=2.(-1) 0 &,y o @14 &gju - Q=
iz
0 &, « Qi1 Qju - Huap
0 a‘nl an, j—1 an, j+1 ann

Buxopucraemo TBepkeHHs 12 mpo BuU3HAUYHMK OJIOKOBO-AlarOHalbHOI

MaTpHIIL:
_ n i+j _ n
= igi(—l) My = Eaij A; -
Takum YMHOM, OTPUMAIM PO3KIA] BU3HAYHUKA MaTpuli A 1mo |-

MY CTOBITYHKY.

Ockinekn det A=det A', to poskmamaroun det A’ mo i-my
CTOBITYUKY, OTpuMaeMo (Gopmyiy (38) posknany sBusHaunuka Oet A mo

| -My pAIKY:
n . n . n
detA=det A" =>a' (-1 "M’y =X a, (1) "M =X a A, . =
k=1 k=1 k=1
TBepmxenns 13. Cyma n0OYyTKIB €JI€MEHTIB JOBUIBHOTO PsIKa
(abo noBinbHOro croBmuuka) marpuii A= (a;),, Ha anrebpaiuni

JIOTIOBHEHHSI €JIEMEHTIB 1HIIOTO psAKa (IHIIOTO CTOBIYMKA) JOPIBHIOE
HYJIIO:
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Hdosenenns. [Jlosenemo, mo a; A +---+a,A;,; =0 3a ymosu
j#i (poskman BusHaunmka detA 3a «uykaM»  j-M  PSIKOM).

Posrnsaemo marpuimio A, oTpuMmany 3 Matpuili A 3aMiHOIO |-To psaka

Ha | -ii:
ay . Ay . &,
a.ll e au e aln i _ZZ p}l()OK
A=
Ay & . &, | ] —u psoox
8y .. 8y .. A

To6to matpurst A Mae 1Ba OJHAKOBI PSAAKH i-U Ta |-, IO MICTATH

eJeMeHTH i -ro psaaka matpuni A. 3a tBepmxennsm 8 det A=0.

3 immoro 00Ky, 3HaiizemMo 3HaueHHs BusHaunuka det A 3a
Teopemoro 10, ik po3KIaz 3a | -M PSIKOM:

Omxe, & Ajy +...+ &, A, =0 3a ymosn j #1.
Pipuicte ;A ; +---+3;A; =0 3a ymoBu ] #1 moBomutscs

aHaJIOTTYHO. =
3a popmynamu (38), (39) i (40) moxkHa 3amucaTu:

n n det A, sxwo =i,
2 A A = 2 a6 A :{O o
k=1 k=1 , AKWO ] #I.

PosrasineMo crmocobu o0YnCIeHHSI BU3BHAYHUKIB 3 BUKOPUCTAHHSIM
HABEJICHUX TBEPHKCHB 1 TCOPEM.

MeTtona 3HMKEHHS MOPAAKY
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3riIHO 3 TEOPEMOI TMPO PO3KJIaJ BH3HAYHMKA OOUYMCIICHHS
BU3HAYHHUKA N-TO MOPSAJIKY 3BOJUTHCS JO OOYMCICHHS N BU3HAYHUKIB
(n—1)-ro mopsaky. Takuii MeTOX 3HMKEHHS TOPAAKY BH3HAYHHKA HE
3aBXKIU €(PEKTUBHUN, OCKUIBKHM JJII BUCOKHUX TOPSJIKIB MOB'SI3aHUN 3

IPOMI3AKMMH OOUHCIICHHSIMU.

Mpukaag 23. O0YKUCIUMO BU3HAYHUK, CKOPHUCTABIIUCH TEOPEMOIO

PO PO3KJIAJl BU3HAYHUKA 1 PO3KIIABIIM MOTO 32 APYTUM PSIIKOM:

2 1 4 3
5 0 -1 0
2 —1 6 3:5.A21+0.A22+(_1)'A23+O'A24:
1 5 -1 2
1 4 3 2 1 3
:5.(_1)2+1._]_ 6 3+(_1),(_1)2+3'2 1 3=
5 -1 2 1 5 2

—5(1-6-2+4-3-5+(=1)-(-1)-3-3-6-5—4-(-1)-2—(-1)-3-1) +
+(2-(-1)-2+1-3-1+2-5-3-1-(-1)-3-2-1.2-2.3-5) =18.

3 HaBEJEHOIro TMPHUKIAAY BHUJHO, IO JOIJIBLHO PO3KJIaJgaTh
BU3HAYHUK 32 THUM PSIAKOM a00 CTOBIYHUKOM, SIKHA MICTHTh
SKHAWOUIBITY KUIBKICTh HYJIB, OCKUIBKM 1€ MPUBOAUTH IO MEHIIOI
KUIBKOCT1 OOYHMCIIEeHb. SKIO HYJIB y BU3HAYHHKY Mayo, TO iX MOYKHA
«3poOUTHY», BUKOPHUCTOBYIOUM BJIACTUBOCTI BHM3HauHHMKA. T00TO,
BUKOPUCTOBYIOUM BJIACTHUBOCTI BU3HAYHUKIB, B PO3KJIaJl BU3HAYHUKA
(38), (39), MoxHAa 3MEHINWTH KUIBKICTh JOJaHKiB. JIJIS 1bOTO
aHAJIOTIYHO aNropuTMy MeEToay laycca BHKOHYIOTH €JIEMEHTapHI
MIEPETBOPEHHS PSJIKIB a00 CTOBIMYMKIB MaTpUIll BUBSHAYHUKA, OCpyUH J10
yBaru BJACTUBOCTI BHU3HauHWKaA (TBepkeHHs S, 6, 10). A cawme:
BHACJIIZIOK TICPECTAHOBKH B MATPHIIl MICI[IMU JIBOX PSJIKIB (CTOBITYHKIB)
BU3HAYHWK 3MIHIOE 3HAK Ha TPOTWICKHHUHN; SKIO ACIKHUH PIAOK
(CTOBIYMK) MATPMII MHOXHMTbCI Ha 4ucio A #0, TO BU3HAYHMK
IOMHOKHTBCSA Ha A SIKIIO 10 HESIKOr0o psaka (CTOBIYMKA) OJATH
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IHIIMHA PSIIOK (CTOBIYMK), IOMHOKEHUI Ha JIESKE YHMCIIO0, TO BUSHAUYHUK
MaTpULl HE 3MIHIOETHCS.

IMpuxaan 24. O64UCIUTH BU3HAYHUK

2 4 -1 2
-1 2 3 1
2 5 1 4
1 2 0 3

Po3B’s13aHHs. 3a JONOMOIOI0 €JIEMEHTAPHUX MEPETBOPEHD PSAKIB
MaTpUIll BU3HAYHUKA 3pOOMMO B TMEPIIOMY CTOBIMUYUKY BCl €JIEMEHTH
KpIM OAHOTO HymaMmu. [[as 1poro JApyrudl psjaoK BU3HAYHMKA
MOMHOXXMMO Ha 2 1 J0AaMO MOCIIAOBHO JO TMEPIIOr0 Ta TPEThOTO
PAOKIB, a TaKOX JAPYrMMl PSAOK [0AaMO JO YETBEpTOro psaka. B
pe3ynbTaTi B MEpPUIOMY CTOBIYUKY Oy/ie OJWH HEHYJIbOBHUH EJIEMEHT.
OTpuMaHuil BU3HAYHUK PO3KIAIEMO 32 MEPUIUM CTOBITUYMKOM

2 4 -1 2 |o 8 5 4
1 2 3 1 1 2 3 1 8 5 4
= =(-D(-D*™*9 7 6|=
2 5 1 4 |0 9 7 6
4 3 4
1 2 0 3 |0 4 3 4

=224+120+108-112-144-180=16.
3Be/leHHS BU3HAYHUKIB 10 TPUKYTHOTO BUY

VYoke 3a3Havasiocs, 10 BUSHAYHUK BEPXHBOI (HMXKHBOI) TPUKYTHOI
MaTpull JOPIBHIOE JOOYTKY €JIEMEHTIB MO0 rOJIOBHOI AlaroHall:

&1 Qo A3 .. Fy| &7 O 0 .. O

0 ay, axy ... a,| |ay a»p 0 .. 0

0 0 agg ... asy|=la3 83y a3 . : |=.
. ) . : 0

0 0 0 nn dn  8n1 8ng nn
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JIoBUTbHUN ~ BU3HAQYHUK  N-TO  TOPAIKY,  KOPHUCTYIOUHCH
BJIACTMBOCTSAMM BH3HayHWKa (TBepmkeHHs 5, 6, 10), 3a momomororo
€JIEMEHTapHUX TIEPETBOPEHb PSAKIB a00 CTOBIMYMKIB MAaTpHULI 3aBXKIU
MO>XHa 3BECTH JO BEPXHbOIO YW HIKHBOIO TPUKyTHOro Bumy. lle
BUIUIMBA€E 3 HACHIAKy 3 Teopemu [aycca (Teopema 8) mpo 3BeIeHHS
KBaJIpaTHO1 MaTPHUIIl 10 BEPXHHOTO (HUKHBOTO) TPUKYTHOTO BUTJISATY.

Mpuxaan 25. O64UCTUTH BU3HAYHUK

2 4 -1 2
-1 2 3 1
5 1 4
2 0 3

Po3p’s13aHHsl. 3BEIEMO MAaTpPULIO BH3HAYHHMKA JO BEPXHBOIO
TPUKYTHOTO BUIJISITY, BAKOHYIOUM €JIE€MEHTApPHI MEPETBOPEHHS PSJIKIB.
[lepmmii psimok mepecTaBUMO MiciisiMH 3 ApyruM. [licas mporo momgamo
JI0 IPYTOTO Ta TPETHOTO PSIAKIB NPT PSAIOK, MTOMHOXKEeHUH Ha 2. [lami
MEePIUINI PAJOK 10/1aMO A0 YETBEPTOrO PSIKa:

2 4 12 |-12 3 1 |12 31

1 2 1 |2 4 -1 2 |o 8 5 4
5 1 4 |2 5 1 4 |0 9 7 6

1 2 3 |1 2 3 |0 4 3 4

Tpertiit psnok moMHOKUMO Ha (—1) 1 J01aMO 0 APYTOTO PsIAKA:

12 3 1
0 -1 -2 -2
o 9 7 6
0 4 3 4

Jlo TpeThoro psiika oJamMo JIPYyrud psioK, TOMHOXKEHUWA Ha 9, a 1o

YETBEPTOTO PSIAKA T0JIAMO APYTHM PSAOK, IOMHOXECHUHN HA 4
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-1 2 3 1
0 -1 -2 =2
0 0 -11 -12|
0 0 -5 -4

Jlo TpeThoro psakKa J0AaMo YETBEPTUHN PSAIAOK, IOMHOKEHUN Ha (—2):

12 3 1
0 -1 -2 -2
1o 0 -1 -4
0 0 -5 -4

Jlo yeTBepTOTO psAKa J0AaMO TPETIN PSIAOK, IOMHOXKEHUN Ha (—5):

-1 2 3 1
o -1 -2 2

1o o 1 _4=(ED-(DED16)=16.
0O 0 O 16

Ipuknan 26. O0YNCINTH BUSHAYHUK

1 -5 2 2
-1 7 -3 4
2 -9 5 7
1 6 4 2

Po3B'sizanHs. Crnouatky 3poOMMO HYJISIMU BCl €JIEMEHTH KpIM
NEePIIOro y NepIIOMYy CTOBMUUKY. JJis [IbOTO mepuuil psaaoK 104aMo 10
JAPYroro, TMOTIM IMOMHOXXHMO Tepmui psmok Ha (—2) 1 gomaMo 10
TPETHOTO, IMOTIM IOMHOXXHMO IHepImuid psaok Ha (—1) 1 gomamo [0

4EeTBEPTOTO:
1 5 2 2/ )1 -5 2 2

1 7 3410 2 -16

9 5 7 0o 1 1 3

1 =6 4 2 [0 1 2 0
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[TepectaBuMO MicCIsIMH ApYTUi 1 TpeTid psaaku. [Ipu mpomy BU3HAYHUK

MTOMHOXHUTHCS Ha (—1):

o O o -

-5 2
1 1
2 -1

-1 2

O O W N

Jlami mogamMo 70 TpEeThOoro psijKka APYTrui psIoK, TOMHOXKEHUM Ha (—2), a

JI0 YETBEPTOTO PsAJIKa J0JIaMO JPYTHil:

1 5 2 2 1 -5 2 2
01 13 o1 1 3
To 0 30 o 0o 3o
0 0 33 00 0 3

Mpukaan 27. O6GYUCIUTH BUZHAYHUK N -TO TOPSAKY

a b b b
b a b b
b b a bi.
b b Db a
Po3B'sizanns. Jlogamo 10 nepuioro psjaka BCi psiAKUA 3 IPYroro a0
N-ro psaka:
a+b(n-1) a+b(n-1) a+b(n-1) a+b(n-1)

b a b b

b b a b

b b b a

Bunecemo 3aranpuuii MuoxkHuK @+ 0D(N—1) enementis nepuioro psaka

3a BUBHAYHHUK 1 JICTAHEMO.
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1 1 1 1

b a b .. b
(a+b(n-1))-lb b a .. b

b b b .. a

[ToMHOXXMMO TIepIHI PSIIOK BH3HAYHUKA Ha yncio (—Db) Tta momamo mo
APYTOTO PAIKA, 10 TPETHOTO PAAKA 1 T.1. 10 N -TO psAIKa:

1 1 1 1

0 a-b 0 0
(a+b(n-1))-|0 0 a—b .. 0 |=

0 0 0 .. a-—>b

=(a+b(n-1)-(a—b)" .

OOepHena MmaTpuus

O3nauvennsi. Matpuniss B HaszuBaeTbcst 06eprenoro 10 KBapaTHOI
maTpuill A, SKIIo

A-B=B-A=E,

ne E — oguHMYHA MAaTPHUIIS TAKOTO K MOPSIKY, K i MaTpuns A,

KBagparna wmarpunsg, mis kol 1CHye oOepHEHa MaTpuIls,
HA3UBAETHCS 0OOPOMHOI0.

TBepmxenns 14. OOopoTHa MaTpUIl MOXE MaTU TUIbKH OIHY
00EpHEHY MaTPHITIO.
Josenennsi. Hexaii matpuiin A mae aBi oOepHeHi matpuiii B Ta
C, To6TO
A-B=B-A=E, A-C=C-4A=F.
Tomi
C=E-C=(B-A)-C=B-(4-C)=B-E=B. u

Omxke, i obOoporHoi Marpuili A IiCHye eauHa oOOepHEHa

1 |
MaTpHuild, Ky nmo3Hadarots A . Jlins matpuri A T Maemo
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A-AT=A1T. A=E

3’s1CyeMO YMOBH ICHYBaHHS OOE€pPHEHOI MaTpHIll Ta HaBEJIEMO JIBa
METOJIY 3HAXO/KEHHSI 00EpHEHOI MaTPHIll — METO/I IIPUETHAHOT MATPHIT
1 METOJI €JIEMEHTapHHX MepeTBOpeHb (MeTox ["aycca).

O3Havenns. Marpuis

Ar Ay o Ay Ar Ay - Ay
b | e R A

B3
Il

Ahl AhZ A\m Ain AZn Ahn
ne Ay =(-1)"'M; — anreGpaiune TOTOBHEHHs CIEMEHTA & MaTpHI
A, 1, ] =1,...,n, HasuBaeTLC npuconaroto mampuyero 00 mampuyi A.

Teopema 12 (mpo siBHMi BUIJIAA 00epHeHOI MaTpuui). SKmio
KBaJpaTHa MaTpuLs A:(aij .y HEBUPO/DKEHa, To obepHeHa 10 A

MaTpPHIlS ICHYE 1 MA€ BUTIISI:

Ar Ay o Ay
AL — 1 J= 1 | A A o Ay
det A detA| : D :

An A - Ay
HoBenenns. [Tokaxemo, o
A-A=A-A=detA-E,
e E — oIMHWYHA MaTPUIISA MOPSIKY N.
Hosenemo pisuicte A-A=det A-E. 3a mpaBuioM MHOXKEHHsS
MaTpHilb, I, j-i exemeHT marpuii A- A piBHUI «I00YTKY» i-TO psiKa
MaTpuill A Ha |-# CTOBIYMK MPHUETHAHOT MATPHIIL A, To6TO JOPIBHIOE

cymi
allAjl + e + am Ajn .
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Skmo J =1, 1o a; Ay +---+ &, A;, = det A (teopema 11).

Sxmo | #1, 10 8 Ay +--+8;, Ay, =0 (tBepmxenns 13).

Otxe,
det A 0 0
~ 0 detA .. 0
A-A= ) =detA-E,
0 0 ... detA

ne E — oguanuHa mMaTpwuis.

Ockinpkn  MaTpuns —HeBupomkena, Ttooro detA=0, To

MOMHOXXMMO TIpaBy Ta JIBY YacCTUHY OTPUMAaHOI PIBHOCTI HAa YHUCJIIO
1

——. Jlictanemo

det A

LA-A:E, A-(LA):E.
det A det A

Pipricts A-A=detA-E JIOBOJIUTHCSA
00epHEHO0 10 MaTpuili A € MaTpuIils

1 i .
det A

Hacaigoxk (kpurepii

aHaJioriuio. To0To
-1
A

o0oporHocTti Martpuui). Ksanparna
maTpuilt A € 000pOTHOIO TOJI 1 TIIBKH TOJI, KOJH BOHA HEBHUPOKEHA

(det A= 0).

Ipukaan 28. 3HaiiT 00epHEHY MATPHIIIO JJISI MATPHIIL

4 -8 -5
A=|-4 7 -1|.
3 5 1

Po3B’s13aHHA.
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4 -8 -5
detA=|-4 7 -1/=28-24+100-105-32+20=-13.
3 5 1

Ockineku det A#0, To obepHena marpuis icaye. OOYHCINMO

anre6paiuni JonoBHeHHs Aj = -0 m i

7 -1 —4 -1
— _11+1 212’ — _11+2 :7’
Ap=(D . 1‘ Ao =(-1) 3 1
-4 7
— _1 1+3 :1’
Asz=(-1 3 5‘
-8 -5 4 -5
= (-** =17, Ay =(-D)**? =11,
Ay =(-1) . 1‘ Ay =(-1) 3 1
4 -8
Ayz =(-1) 3 5‘
-8 -5 4 5
= (-1 = 43, = (-1)3+? =24,
A31 ( ) 7 _1‘ A32 ( ) -4 -1
4 -8
Az =(-1) 4 7‘
Maemo
12 -17 43
A=|7 -11 24|
1 4 4
OTtxe,
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12 17 43

12 17 43) | 3 13 13
A_l:—i 7 _11 24 |= 24
13 1 4 4 13 13 13

B 14 4

13 13 13

Teopema 13. KBampaTtHa maTpuilsi € 0OOPOTHOIO TOJII 1 TUIBKH
TOMl, KOJU €JIECMEHTApPHUMHU IIEPETBOPECHHSIMU PAJAKIB i1 MOXKHA
IIPUBECTH JI0 OJJUHUYIHOT MATPHIII.

Josenennsi. HeoOximmicts. Hexat A=(a;),, — oboporHa

marpuis. Toxi det A= 0. Ockinbku MaTpui A KBaaparHa, TO 1i MOXKHA
3BECTH 3a JIOTIOMOTOI0 €JIEMEHTAPHHUX MEePETBOPCHD PSIIKIB 10 BEPXHBOT
TpukyTHOi Marpuui A Buay (22) (macuigox 3 Teopemu [aycca).
Ockinbku det A#=0, To oTpumaHa eKBiBaJeHTHa BEPXHS TPUKYTHA
MATpPHIS TAKOK MaTHMe HeHyi1boBuil BusHaunuk det A = 0. JliiicHo, B
pa3i eJIeMEHTApHUX IEePETBOPCHb PAIKIB IEPIIOro THUIY BU3HAYHHK
3MIHIOE 3HAK Ha MPOTUJIC)KHUM, BHACTIIOK €IEMEHTAPHUX MEPETBOPEHD
APYroro THIy BH3HAYHHMK Oyae MOMHOKeHHi Ha gyucimo A #=0, a B
pe3yJIbTaTi €JIEMEHTAPHUX IMEePETBOPEHb TPETHOTO THUITY BHU3HAYHUK HE
3MIHIOETBCS (TBEeppKeHHS D, 6, 10).

Bu3HayHUK BEepXHBOI TPUKYTHOI Matpuili A JOpiBHIOE JTOOYTKY
nmiaroHanbHuX enemeHTiB. Ockinbkn det A=0, To Bci emeMeHTH Ha
niaroHani A — € HeHyJTbOBUMH. BUKOHABIIN 00CPHEHHMIA XiJ] aITOPUTMY

["aycca, orpuMaeMo AiaroHanbHy MaTPHIIIO 3 HEHYJIBOBUMH €JIEMEHTAMH
Ha rOJIOBHIN JiaroHaJIi.

&, 8, .. d, 0 .. O
8y 8y . B | |0 dy .. 0
a, &, .. a, 0 O d.,

(d,#0,d,, #0,...,d ., #0).
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Jlani nepmumii psioK MaTpull NOMHOKHMO Ha — , IPYTUA PSAOK
11

MaTpHIll MIOMHOXKMMO Ha — 1 T.J1. B pe3yabpTari oTpuMaeMo OJMHUYHY
22
MaTPHIIFO:
d, O 0 1 0
0 d, 0 1 0
0O O d 0O 0 .. 1

Hocrarmicte. Hexaii wmarpuus A= (a;) 32  JIOTMIOMOTOIO

nxn

CIIEMCHTAPHHUX IICPETBOPCHD PAAKIB 3BOAUTHCS JIO OJUHUYHOT MATPHIIL
E . ToboTo
A~...~E.

Skmo B~C i detB=#0, 1o, six 3a3HauangoCcs, BHKOHYIOYH
CJIEMEHTapHI TMEpPEeTBOPEHHS HEBHPOMKEHOI MATPHIll, OTPUMYEMO
eKBIBaJICHTHY HEBHpO,LKeHy MaTpuirio, Tooto detC = 0. IlpaBuasHuM €
takox TBeppkenns: skimo detC =0, ro i det B =0, 60 BigHOmIEHHS ||
cumetpuune, B ~C = C ~ B.

Ockinekun detE =120, to i det A=0. Omxe, matpuns A —
000pOTHA 32 KpUTEPIEM OOOPOTHOCTI MATPUIIl. M

Teopema 14 (Metoax T'aycca 3Haxoa:KeHHsI OOepHEHOI
MaTpui).

SIKIII0 TIOCITIIOBHICTh €IEMEHTApPHUX MEePETBOPEHB PSAKIB, SIKUMH
o0opoTHa Matpuisi A 3BOJUTHCS A0 OJUHUYHOI MATPHIll, B TOMY XK
MOPSIIKY 3aCTOCYBaTH A0 PSAKIB OAMHUYHOI MaTPHIl, TO B PE3yJbTaTi
JicTaHEMO OOEpHEHY MaTPHIIIO.

TBepmKeHHS TEOpeMH 3pYYHO TMOJATH TaKUM 4YWHOM. Jljisi TOrO,
1100 3HalTH 00epHEHY 10 A MaTpHI0, MOTPIOHO HOPSI 3 MATPHIICIO
A 3amucaTv OIMHUYHY MATPHUIIO0 TAKOTO CaMOT0 po3Mipy, sik i A, TOOTO
(A|E). Mani 3a nomomMororm ejgeMEHTapHHX IEPETBOPEHb DSAIKIB
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matpuni (A|E) (mpsmoro ta oGepreroro xomy anroputMmy [aycca)
3BecT Marpuio A g0 ogunHuuHoi. Ockinbku 3 wMatpuneo E
BUKOHYBaJlaCh Ta cama ITOCIIIJOBHICTh €JIEMEHTApHUX [IEPETBOPEHbD, IO
i 3 marpuieio A, TO IpaBOPyY BiJA PHCKH OTPHUMAEMO OOCpPHECHY

matpuio AL (A|E)~..~(E|AD).
Hosenennst. Hexait A=(&j)p, — 0OopoTHa MaTpuisL.
AL = (Xij )axn — HeBimoma obOepuena 1o A wmarpuus.  Tomi

CIIPaBEIJIMBOIO € PIBHICTH
A-A1=E, (41)
e E — omuuuyHa MaTpuIi mopsaky N.
3anuiiemo piBHicTb (41):

all a12 ain Xll X12 Xln 10 .0
Qi Bp o B | | X Xp o e Xon | 01 .. 0 (42)
ay; A e Ay )\ Xy X o X 0 0 .. 1

PiBHicTh (42) MoXkHA moaaTH SK N CHCTEM JIiHIKHUX PIBHSAHB 3
OJIHI€}0 OCHOBHOIO MaTpuiieio A:

A S . Gy X1 1 A Sy .. Ay X 0

A Ay e B | | X | |0 LB B e B | | X | |0
anl anz ann an 0 anl a‘n2 ann Xnn 1
abo
QX1 T ApXo1 Fot Xy =1, ( A1X1n + Ao Xy + ..+ Xy =0,
Ap1X1q Ao Xy +.. Ao Xy = 0, A1 X1y T Ao Xon +...+ Qo Xy = 0,
yevesd
anlxll + an2X21 +...+ ananl - O, \anlxln + an2X2n +...+ anann :1

Ockinbku Matpurst A — o0oOpoTHa, TO 3rigHO 3 Teopemor 13
CIIEMCHTAPHUMH  TIEPETBOPCHHSAMH  PSJIKIB BOHA  3BOJHUTHCH  JIO
onuandHOi MaTpuii. O1xe, po3s’s3yroun 11i N CJIP metomom [aycca,
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OTPUMAEMO, MO0 KOXXHA 3 HUX Ma€ €IUHUM PO3B’A30K. N HaAOOpIB
po3p’s3kiB mux N CJIP € croBmumkamMu HEBIIOMOi OOEpPHEHOI [0

maTpumi A MaTpuii A1 Posp’smremo orpumani N CJIP meromom
[Naycca. OckUIbKM OCHOBHI MaTpHIll YCIX CHCTEM JIIHIMHMX DPIBHAHb
OJIHAKOBI, a BIIPI3HAIOTHCS JIMIIE CTOBITUYUKH BUIBHUX YJICHIB, TO METOJ
['aycca mpoBepemo oanouyacHo mas Bcix N CJIP 3a posmmpeHoro

MaTpHULECIO
8, 8, .. &, |1 0 .. 0
ay ay, .. &, 0 1 0
a, a, .. a, |0 0 .. 1

Jie TIpaBOPYyY BiJ PUCKH 3aMMCAaHO CTOBIMUMKHU BUThbHUX wieHiB N CJIP.

Matpunsg A eaeMEHTapHUMH MEPETBOPEHHSAMHU PSIJIKIB 3BOJUTHCS
10 oguHUYHOT MaTpuii. [licis eneMeHTapHUX TIEPETBOPEHh OTPUMAEMO
TaKy pO3IIMPEHY MaTPHITIO

1 0 .. 0|a’) a%), .. aj,
01 .. 0ja'y, a), .. ay,
o0 .. 1|a, a, .. a,

B AKI B CTOBMYMKAX MPAaBOPYy4Y BIJ PUCKU CTOSATH po3B’sisku N CJIP,
TOOTO MaTpHIsl, OTPUMaHa MPABOPYY BiJl PUCKH, 1 € 00epHEHO 10 A

MaTPHIIEIO:
a 11 a 12 LNl a 1n
AL Ay Ay e Ay,
a nl a no e a an
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Hpuxnan 29. 3HaliTu 00EpHEHY MATPHUIIIO O MATPHII

4 -1 5
A=-3 1 -3
-2 0 -3

Po3B’si3anHs. Bukopucraemo MeTo]1 €IeMEHTapHUX NEPETBOPEHD
3HaXO/DKeHHS oOepHeHoi Marpuimi (Meron [aycca), omucanuii y
Teopemi 14.

3anumeMo mops 3 MaTpuieilo A OJUHUYHY MaTPHUII0 TPEThOTO

MOPSJIKY:
4 -1 5|1 0 0
-3 1 30 1 0]
-2 0 3|0 0 1

Jlo mepiioro psiaka 104aMo APYTUd psIOK:

1 0 2|1 10
-3 1 3]0 1 0.
-2 0 3|0 0 1

Jlo npyroro psaka IoJamMo MEpPIIMM PANOK, MOMHOXEHUM Ha 3, a JI0
TPETHOrO PAIKA JOAAMO NEPIIUHN PSAAOK, TIOMHOKEHUMN Ha 2:

1 0 21 10

0 1 3[{3 4 0].

0 0 1|2 2 1

Mu BuKOHAIW TpsAMHKA X171 anroputMy [aycca. Jlami mo apyroro
psIKa J10J1aMO TPETIN PSIOK, TOMHOXKEHUM Ha (—3), a 10 MepIIoro psjaka
JI0JIaMO TPETIN PsIAOK, MOMHOXKEHUU Ha (—2):

1 0 0|-3 -3 -2
01 0|-3 -2 -3|.
0O 012 2 1

TakuM 4YMHOM, CIIpaBa BiJl pUCKH MAEMO OOEPHEHY MATPHUIIIO
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—2
-3 |.
1

-3
—2
2

-3
-3
2

A= [
Ipukaan 30. 3HaiiTH 0O0EpHEHY MATPHIIIO 0 MAaTPHITI

2100

5 300

1 2 3 4|
2 1 2 3

Po3B’si3aHuA.

3HaliieMo 00epHEHY MaTPHIIIO 3a JI0MOMOror Metoay ['aycca.

~

0

1 0

—2

-2 0 0
-3 10

-1 0 0 1

O © o -
O O 4 O
O 4 o o
- 9 o o
O o < ™
O O ™m
— «—+d1 AN <«
N o o N
!
o o o -
O O +4 O
O «+4 O o
- O O o
oo < ™
O O m
— M AN
N O A N

1 1 00

0

-1 0 0| 5

0 0 3 4] 7

0O 0 2 3

-2 1 00

0

0

0

1

-1 10

-1 0 01

1

2
-3

—2
)

8
-17 6

3

—2

1100
21 00

01 3 4| 2

0 0 2 3

1100
0100

0 011

0 001

1 0 O

—2

-5 2 0 0

-1

-3 1
-1 0 0 1

1

—2
-5

v
3

-9 3

=17 6

—2

1 100
0100

0 01 1|8

0 0 2 3

1 100
0100

0 01 0] 25

0 0 01
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-2 1 0 O

Orxke, AL = = 2 0 0
25 -9 3 4
-17 6 -2 3

Metoa Kpamepa po3B'si3yBaHHSI CHCTeM JIIHIMHUX PiBHSIHb

Hexaii A-X=D — xBamparma cucrema ninifiHuxX piBHAHB, €

A=(a;),., — OCHOBHa MAaTPHIlsl CHCTEMH, X — CTOBIYHMK HEBiIOMHX,

b — cTOBIUMK BiIBHUX 4iIeHiB. PO3rOpHYTHI BUIIIS CHCTEMHM:

Ay Xy + 8%+ + 8y, X, =y,

n =

QX + 8%+ + 3, X, =D

n*

Teopema 15 (IIpaBuso Kpamepa). KpagpatHa cuctema JiHIMHUX
piBHaAHb, A-X =D Bu3HaueHa Tomi i TiNEKM TOAI, KOJM ii OCHOBHA
Matpulli A € HEBUPODKCHOI. B TakoMy pa3l €IWHHA PO3B’SI30K
CHUCTEMH 3HAXOJATh 3a npasuiom Kpavepa:

X; :ﬁ, 1=12,..,n,
A

ne A=detA, A; (i=12,...,n) — BU3HAYHHK, OTPUMAHHIi 3aMiHOIO | -TO

CTOBMYKKA MAaTPHUIli A Ha CTOBIYUK BiIbHUX uacHIB. ToOTO

dy &, ... Ay
a a .o a

A — 21 22 2N , (43)
anl a‘n2 ce ann

N DOMOMIKHUX BU3HAYHUKIB:
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b, a, .. a, &, oAy b @,
Al=b2 ay ... Ay, ’”.’Ai:aﬂ IR S : PR 80|
b, a, a, a a, b, a.... a,

&, 8y b,

"’An _ dy; Ay bz

anl an2 bn

Hosenennsi. HeoOximmicts. Hexaii ksagpatma CJIP A-X=Db
BU3HAUCHA, TOOTO Mae €IUHUN pPO3B’s30K. PO3B'sI3yr0uM BU3HAYECHY
CUCTEMY JIHIWHUX pIBHSIHb MeETOJAOM [l'aycca, OCHOBHY MAaTPHIO
cucteMd A eIeMEHTapHUMH IEPETBOPCHHSIMU MOXKHA 3BECTH JIO
omuanyHoi Matpuni E (A~..~ E). 3a teopemoro 13 matpuig A —
o0oporHa. 3Bincu, 3a Hacaigkom 3 Teopemu 12, det A=0.

Hocrataicte. Hexaii det A=0. Tomi mna marpuni A icmye

oOepHeHa AL (3a Teopemoro 12). ITomuoxumo pisricts A-X =D 3miBa
Ha A_l;
At A-x=A"b, E-x=A'-b, x=A"-b.

Orxe, cuctema A-X =D, y axoi det A= 0, mae equnuii po3s’s30K

x=A"D. (44)
3a Teopemoro 12 obepuena matpums A l=——— A, ne A -
det A
pUETHAHA MATPHIIS.
P A
[To3raunmo A 1 = (a ij)nxn , 1€ a|ij = f .

3a3HauMMo, 1O |-Ta KOOpAMHATA BeKTOp-croBmumka A -D y
npaBiit yactuHi piBHOCTI (44) nOpiBHIOE CyMi
n. n Aji 10

j=1 =1 A Aja
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n
ae Y. A;i -b; —ue posknan BusHauHMKa A; 3a |-M CTOBIUUKOM.
j=1

10 Ay
OT}KG, Xi:_ZAji'bj:_,|:1,2,...,n. |
Aja A
Hpuxnax 31. JocaiauTu CyMICHICTh CHCTEMH JITHIMHUX PIBHSIHB U
y pa3i CyMiCHOCTI po3B'si3atu cucremy metojioM Kpamepa:
X, +2X, +4X; =31,
SX, + X, +2X; = 29;
Po3p’si3anHss. MaeMo KBaJpaTHY CHUCTEMY JIIHIHHUX pPIBHSAHb.

CnouaTky 00OYHCIMMO BU3ZHAYHUK

1 2 4
A=[5 1 2/=1.1.1+2.2-3+5.(-1)-4—
3 -1 1

~3.1.4-5.2.1-(-1)-1.2=-27.

Ockinbku A # 0, To CJIP € Bu3HaueHor0 3a TeopeMoro Kpamepa.

3HanIEMO BU3HAYHUKU:

31 2 4
A =29 1 2/=31-1.1+2-2:10+29-(-1)-4-
10 -1 1
~10-1-4-29.2.1—(~1)-31.2 =-81.
1 31 4
A,=l5 29 2(=1.29-1+2-31-3+5-10-4—
3 10 1
~3.29.4-5.31.1-10-1-2 =108,
1 2 31
Ay=5 1 29(=1-1-10+2-29-3+5-(~1)-31—
3 -1 10

-3-1-31-5-2-10—-(-1)-1-29 =-135.
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Otxe, 3a npaBuioM Kpamepa
A, 81 A, -1 A, -1
A =27 A =27 A =27
Binnosigs: X, =3, X, =4, X;=5.
Martpuuni piBHssHHs. MaTpuyHM#i MeTOA PO3B'A3aHHS
CHUCTEM JIIHIHHUX PIBHAHb

Mampuunum pisHAHHAM HA3UBAETHCS alreOpaiuyHe pPIBHSIHHS, Y
AKOMY Koe(illieHTaMU 1 HEBIJIOMUMU € MaTpuIli. BBaxkaeTbcs, 10 BCI il
3 MAaTPULISIMU Y PIBHSIHHI BU3HAYEHO KOPEKTHO.

PosrasgaTumeMo Tpu TUIH MAaTPUYHUX PIBHSHD:
A-X=B, X-A=B, A-X-B=C, (45)

[Totpeba posrisgaTd OKpeMO Taki PIBHSHHA 3yMOBJIEHA THUM, IO
orepaitisi MHOKEHHSI MaTPHIlb HE € IEPECTaHOBOYHOIO.
[MpumyctuMo, 10 B TepHioMy piBHSHHI Matpuiss A €

. 1 : :
HEBHUPOKEHOI0, TOOTO icHye A ~. Toai MOMHOXHMO OOHWJIBI YaCTUHU

PIBHSIHHS Ha A7 sniga:
At 4-x=41B.

: 1 :
3Bincu X = A ~ - B — po3B'I30K PiBHSHHS.
Tak camo a5t Apyroro piBHSHHS, K0 A HEBHPOKEHA Ta iICHYE

1 . . -1 .
A ~, TO MTOMHOXMMO OOWJIBi YaCTHHU PiBHSIHHS Ha A ~ cripasa:
X-A-A =B-A4"

: 1 :
3Bincu X = B- A ~ — po3B'130K piBHSIHHSL.

JI71st TpeThOTO PIBHSHHS MPHUITYCTUMO, 110 00u Bl MaTpuili 41 B €
HEBUPO/DKEHUMHU MATPUIIMU. To0A1 TMOMHOXXMMO OOWJIBI YaCTHHH

piBusEns Ha A 3miBa i Ha Bt CrpaBa:
At 4-xXx-B-Bt=4at.Cc.B7".

3igcn X =A41-C-B1- PO3B'SI30K PIBHSHHS.
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Ipuknan 32. Po3B'sa3aTu MaTpuiHe PIBHSIHHS

3 -1 Y 5 6) (14 16
5 -2 7 8) {9 10)
Po3p’si3anns. lle € piBusuusa Bugy A- X -B=C.

3HaiIeMO MaTPHITIO Al

3 -1/1 0 3 1|1 0) (-1 0l]-2 1
5 210 1 1 0|-2 1 3 -1/1 0
-1 01]-2 1 1 0|2 -1
0 -1|-5 3/ |0 1|5 -3/

(2
-lc )

3HaiiIeMO MaTPUIIO B1
5 6/1 0) (5 6|1 O 1 213 =2
7 80 1 2 2/-1 1 2 2/-1 1
1 2|3 =2 1 0|-4 3 10‘43
0 -2|-7 5 0 -2|-7 5 011_5'
2 2
4 3
_ 1(-8 6
B 1= == .
s3T5
2
2 -1\ (14 16) (-
X=alcpi-l : 6) (-8 6)_
2{5 -39 10/ 7 -5

C1(19 22\ (-8 6) 1(2 4) (1 2
2043 50)( 7 -5) 26 8) |3 4)
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Ipuxknan 33. Po3B’s13aT MaTpuyHE PIBHSIHHS

2 -4 1 1 -1
1 -5 3| X=|2 0
1 -1 1 -4 6

Po3B’si3annst. Maemo matpuuHe piBHsHHA Buay A- X = B.

2 4 1
detA=|1 -5 3=-8=0.
1 -1 1

Otxe, matpuils A HEBHPOKCHAa i Mae OOCpPHEHY MAaTPHIIO.
OOCpHEHY MaTPHIIIO Al o maTpumi A IIyKaTUMEMO METOAOM
MPUETHAHOT MATPHUILL.

AsreOpaiuHi JOMOBHEHHS 0 €JEMEHTIB MaTpui A

1+1_5 3__ (L a\ _ _
A, =(-1) . 1‘_ 5—(-3)=-5+3=-2,
1+21 3__ _ _
A, =(-1) 1 1‘— (1-3)=2,
- 1l+31 = _ 1+5)=4
AiS_(_) 1 _1_(_ + )— )
2t a1y = (44 =3
A, =(-1) 9 1‘——(— - (-1))=—(-4+1)=3,
2+22 1_ 1
A, =(-1) ) 1‘_2 1=1,
2+32 _4___ _
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4 1
A, = (-1 3‘:-12+5,
2 1
= (—1)%2 =—(6-1)=-5,
A, =(-1) 1 3‘ (6-1)
2 -4
= (-1)*"? =-10+4=-6.
N
2 2 a4\ 2 3 7
3Biacu A_l:—% 3 1 =2 :—% 2 1 -5].
-7 -5 -6 4 -2 -6
3HaiiIeMO HEBIIOMY MaTpHIlio X .
X=A1.B=
1—23—7 1 -1 132—40 -4 5
=—3 2 1 5|2 0|=-={24 -32|=|-3 4|

4 -2 -6)\-4 6 824 —40 -3 95

Y pasi, xKonm B MaTpUYHOMY PIBHAHHI OAWMH abo oOuaBa
KoedilieHTH npu X € BUPOKEHUMH, a00 HEKBaJIpaTHUMU, MATPHUILISIMHU,
JUTSL PO3B'SI3aHHS MATPUYHOTO PIBHSAHHSA X 3alUCYETHCSA SK MaTpPULS 3
HeBiIOMUMH eneMeHTamMu. [licis MHOXXEHHS MaTpHIlb CKJIaIa€ThCs
CUCTEeMa JIHIMHUX pIBHAHb BIJHOCHO mHMX HeBigomux. OTxe,
PO3B'sI3aHHS] MATPUYHOTO PIBHSIHHS 3BOJAMTHCS JO PO3B'SI3aHHS CHCTEMU
JHIAHUX PIBHSAHbD.

Ipukaan 34. Po3p'si3atu MaTpuyuHe piBHSIHHS

2 -3 2 3
X =
4 -6 4 6)
Po3p’si3anns. Ile marpuune piusaas Buay A- X = B. Ockinbku
_3‘
~0,

2
det A=
o
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maTtpuiii A He Mae oOepHeHnoi Marpumi. B Takomy pasi aus

X X

3HAXODKEHHS Marpuili X =£ j 3 HEBIIOMHUMH Koe(dillieHTaMu

X3 X4

Ma€eMO PIBHSHHS
2 =3\ (x x 2 3
o 0 G )

[TOMHOXUBIIIM MATPHUIIl, 3aMUIIIEMO CHUCTEMY pPIBHSHb BIJTHOCHO

HEBIIOMHX X, Xo, X3, X4 1 p0O3B'sKeMO ii MeTonoM ["aycca.

2x;—3x3 2x,-3x,) (2 3
Ax, —6x; 4x,—6x,) \4 6)

(2%, —3x3 =2,
2x, —3x, =3,
<4x1—6x3=4,
4x, —6x, =6.
20 -3 01]2) (2 0 -3 02
02 0 3|3/ |02 0o -3[3
40 -6 04/ |00 0 0]0]|
04 0 6|6/ 00 0 010
10 -3/2 0 |1
01 0 -3/2|3/2
oo o o | o |
00 O 0 | o

Cucrema Ma€ HECKIHUEHHY KUIbKICTh PO3B'A3KiB:
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x1:1+gx3;

-

Ko =S4 3
2 2 9 4

X3 :C3;
Xg =Cy

S

OTxe, po3B'sI3KaMU MaTPUYHOTO PIBHSHHS € MATPULIl BUIY

-

3 3
, 200 < Xy =—+§C4;

1+§c §+§c
273 2 24
Cs Cy

Sk yxe 3a3HaueHO, CUCTeMy JIiHIHHUX piBHSIHBb (23) MOXXKHA

HOJIaTH Y MaTpUIHOMY BUTIIsAL (24):

TOOTO y BUTJISAAI MATPUYHOTO PIiBHSHHSA, J¢ A — OCHOBHAa MaTpPHIIS
CHCTEMH, D — BEKTOP-CTOBITUMK BiILHHUX WIEHIB, X — BEKTOP-CTOBITYHK
HeBimoMux. Skmo A — xeadpammua Hesupoodcena mampuys, BEKTOP-
CTOBIMUMK HEBIIOMUX X MOXHA 3HAWUTH K pO3B'S30K MATPUYHOIO

PIBHSIHHS:

A-x=Db,

pO3B'sI3aHHS CUCTEM JIIHIMHUX PIBHSHb.

IMpukaan 35. Po3s's3aTu MATpUYHUM METOJIOM CUCTEMY JIIHIMHUX

PIBHSHB

Po3p’s13anns. 3anuiieMo cuctemy y Bursiai A- X =D, ae

1 3
A= 3 1
-5 -1

—2 xl
-1, Xx=|x 1
3 X3
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-1 o
Marpuirro A 3HaKAeMO MetoioM ['aycca:

21 -1/1 00 1 0 1 00 1
31 -2010(|~(3 1 -2/01 0|~
1 0 1 001 21 -11 00

170 0 1 10 1,0 0 1
-5/0 1 -3|~-|0 1 -5 0 1 -3|~
-3/1 0 -2 00 21 -1 1

l
7 N\
o O K
R P O

=

10 0 0 1 10 1 O 0 1
~10 1 -5 O 1 -3|-/]0 1 -5 0 1 -3|~
0O 0 1|05 -05 05 0O 0 1|05 -05 05

1 0 0 -05 05 05
~{0 1 0 25 -15 -05|.
O 01 05 -05 05

-05 05 05
3imen At=| 25 -15 -05]|
05 -05 05
X, 05 05 05)(2) (2
Orke, | X, |[=A*-b=| 25 -15 -05||3|=|-1]|
X3 05 -05 05)(3) |1

Bignosins: Xy =2, X, =-1, X3=1.

KoHnTpoJbHi 3anMTaHHs
1. [lo Take micTaHOBKA, MapHA 1 HEMapHa IMJACTaHOBKHU?
2. ChopmymroiiTe 0O3HAYCHHS] BUBHAYHHUKA N-TO TIOPSIKY.

3. HaBenith mpaBwia OOYMCIICHHS BHU3HAYHUKIB JPYroro i
TPETHOTO MOPSIJIKIB.
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4. HaBemiTh OCHOBHI BJIACTUBOCTI BU3HAYHUKIB.

5. Sk po3KIaga€eThCsl BU3HAYHUK 32 PSAJIKOM 132 CTOBITYUKOM?

6. SIky MaTpHITIO Ha3UBAIOTh OOEPHEHOIO IO KBAIPaTHOT MaTPHIIi?

7. BkaxxiTb yMOBY ICHYBaHHS O0O€pHEHOI MaTPHIII.

8. 3anuuiTe ABHY (OpMYJy 3HAXOKEHHS 00EpHEHOI MaTpulll 3a
JIOTIOMOT OO TTPUETHAHOT MATPHIIL.

9. HaBenite MmeTon ["aycca 3HaX0MKEHHS 00OCPHEHOI MAaTPHIII.

10. Chopmymroiite npaBmwino Kpamepa 3HAXOMKEHHS PO3B'S3KY
BU3HAYCHOI CUCTEMH JITHIMHUX PIBHIHb.

11. SIke piBHSIHHS Ha3UBaIOTh MATPUYHHUM PIBHSHHAM?

12.B  yomy TmoiArae MaTpUYHUNA METOJ  PO3B'SI3yBaHHS
BU3HAYCHUX CHCTEM JIIHIHHUX PIBHSHb?

Bunpasu

1. O0UHCHITh BUBHAYHUKH:

4 -2 1 2 3 1 3 4 0
a)‘: _64‘; 6)l6 0 1; B |2 -1 0o: nl-2 1 3
3 9 5 3 2 5 3 5 1
1 3 2 -2 |1 5 1 4 3 6 3 2
6 -2 1 3 6 -2 3 2 4 10 0
) ; ©) ; K) ;
1 4 1 1 4 5 1 6 2 2 1
4 3 2 5 |-1 -1 0 -y |51 2 4
7 6 9 4 -4 5 3 5 —4
1 0 -2 6 6 1 2 9 8
3|7 8 9 -1 -6 wl-1 7 -3 8 -9
1 -1 -2 4 5 4 2 4
7 0 9 2 -2 1 8 3 3

2. 3 SKUM 3HAKOM Yy BH3HAYHUK IIOCTOTO TOPSJKY BXOMISTH
no0yTku?
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a) 8p3 831 8564 -8g5-841;  O) Agp-8y3- Sy - 851 - 8gg - Aos;
B) 83-8p1 8358y, "85 -8gp; T) &g -8y 8318y 853 gp-

3. SIk 3MIHUTBCA BU3HAYHUK MOPSAKY N, SKIIO:

a) Moro nepuimii CTOBIMYMK MOCTABUTH HAa OCTAHHE MICIIE, a PELITY
CTOBITYMKIB 3CYHYTH JIBOPYY, HE 3MIHIOIOYHM IXHBOTO B3a€EMHOTO
MOPSIKY PO3MIIICHHS;

0) psiAKY BU3HAYHUKA 3aIMCATH Y 3BOPOTHOMY MOPAJIKY.

4. O0uuCHITh BU3HAYHUKH NMOPSAKY N

2 2 .. 2 5 1
3 2 .. 2 1
ay|2 2 3 .. 3| )11 1 5 .. 1j;
2 2 2 3 1 1 1 5
1 2 2 2
2 2 2 2
B) : r)(2 2 3 2|
1 1 1 n 2 2 2 n
n-1 -1 -1 -1 1
-1 n-1 -1 .. -1
mli-1 -1 n-1 .. -1 e)/ll 1 0 .. 1
-1 -1 -1 n-1 1 1 1 0
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0

—2

-2 -3

-1

0
2

3

0|.

3) -1

3

n-—2|;

1

4

k)0 2 3

x) [N—=1 n

0
1

2

0;

n)|0 1 2

5. 3HalaiTe 00epHEeHI MaTPHIll 10 MaTPHUIIb:

!

5 0
2 -2 1
0 -1

};

e) A
-1

1 -1 1
1 -2 2
-1 2

-(

2 -1 3
1 0 1;mA
-1 2 4

r) A=

1 -3 4
2 4 5
0O 3 4

2 -2
1 -2 3) A
-2 1

1
2
2

x) A

O < ™M
~ O 1o

N M -
Il

3 0 2
1 1 -2
0 -1 3

n) A=
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1) A

1
1
1
1

1 1 1
1 -1 -1
-1 1 -1/
-1 -1 1

1 2 3 4
2 3 1 2
M) A= ;
1 1 1 -1
1 0 -2 -6

6. 3HaiiniTh 00epHEH1 MaTPHUIIl JO MATPUIIL MOPSAKY N :

1 1 1
01 1
a)A=[0 0 1
00 O

1

0

B) A=| 1 1
1 1 1

1; nA=]1 1

0

1 1 0 ... 0
O 1 1 .. O
. 0)0A=|0 0 1 .. O0Of
0O 0 O 1
1
0

11 1 .. 0

7. Po3B'soKITh cUCTeMH JIIHIMHUX PIBHSIHB 32 paBuiioM Kpamepa:

a) <

B) <

1) 4

-

S

X; + X9 +2X3 =11,
2% — Xy +2X3 =8,

[ 2% — X5 + 3% =9,

3% — 59X, + X3 =4,
4% — TXg + X3 =5,

A% + Xo +4Xg = 22.

X —2Xy +3X3 =1,
0) 12X +3Xy —4X3 =12,
3% —2Xy9 —5X%3 =5.

X; + Xog — X3 =2,
r) 3 8% +3X, —6X3 =12,
—4X; — X9 +3%3 =-9.

117



8. 3Hai1iTh HEBIIOMY MaTPHII0 X 3 MAaTPUYHHUX PIBHAHB.

L L ST LS G
ofa 2 G 5

1 -1 1 2 1 0
Nni2 1 0]X=-1 3 5
1 1 -1 3 2 4
3 0 1
x110—_221-
2 1 -1

e X:|-3 -7 6|=|-4 0

2 1 -2 1 3
0 -2
|1 -1 0] X- =|-4 0]
1 1
4 -3 3 0 5

2 1

10. Po3B'sKITh CUCTEMU JIHIMHUX PIBHSHb MATPUYHUM METOJIOM:

1 2
9. O6uuchite @(A), 1e O(X) = 1+ X i A:( j

X; + Xy + X3 =4, 3% — Xy =1,
a)q 2% +4X, +3X3 =12, 0) 12X + X9 + X3 =3,
4% +2X, + X3 =8. 2% — Xy +4%X5 =12,
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X; +2X, +2X3 =4, X —2Xy +2X3 =1,
B) § 2% + Xy —2X%3 =—1, r) 3 3X — Xy +4X3 =2,
2% — 2Xo + X3 = 1. 2% + Xy =3.

3.4. Jliniiini mpocTopu
OCHOBHI NOHATTHA

Os3unaveHnsi. Jlinitinum (6ekmopHum) NPOCMOPOM HAO NOJNEM
Oiticnux yucen R Ha3mBaeTbcs MHOKHMHA V JICAKHX €JIEMCHTIB, Ha SKIH
BHU3HAYCHI JIB1 OTIepartii:

— onepayis 000a6awnHsl, 10 CTABUTh Y BIAMOBIIHICTh KOXKHIN Tapi
eJeMeHTIB U, V 3 MHOKMHU V OJTHO3HAYHO BU3HAUYCHUM eleMeHT U+ V
13 V, KU HA3UBAETHCS IXHBOIO CYMOI0;

— onepayis MHOJCEHHS eleMeHmi8 MHOdMCUHU V Ha OilcHi uucia
(ckanapu), WO CTaBUTh Yy BIAMOBIJHICTh KOXXHOMY uuciay o €R 1
KOKHOMY ejeMeHTy U €V OoaHO3HaYHO BHM3HAYEHUH eileMeHT oU 3
MHOXHWHU V, SIKUW Ha3UBAETHCSI 000YMKOM Yucia O. Ha enemeHm U.

[Ipn oMy omepariii JgoJaBaHHS 1 MHOXKECHHS Ha JIWCHI dYHCiIa
3aJI0BOJIBHSIIOTH TaKl YMOBHU:

1) U+V =V+U mus goBiabHUX U,V €V (KOMYTaTHBHICTB);

2) (U+v)+w=u+(v+w) mas  moBimeHHX  U,V,WeV
(acoliaTUBHICTBD);

3) icuye rtakmii emement 0e€V , mo V+0=V g gosimsHOrO
VeV (icHyBaHHS HYJLOBOTO €JICMEHTA);

4) nns posimeHOro VeV icuye takuii enement (—V) eV, mo

V+(—V) =0 (icHyBaHHS IPOTUIIEIKHOIO €IEMEHTA);

5 A-(U+V)=A-U+A-V gma gosimbaux U,VveV i AeR
(MUCTPUOYTHBHICTH MHOKEHHS Ha YKCIIO BIAHOCHO JIOJIaBaHHS);

6) (A+n)-v=A-v+u-v gua posinenoro VeV i A,pe R
(IMCTpUOYTUBHICTh MHOXKEHHS Ha €JIEMEHT MHOXHUHH V  BiTHOCHO
JIOJTaBaHHS YUCeN);
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7) A-(u-v)=(AW-v mas noBimeamx VeV 1 A,pe R
(acoIiaTUBHICTh MHOXKEHHS Ha YHCJIO);
8) 1-v =V mns noBimeHOro V€V (TOTOXKHA [Iist OJMHHIII).

EnemMeHnTH NiHIAHOTO OpOCTOPY HA3UBAKOTHCS BEKMOPAMU.

Ipuxkiaaau JiHIHHUX NPOCTOPIB

: — Cn

1. MHoxrHa BeKTOpiB Ha mromuHi R € miHiHHAM mpocTopoM

HaJ nosieM R 13 3BMYaliHMMU omepamisiMid reéOMETPUYHOTO J10JaBaHHS
BEKTOPIB Ta MHOKEHHSI BEKTOpa Ha 4KcIio. Tak caMo MHOKMHA BEKTOPIB

. 3 C ey . o
B npoctopi R € minilinum mpoctopoM Hax moneM R i3 3Buuaiinumu
oTepallisiMU TEOMETPUYHOTO JTOIaBaHHS BEKTOPIB Ta MHOKEHHSI BEKTOPa

Ha 9uCJIO.

2. ITone xoMiuiekcHux ynces C € JTHIRHUM TPOCTOPOM HAJl MOJIEM
niicHux yucen R 3 omepamisMu J0JaBaHHS KOMIUIEKCHUX YHCEN Ta

MHOKEHHS KOMIUIEKCHOTO YHMcJiia Ha yucio 3 R:
(a+bi)+(c+di)=(a+c)+(b+d)i
A-(a+bi)=Aa+Abi,
ne AeR, a+bi,c+dieC.

3. Hexait V ={0}, a onepanii qoxaBaHHs i MHOXKEHHS Ha CKaJsp

BU3HAYAIOTHCS, K
0+0=0,
A-0=0, VAeR.
V ={0} € niniiinum npoctopom Han R, SKHii HA3UBAETHCA HYILOGUM
JTHIAHAM POCTOPOM.

4. MHOXWHA BCIX YACIIOBUX BEKTOPIB, 1110 MaIOTh N KOOpJUHAT

R" ={(X X0 %) | Xy Xyerr X, € R}

€ JIHIAHUM T1[pocTopoM Haa mnojdeM R, sxuii Ha3uBaeThes
apugmemuyHuM TIHIUHUM NPOCTMOPOM.
JlonaBaHHA BEKTOPIB 1 MHOXEHHS HAa 4MClIOo A €R BU3HAYAIOTH

TaKUM YHNHOM:
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(Xpseern X0 )+ (Voo Vo) = (X + Y X + Y
A(Xy e X ) = (AX, ., AX), A ER.

5. MuoxkuHa BciX MaTpulb ofHakoBoro posmipy Mat  (R)
YTBOPIOE JITHIMHUN MPOCTIp HaJ 1ojeM R BiAHOCHO omepaliiii 1oqaBaHHS
MaTpPHIIh 1 TOCTIEMEHTHOTO MHOKCHHS MaTPHIh Ha YHCIIO.

6. MHOXHMHA BCIX MHOT'OWICHIB

R[x]={a,x" +ax" " +..+a_ |a eR;neN}
B1JI OJIHI€T 3MIHHOI 3 MIMCHUMH Koe(dlli€HTaMU € JIHIHHUM MPOCTOPOM
Haa mnojseM R BiIHOCHO omepalii JoJaBaHHS MHOTOWICHIB Ta
MHOKE€HHSI MHOTOYJICHIB Ha YHCJIO.
7. Hexait M — nesxa muoxuna. [Tosnaunmo uepes F(M,R)

maoxkuny ¢yakuii f:M — R na mpoxuni M i3 3HaueHHAMH B

noini R. F(M,R) € ninifiauM mpocTopoM BiIHOCHO TaKUX OIEpalliii:

(f+9g)(m)=f(m)+g(m),
(- £)(m) =2f (m),

nns gosimeaux f,ge F(M,R), meM , L eR.

Osnavennsi. [linmuoxxuna W mimidiHoro  mpoctopy V
HA3UBAETHCS NIONPOCMOPOM, KO BOHA 3aMKHEHA BIJHOCHO OIepalliii
J0JIaBaHHS BEKTOPIB Ta MHOXKEHHS BEKTOpPA Ha YMCIIO, BU3HAUCHUX y V :

1) nns noBinbHKUX BekTopiB U,V €W maemo U+VeW ;

2) mis poBinbHOro Bexktopa U€W 1 ckamapa A €R maemo
A-ueW.

[ammiMu cnoBamu, miamuoxkuaa W 6yae mianpoctopom V | ko
W cama € JiHIHEMM POCTOPOM BIJHOCHO OIEpaliid, 3aJaHHX B
npoctopi V.

Ipuxaan 36. [lepepiputy, un € MmHOXHHA W BEKTOpPIB MpoOCTOPY
R", BCi KOOpIMHATH SKUX PIBHI MiX CO0O00, MIAMPOCTOPOM JIiHIHHOTO
npoctopy R".

Po3B’si3anHs. Po3risiHeMO Ba BEKTOPH:

a=(xXX...X)eWib=(y;y;...;y) eW.
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Tom
a+b=X+y;x+V;..;x+y)eW,

OCKUJIbKH BEKTOp A + b mae ognakosi KOOPAMHATH.
Hexait A €R, Toxi

A-a=(AX;AX;...;AX) eW,

OCKIJIbKH BEKTOp A -8 Ma€ OJHAKOBI KOOPIHUHATH.

Otxe, W — mignpocrip R".

Osnavenns. Jlinitinoro  KomOiHayielo  CUCTEMH  BEKTOpIB

Vi, Vy,...,V, €V 3 koedinientamu A,,..., A, €R Ha3uBaeTbCA BEKTOP
AV + AV, + A Y eV
Slkmo Bektop VEV ¢ nmimiliHOIO KOMOIHALi€0 BEKTOPIB
Vi, Vo,V €V, TO KaxyTh, IO BEKTOp V JIHIUHO BUPAICAEMbCS
gyepes cucremy V,,V,,...,V, .

OsnaveHHst. Jlinitinoro 00010HKO0, TOPOIHKEHOI CHCTEMOIO

BEKTOPIB Vi, Vs,V €V, Ha3uBaeTbCAd MHOXHHA BCiX MOMKIUBHX
JTIHIMHUX KOMOIHAI(IN ITUX BEKTOPIB:

AV A+, + AV, €V AL A R

Iosnauaerses sk lin(vy,...,v,) abo <V,V,,...,V, >. JlixiiiHa
o6omorka lin(Vv,,...,V, ) Bexropis € manpocropom V .

Cucrema BekTopiB V,,V,,...,V, €V HasuBaerscsa cucmemoro
meipnux npocropy V , sxkmo lin(v,,...,v.)=V..

O3navennsi. Cucrema BEKTOPIB Vi, Vo,V eV HaszuBaeTbcA

JIHIUHO He3aNedHCHOI0, SIKIIO

AV +ALV, ++A v, =0

TOJI 1 JIMIIIE TO1, KOJIU
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B inmomy Bunaiaky BexTopu V,V,,...,V, Ha3HBAIOTLCH JIHIUHO

3ANEHCHUMU.

Jliniuna 3anedicnicmo eekmopie \V,V,,...,V, eV o3Hauae, 10
icHyI0Tb Taki A,,...,A, € R, He Bci piBHI HyII0, IO
AV +ALV, ++ AV, =0.

TBepmxenns 15. Skmo HynboBuii BekTop 0 HaANEKHUTH CHUCTEMI
BEKTOPIB V,,V,,...,V. €V, To BOHa € JIiHI}HO 3aJIe)KHOIO.

Hosenenns. Jlificno, mus gosiasHoro A €R, A #0 mae wmicue

PIBHICTB
Ov; +0v, +...+A0+...+0v, =0,
sKa 1 TOBOJAUTH JIIHIMHY 3aJI€KHICTh BEKTOPIB. [
Hpuxiaaau
1 0 0
1. Bextopu ¢ =0, e,=|1|, ¢;=| 0| mpocropy R® nimiitio
0 0 1
HE3aJIe’KH1, OCKUTBKH 3 BUPA3y
1 0 0 A 0
Me +he, +hze; =0 0|+, 1 [+A;]0|=| A, [=]|0
0 0 1 Ag 0

BHUILIUBAE, 10 A, = A, =A; =0.
Tak caMo JHIHHO HE3AJICKHHUMH € BEKTOpH apU(DPMETHIHOTO

npoctopy R"

1 0
1 0

81: , 82: , ’en: .
0 0 1
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1 -1 1
2. Bekropm a =|-3|, a,=|1| a;=|-5| € mniiHO

2 0 4
3aJIC)KHUMHM, OCKUIBKH
1 -1 1 0
2o +a,—a;=2:|-3|+| 1 |-|-5|=|0|
2 0 4 0

TBepakennss 16 (kpurepiil JgiHilHOT 3a/eXKHOCTI BeKTOPiB).
Cucrema BektopiB V,,V,,...,V, €V (N >2) niniiiHo 3anexHa, Toxi i

TUIBKA TOJI, KOJMM Xoda O OJMH 3 BEKTOPIB CHUCTEMH € JIHIHHOIO
KOMOIHAITIE€IO THIITUX BEKTOPIB.

Ile TBep/KEHHS 1HKOAM NPUNMAIOTh 3a O3HAYECHHS JIHIKHOI
3aJIEIKHOCTI.

JNoBenennsi.  HeoOximnicth.  Hexail  cuctemMa  BEKTOpIB

Vi, Vo,V €V — € nmiuiitHO 3aIeXHO0I0. 3a 03HAYEHHSAM ICHYIOTH TakKi
Ays-. A, € R, e Bei piBHi HyTI0, 110
AV ANV, LAY LAY, =0,

Hexail A, #0. Toxi 3 piBHOCTI 3HaXOAMMO, 1O V| € JIiHINHOO

KOMOTHAIIIE€I0 THITUX BEKTOPIB CUCTEMU:

1
k== (AqVe + oot A Vi g + AgegqVias +oo - RpV) -
K

HoctarHicte. Hexaii neskuii BEKTOp Vi CHCTEMH BEKTOPIB
Vi, V0V, eV (N2>2) niHiiHO BHPAXAETHLCA Yepe3 iHII BEKTOPH

CHUCTEMU
[Tepenecemo Bci qoaaHku piBHOCTI (46) B oauH OiK:
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JicTanemo, 10 JiHilHA KoMmOiHauis BexTopiB V,,V,,...,V, eV
JIOPIBHIOE HYJIIO MPUHAWMHI 332 OJJHOTO HEHYJbOBOI'O Koe(ilieHTa, 110
CTOITh Ol BEKTOpa V; 1 NOpIBHIOE MiHYC OAMHHUII. 33 O3HAYCHHAM

cucTeMa BeKTopiB V,,V,,...,V, €V e miHiliHO 3aneXHOI0. n

[Mincucrema Vq,Vs,...,Vy, (M<N) cucteMu BEKTOPiB Vi,V,...,V,
HA3UBAETHCS MAKCUMANBLHOIO NIHIUHO HEe3aANeHCHOI0, SKIINO MPUETHYIOYN
70 M€l MJICUCTEMU JOBIIBHHMM BEKTOP CHUCTEMH, OTPUMAEMO JIIHINHO
3aJIEKHY CUCTEMY BEKTOPIB.

TBepmxenns 17. KoxnHa MakcuMalbHa JIIHIMHO He3aJeXKHa
IiICUCTEMA CUCTEMH BEKTOPIB Vq,Vs,...,V, Oyle TaKoK MaKCUMAaJIbHOIO

JMHIMHO  HE3aJIEKHOK  MIACHUCTEMOIO 11 JIHIHHOI  OOOJIOHKH
lin(vy,v,,...,V,).

JloBenennsi. Hexait Vil,Viz,...,Vik — MakcuMajibHa JIHIAHO

HE3aJIeKHA IMJICUCTEMA CUCTEMHM BEKTOpiB Vi,Vs,...,V,. Toml KoxkeH
BEKTOpP CHCTEMH Vq,Vs,...,V,, JIHIHHO BHPAXKAETHCSA 4YEPE3 BEKTOPH

Vil’viz""’v 3a O3HAUYEHHSIM MAaKCUMAaJILHOI JIHINHOI He3aJIe)KHOI

ik
nigcucteMd.  OCKUTBKM  KOKHHMH ~ BEKTOpP  JIHIMHOTO  IIPOCTOPY

lin(vy,V,,...,v,) mniHiliHO BUpa)kaeTbcsi uyepe3 BeKTopu Vi,Vs,...,V,, a

BEKTOPH Vi,Vy,...,Vy — Uepe3 BEKTOpH Vi, Vi, ,...,Vj , TO KOKCH BEKTOP

ik’
npocropy lin(vy,Vs,...,V,) JHIHHO BHpaXaeTbcsi dYepe3 BEKTOPU

Vi Vi veees Vi - Toxi ms koxkHoro Bekropa U € lin(vy,Vs,,...,V,) cucrema

Vi Vi, senVj U Oyze  mimiiiHo  sanexHoro. Omke, Vi,V ,...Vj €

il ' i2 L k
MaKCHUMaJILbHOIO JIHIMHO HE3aJIEKHOIO IT1ICUCTEMOIO JITHIMHOT 000JIOHKHA

lin(vy,Vs,...,Vy) . n

OsnaveHHsi. basucom nHIAHOTO TmpoCcTOpy V HA3UBAETHCS
JOBIIbHA JIIHIHHO He3aJeXHa CUCTEMA TBIPHUX TIPocTopy V.

Jlinilinuii npoctip V HA3UBAETHCS CKIHYEHHOBUMIDHUM, SIKILO B
HbOMY ICHY€ 0a3uc, 10 Ma€ CKIHYEHHY KUIbKICTh BEKTOpPiB. B iHIIOMY
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pa3l MpOCTIp HA3UBAETbCA HeCKIHUeHHOSUMIpHuM. B mopanpmomy
PO3IIIAIaTUMEMO CKIHUEHHOBUMIPHI IPOCTOPH.

Teepmxennst 18. Hexait V — mimidiamit mpoctip. Cuctema
BEKTOpiB V,,V,,...,V. €V € 6asucom npocropy V Toni i Timbku TOA,
KOJAM J0BinbHUN Bexktop V€V  OIHO3HAYHO MPEACTABIAETHCA, SK

JNiHikHAa KOMOIHALisg BEKTOPIB V,,V,,...,V,

V=RV, + AV, ++ AV, A, AL €R. (47)

Lreees
HNosenennsi. Heo6xinnicts. Hexait V,,V,,...,V, — 6a3uc V. 3pincu

V;,V,,...,V, — cuctema TBipHHX V, TOOTO NOBiIbHUH BEKTOp veV

n

IPEACTABIISIETHCS Y BUIIIST
V=0V, +O,V, +...+ 0oV, s geskux o € R. (48)

JloBegemMo  OAHO3HAYHICT,  po3kiady. Hexail  iCHYIOTh
B1se By € R Taxi, mo

V=BV +BoVo +...+ BV, (49)

Biguimemo piBHicTh (49) Big piBHocTi (48):
0=(By—agvy + (B —02)Vo +...4+ (B — 0t V.

Ockinbku BeKTOpH V,,V, ...,V — JIHIAHO HE3AIEHKHI, TO

By—o4=0, B -0,=0,..,B,—a,=0,
abo
B]_:(X,l, B2=OL2,..., anocn.

Jlocrathicts. Hexaii nosimbHmii BexktOop V€V 0mHO3HAYHO

IPENCTABIACTLCA K JiHIMHA KOMOiHaMsA BEKTOPIB V,,V, ...,V

V=0,V + 0V, +...+ 0V

3Biacu BUIIIMBAE, WO V,,V,,...,V, — CUCTEMa TBIpHUX IpOCcTOpy V.
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3aIMIIUIOCh AOBECTH, WO V,,V,,...,V € JIHIHHO HE3AICKHUMU.

IIpunycrumo, wmo V,,V,,...,V, — JiHiiHO 3anexHi. Toxmi icHyroTh

n

04,..., 0Ly, HE BC1 PIBHI HYJIO, TaK IO
oV, + oV, +...+a. Vv, =0.

Ane nynb-Bektop 0 moxna sammcaru sk 0=0v, +0v, +...4+0v_. 3

OJIHO3HAYHOCTI PO3KJIay BUILIMBAE, 110
oy =0, o, =0,..., oy =0.

Orxe, Bekropu V,V,,...,V, — JIHIAHO He3alexKHi 1 V,,V,,...,V

n n

0asuc V. n
Osnavenns. OJHO3HAYHO BHU3HAYEHHM HaOIp KOEQIIIE€HTIB
(A, A9, Ap), Aj €ER posknany BekTopa V=AV, +A,V, +...+ AV, 32

0asucom V,,V,,...,V, Ha3sUBACTBCA Koopounamamu éekmopa ' B 6a3uci

VAR VAR VA

n

Teepmxennst 19. B ckiHYeHHOBUMIpPHOMY JiHIHHOMY TpocTopi V
KUJIBKICTh BEKTOPIB Y BCiX 0a3ucax 0JHAKOBA.

HNosenennsi. Hexait {€q,6,,...,6,} — neskuii 6asuc V. ITokaxemo,
o sxoxHa cucrema BekropiB {f, f,,..., f .} 3 Mm>n ne moxe Oyrn

0a3ucom V.

[punyctumo, mo {f,f,,...,f,}, m>n — rakox Gasuc V.

Posknmagemo Bekropu Oasucy {fq,f,,.., f,} 3a Bexropammu 06a3sucy

{e1.65,...,6,}:
n
fk = Zaikei y k :1,2,...,m.
i=1

st noBinbHUX X, € R Maemo

m m n n m
klek fk =2 X 2 ik = Z(Z aikxkjei-

k=L =1 i=1\ k=1
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Ockinmbkn  {€1,8,,...,6,} — ©Oasuc V, TO HymbOBHII BEKTOp

n
OIHO3HAYHO PO3KIANa€Thesl 3a BeKTopamu Iboro Oasmcy: 0= 0e .

i=1
m
Tomy ymoBa Y X f =0 piBHOCHIBHA cHCTEeMi OAHOPIAHHUX JHIHHUX
k=1

piBHSHB BITHOCHO X :

m -
z Qi X = 0, 1=1,...,n.
k=1
OCK1IbKM KUTBKICTh HEBIJOMUX M O1bIIa 32 KUIBKICTh PIBHSIHB N,

I CHUCTEeMa HEBU3HAUCHA, Ma€ HEHYJIbOBHU poO3B’sI30K. ToO0TO

m
> X f =0, me ne Bci koediuieHTn X, AOPIBHIOOTH HyIO. 3Bigcu
k=1

{f{ fy,... T} —  omimilino 3amexna. OTpuMann CyHepedHICTS,
npunycrusiy, mwo {f ¢, f,,..., f,} — 6a3uc.

3BIJICM BUIUIMBAE, 110 JKOAEH Oa3sWCc HE MO’KE MICTHTH OUIbIIIE
€JIEMEHTIB, HIK 1HIITMHA Oa3uc. [

VYci 0a3ucu CKIHUEHHOBHMIPHOTO JIIHIHHOTO mpoctopy V MICTATh
OJIHAKOBY KUIBbKICTh BEKTOpIB. KiJIbKICTh BEKTOPIB B JOBUILHOMY 0a3uci

HA3UBAETBCS pO3MIpHicmio niniino2o npocmopy V 1 MO3HAYAETHCS SIK
dimV .

SIKII0 pO3MIpHICTh JiHIHHOrO mpoctopy V gopiBHioe N, to V
HA3UBAETHCA N -8UMIPHUM JIHIUHUM NPOCHOPOM.
BBakarots, 1110 6asucom HysboBoro Jiniiinoro npocropy V ={0}

€ MyCTa MHOXHWHA, a HOr0 PO3MIPHICTh HOTO JOPIBHIOE HYJIIO.
Teopema 16. Hexait Vq,Vs,...,V, €V . PiBHOCHIBHUMH € TaKi

YMOBHY:
1) V{,Vs,...,V,, — 6azuc V;

2) Vq,V5,..,V, — MaKcuUMajJbHa JiHIIHO He3aleXxHa CHCTeMa

BEKTOPIB 3 V;

3) V1,Vs,...,V,, — MiHIManbHa cucTeMa TBipHHX V.
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Hosegenns. (1) = (2) Ockimpku Vq,V,,...,V,, — 0Oasuc V, To
Vq,Vy,..,V, — dmiHiiHO HesamexHi i lin(vqy,V,,...,v,,) =V . 3Bincu

JNOBUIbHMEM BekTop V€V € JiHIHOI KOMOIHAIE0 BEKTOPIB

Vi,Vo,...,V,. OTXKe, Vq,V5,...,V, — MaKCHMalbHa JIHIHHO HE3aJeKHA

cucTeMa BeKTopiB 3 V.

2) = (1) vq,V9,...,V, — MakcHUMaibHa JIHIHHO HE3aJIeKHA
cucteMa BeKTopiB 3 V. 3anumunocs 1oBecTH, mo Vq,Vs,...,V,, — CHCTEeMa
tBipHUX Tpoctopy V. Ockimbku Vq,V,,...,V,, — MakCHMajbHa TiHiIfHO

He3aJIe)kKHa CHCTEMa BEKTOPIB, TO JUIsl JOBUIbHOrO Bekropa VeV

cucTeMa BEKTOPIB Vq,Vs,...,V,,V — JIHIAHO 3alexHa. 3BLOCH V €
NIHIKHOKO KOMOIHAII€I0 BEKTOPiB Vi,Vs,...,V,. ODTKe, V{,Vy,..,V, —
crcTeMa TBIpHHUX mpocTopy V.

(1) = (3) Ockimbku Vq,Vy,...,V, — 6asuc V, 10 V{,Vs5,...,V,
cuctemMa TBipHHMX mpoctopy V. JloBeaemo, 1o g CHCTeMa TBIPHHX €
MmiHiManbHOMW. Ilpumycrumo, mo Vq,Vs,...,Vi_1Viyq,...,V, — CHCTEMa
TBIpHUX. Toal BEKTOp V; € JiHIMHOK KOMOIHALIEIO IHIIMX BEKTOPIB V J-
CUCTEMH. 3BIICH OTPUMY€EMO, WO Vq,Vs,..,V,, — JIHIHHO 3aJIeXKHa

cucteMa BekTopiB. OTpUMalld CyNEepPEUHICTb.

(3) = (1) 3 ymosu (3) maemo, 1o Vq,Vs,...,V,, — CUCTeMa TBIpHUX
V. 3ammmunocs poectd, mO Vq,Vo,...,V, — JHIHHO HE3aIeXH.
[lpunyctumo, mo Vq,V,,...,V,, — JIHIMHO 3ajlexXHI. 3BLOCH 3a
TBEpIKEHHAM 16 1718 neskoro | BeKTOp Vi € JiHIIHOI KOMOIHALIEO

IHIIUX BEKTOpIB cucTeMu Vi. Azxe Toal Vq,Vo,...,Vi_1Vii1,-.ssVp

j .
CHCTEMa TBIPHUX, IO CYNEPEYUTh MiHIManbHOCTL. OTXe, Vq1,Vp,...,Vy —
JIHIAHO He3alIe)KHa CHCTeMa BEKTOpiB mpoctopy V. u
TBepmxennss 20 (mpo nomoBHeHHsi ©0a3mcy). Hexain V -
CKIHUCHHOBHUMIPHUH JIHIMHUN mpocTip po3mipHocTi N. Tomi Oynb-sKy

JNHIAHO He3aJeXHY CHCTeMY BEKTOpiB Vq,Vo,..,V, €V, K <N, MoxHa

JOTIOBHUTH /10 Oa3UCy L[LOTO MIPOCTOPY.
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HMosenennsi. Hexait dim(V)=n i v{,v,,..,v, €V - miHiiiHO

He3ajexHa cucrema BektopiB, K <n. Cepexn Bekrtopi mpocropy V €

IPUHAMMHI OIUH BEKTOD €, AKMH He € JIHIMHOK0 KOMOIHALI€I0 BEKTOPIB
V{,Vy,...,V. SIkOu Takoro Bekropa He icHyBaso, To K =N 3rigHo 3
tBepmxeHHsAM 18. Ilpuennaemo BekTop € m0 cucreMu Vq,Vo,..., V.
OrpumaeMo cucTeMy BEKTOpiB  Vq,Vo,...,V|,€, fKa € JIHIAHO

He3aJIeXKHOI (BUILIMBAE 3 TBepmkenHs 16). Skmo K+1l<n, to y
npocTopi V icHye BeKTOp €,, IKHii HE € JiHiI{HOI0 KOMOIHAIi€0 BEKTOPIB
Vi,Vo,...,Vi,€; 3 TaKUX caMHX MipKyBaHb. [Ipuennaemo BexTop €, 10
1i€i CUCTEMHU 1 OTPUMAEMO CHCTEMY Vq,Vs,...,V|,€;,€,, AKa € JIHIAHO
He3aIekHOW. Ller mporec npogoBKyeEMO JOTH, JOKM HE OTPUMAEMO B
cuctemMi N JIHIMHO HE3aJICKHUX BEKTOPIB, fAKI OyayTh Oa3ucom
npoctopy V. u

Hacaigok. fxio U — mianpocTip cKiHYEHHOBUMIPHOTO IIPOCTOPY
V, to Oymp-skuii 6asuc migmpoctopy U Moxke OyTH JOMOBHEHHH 10
6asucy npocropy V. 3okpema, dim(U) <dim(V).

TBepmxennss 21. byab-aKi ABI MakCUMaJIbHI JIHIHHO HE3aJICXKHI
IiJICUCTEMU CHCTEMH BEKTODIB Vi,V,,...,V,, CKIaJalOTbCA 3 OJHAKOBOI

KUTBKOCTI BEKTOPIB.

NoBenennsi. Posrisnemo miniitHMi npoctip lin(vy,Vs,...,V,),
IOPOJKEHUH  BeKTOopamu  Vq,V,,...,V,,. Hexan Vil’viz""’vik Ta

Vi,V

I v

iy Vi Bl JOBUIbHI MaKCUMaJbHI JIHIMHO HE3aJIEXKHI

MiACUCTEMU CHCTEMH Vq,Vs,...,V,, IO MICTATH BIATIOBIIHO k<n rta

m<n BekropiB. Tomi 3a TBepmkeHHSIM 17 Vil,ViZ,...,V Ta

I

Vi,V Vi OyoyTh MaKCUMaJbHUMM JIIHIHHO  HE3aJICKHUMU

I j21"'l
migcucremamu  mpocropy  lin(vq,v,,...,v,). 3a Teopemoro 16
Vi; Vi, sV — Gasuc mpocropy lin(vy,Vo,...,vq) 1 Vj Vi,V

6asuc mpocropy lin(vy,Vv,,...,V,). 3a TBepmkeHHsM 19 KinbKicTh
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BEKTOPIB y BCiX 0a3ucax CKIHUEHHOBHUMIPHOIO JIHIHHOTO MPOCTOPY

onnaxosa. Otxe, K = m. m

OsHavyeHHs. Paneom CUCTEMHU BEKTOPIB Vq,Vs,...,V,, Ha3MBAEThCA

KUTBKICTh BEKTOPIB B JIOBUIbHIM MaKCHUMaJIbHIM JIIHIMHO HE3aJIeXKHIM

nigcucTeMi Janoi cuctemu BekTopiB. [TosHawaersest rank(vy,Vsy,...,V, ).
Bekropu Vq,V,,...,Vy, — JIHIAHO HE3aJ€KHI TOAl 1 TUIBKH TOJIL
rank(vy,Vs,...,V,) =M.

3 TBepKeHb 17 1 21 BUTITUBAE TBEPIKEHHS.
Teepa:xenns 22. Panr cucremMu BEKTOpIB Vy,Vs,...,V,, JOPIBHIOE

po3mipHocTi niHiitHoT 06010HKH liN(Vy,V,,...,V,).

Teepaxenns 23. SIKmo KOXKEH 3 BEKTOPIB CUCTEMHU Vq,Vs,...,V,
JMIHIKHO BUPAXAETbCS 4Yepe3 BEKTOpPH cucTeMu Wq,Ws,...,W,, TO
rank(vy,Vs,...,Vy) < rank(wq, Wy,...,Wy,).

HoBeaenns. PosrmsHemo miniiiHi npoctopu lin(vq,Vs,...,V,),
lin(wy,W,,...,W,,), TOpO/KEHI BIIMOBIZHO CHUCTEMaMH BEKTOPIB
Vi,Vo,.,V, Ta Wy, Ws,...,W,,. OCKUIBKH BEKTOPH CUCTEMH Vq,Vs,...,V,,
JIHIMHO BHMPAXalOThCSl 4epe3 BeKTopu cucreMu Wq,W,,...,Wq,, TO
lin(vy,Vy,...,V,,) Oyzme mimnpoctopom lin(wy,Wy,...,W,). Omxe, 3a
HaCJ1JIKOM 3 TBepkeHHs 20 MmaeMo

dim(lin(vy,vs,...,v,)) <dim(lin(wg, Ws,..., W)
3BiJICH, 32 TBEPKEHHSIM 22, OTPUMAEMO

rank(vy,Vs,...,Vy) < rank(wq, wy,...,W,). n

Mpukaan 37. PosrnsHeMo apupMeTHYHUN HIHIAHUN HPOCTIp
gncnosux sekropis R" ={(X,,...,X.)| X € R}.
BekTopu

& =(@0,..,0),e,=(01..,0),...e,=(0,0,...,) e R"

e 6azucom mpocropy R".
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JliticHo, moBineHUI BekTOp (X,...,X ) € R" moxna mnomatu y

BUTJISA I
(X[yeen X,) = X6 + X8, +... + X €, .

3Biacu €,€,...,6, — CUCTeMa TBIpHHUX HpocTopy V .

Sxmo X € + X,e, +...+X.e, =0, 10
Xlel+X292+...+ Xnen =

=x10,..,0)+x,(0,%,...,0),...,x (0,0,...,1) =
= (X, %,,.., %) = (0,0,...,0).

3Bincu X =0,X%X,=0,..,X,=0 1 tomy ¢,€,,...,6, — miHiiHO
HEe3aJICKHI.

Otxe, €,8,,...,6, — 6asuc V, dimR" =n. Ileit 6asuc Hasusaiots
TaKoOX NpupooHum, abo KaHoHiyHuM, OazucoM apuPMETUIHOTO
npocropy R".

IMpukaax 38. Poskmactu Bekrop a=(—1;0;3) 3a Oasucom
e =011, e, =(-111), e;=(-1-11).

Po3p’si3anHs. 3anuimemMo po3Kiaaj 3 HEeBIAOMUMH KOOPJIWHATAMMU:
a = x,e, + x,e, + x;e;, ad0 B IOKOOPANHATHOMY BUTTIS1

1 -1 -1) (-1
X |1]1+%| 1 [+X%]|-1|=|0
1 1 1 3
X =X, = X3 =1,

X, + X, + x5 =3.

OTpumany cucTemy JHIMHUX PIBHSIHB PO3B'sxkeMo Metoaom ["aycca:
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1 -1 -1|-1 1 -1 1|1 1 -1 -1}|-1
11 -1j0|~f0 2 0|1 |~|0 2 0|1
1 1 13 0 2 2|4 0 0 2|3

[licnst mepeTBOPEHh MAEMO CUCTEMY

X =X, —x3 =1,
2X, =1,
2x, =3.

Po3B'sz0k cucremu: X =1, X, ZE, Xq ZE. [lykanun po3skian

2

Ilepexin Bix oaHoOro 0a3ucy JIHIHHOTO TPOCTOPY /10
iHmoro. MaTpuus nepexoay

Hexait V — niniitauit npoctip po3mipHocti N. Hexait ,6,,...,€,
ta fy,..., f, — nBa Gasucwm miHiliHOTO MpocTOpy V. Po3kianemo koxeH

BEKTOp APYroro 6a3ucy 3a BEKTOpaMH MEepIIoro 6a3ucy:

f1 =118 + 18 +...+ 1€y,
fo =108 +1p0€) +...+ 128y,

x  Gj eR. (50)
T =t +one) o+ ey
Marpurs
R U
7|t 2 Lon (51)
ty b o L

Ha3UBAETBCS Mampuyero nepexody 6id 6asucy {e} oo oasucy {f;}.

Matpuus nepexony T € HEBUPOIKEHOI MaTpuuero, Tooro detT = 0.
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Otxe, s TOro MO0 OTPUMATH MATPHIIO TMEPEXOy BiJl Oazucy

{e;} no 6azucy {f;} Tpeda xoxeH 3 BeKTOPIB APyroro 6a3ucy po3KIacTh

3a BEKTOpaMH Iepiioro 6a3ucy 1 KOOPAWMHATH PO3KIIATy 3alucaTH SK
cmoenyuky Matpulli nepexoay. Poskian (50) moskHa mogaty y BUIJISII

(fy, forens £1) = (€1, €0y ven) - T (52)

3’sacyemMo, SIK TIOB’si3aHI KOOPAMHATH JEAKOro Bekropa a €V B
pizHux Oasucax {¢;} ra{f;}.

Hexaii
A
A2
a=aye + 0.6+ +o,e, =(e,e,...,65)| .
an
[
P
P2
a=PByf+PBofo+- 4B fy =(f, for T
Pn
Toni, 6epyun 10 yBaru piBHicTb (52), qicTaHEMO
1 Py By
P B2 B2
(eep,e.ven)| = = Sorn f0)] T |=(a e eq) T .
Op Pn Pn

OCKUIbKM ~ KOOpPAMHATH  PO3KJIaay BeKkTopa 3a 0aszucom
BU3HAYAIOTHCSI OJJHO3HAYHO, OCTATOYHO MAEMO

0y Py
OL.Z _T B:2 ’ (53)
On Bn

134



ne T — wmarpuns nepexony Bin Oasucy {e} no ©Oasucy {fi},
(aq,0p,...,0,,) — KoopauHat BekTopa a y 6asuci {e;} i (By,Bo,-+,By)
— KOOpIUHATH BekTopa a y 6asuci { f; }.
Ipukaan 39. Hexaii {e;} 1 {f;} — nBa 6a3ucu y mpocropi V :
e, =(0;0;-1), e, =(-1,0;1), e3 = (L1, 1);
f; =(2,0;2), f, =(0;3,0), f3=(0;0;1).
Bigomuii poskian Bekrtopa a 3a Oasucom {fi}: a=fi—f,+ f3.
3HaiTH KOOPIMHATH PO3KIIaay IIbOr0 BeKTOpa 3a 6asucoM {e; }.
Po3B’si3anHs1. 3HaiiieMo MaTpHUIiO mepexoay Bix 6asucy {e} 1o
{f;}. 3rizno 3 (50) sanmmemo Bektopu Gasucy {f;} 3a Bexkropamu
6asucy {e;}
f1 =118 +151€) + 13183,
fo =118 +1€; + 13083, (54)
f3 =1138 + 1538, + 13383

Marpurt nepexony Bin 6asucy {e; } no 6asucy { f; } mae Burisin

by by s
T=ty tpn Ttz
1ty a3
3anucaBiy 0a3UCHI BEKTOPU B KOOPAMHATHOMY BUIJISIII B TPHOX
piBHSAHHSAX cucTemu (54), OTpUMAEMO TPU CHUCTEMH JIIHIHHUX PIBHSHB 3
OJHIEIO 1 TIEHD CaMOI0 OCHOBHOI MAaTPHIICIO, CTOBITYMKAMH SKOI €

KOOPJIMHATH BEKTOPIB €, €,, €3, @ CTOBIYMKH BUILHHX KOE(DILIEHTIB B

cucremax — koopaunarty Bekropis fy, f,, fs:

0 -1 1) (tu) (2) (0 -1 1)(t,) (O
1 1 1) (ty) \2) -1 1 1)(ts,) (O
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Po3B’sbkemo otpumani Tpu CJIP meromom IT'aycca. Ockiibku
OCHOBH1 Matpulll ux Tpbox CJIP ogHakoBi, TO 3amMIIEMO PO3LIUPEHY
MaTpulo oapaszy s Tpbox CJIP y Burmsai:

0O -11}2 00
0O 0 1{0 3 0}
-1 1 12 0 1

Martpuiro B JiBili YacTUHI (O BEPTUKAJIBbHOI PUCKH) €JIEMEHTAPHUMU
NEPETBOPEHHAMU PAJKIB PO3MIMPEHOI MATPHULI 3BEAEMO O OJUHHUYHOI.
[licns Takux eJIEeMEHTapHUX TIEPETBOPEHb MPaBOPYY BIJ PUCKHU
OTPUMAEMO MATPHUIIIO nepexony 7-

0O -11}]2 00 -1 1 1,2 0 1
o 0 1{0 3 0|~{0 1212 0 0|~
-1 1 112 0 1 O 0 10 3 O
1 0 0|4 6 -1
~101 02 3 O
001 0 3 0

Omxe, MaTpuLs nepexoy Bix 6asucy {e;} no 6asucy {f;}:

4 6 -1
T=[-2 3 0
0 3 0

Koopannatn poskiagy 3amaHoro BekTopa 3a Oasucom {ej}
3HaiaeMo 3a Gpopmyiorw (53):

o) (-4 6 -1\ (1) (-11
ay |=[-2 3 0||-1|=] -5
az) (0 3 0)l1) (-3

Orxe, BekTOp a =—11le; —Se, — 3e;.
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Panr marpuumi

3 MaTpuIIeto

&1 & . Ay,

a a e da
A _ .21 .22 2n

aml am2 amn

OB’ SI3yI0Th JIB1 CHCTEMH BEKTOPIB:
1) cuctemMy ii BEKTOP-CTOBITUHKIB

ajp C7P) A

dyy Ao Ayn
al - ) a2 = . ) ) an = '

aml am2 amn

2) cucteMy ii BEKTOP-pAJIKIB

b_l. = (all,alz,...,aln), b2 = (a21,a22,...,azn),...,bm = (aml,amz,...,amn) .

Paur cucremu BeKTop-CTOBH‘II/IKiB Ha3uBaA€TbCA CMOBNYUKOBUM

paneom Matpuni A 1 nozHadaerses sk I, (A), a paHT cCHCTEMH BEKTOp-
PAIKIB HA3UBAETHCSA PAOKOBUM paHeOM MATPHUIl A 1 MO3HAYAETHCS SK
rpﬂd(A)-

Teepa:kennst 24. CroBmuukoBuit panr wmarpumi I, (A) Ta

PAIKOBUM PaHr MaTpHIIl rpﬂa(A) HE 3MIHIOETBCA IICIS €JIEMEHTApPHUX

NEePETBOPEHb PSI/IKIB Ta CTOBIMUMKIB MaTpuill A.

JoBenenns. [Tokaxemo, o cToBIYMKOBHiA panr I, (A) maTpui

HE 3MIHIOETHCS BHACHIIOK EJIEMEHTAPHUX MEPETBOPEHb CTOBIMYMUKIB
MaTpHII.
Hexaii S — cucreMa BEKTOpP-CTOBITYHKIB a,...,a, marpumi A,

rank(S)=r, (A). TlozHaunmo 5K S CcHCTEMy BEKTOP-CTOBITYHKIB,

OTpHMMAaHY IICIIA €JIEMEHTAPHUX TMEPETBOPEHHh CTOBMYHKIB MAaTpHIll A.

OCKUIBKH KOXEH 3 BEKTOPIB S, JIHIHHO BUPAXAEThCs Yepe3 BEKTOPH 3 S,
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10 3a TBepkeHHsM 23 rank(S;) < rank(S). 3 npyroro 6oky, S MoxHa

OTpUMAaTH 3 S; 00EPHEHOIO MOCIIIOBHICTIO €IEMEHTAPHUX N1E€PETBOPEHb.
Tomy rank(S) <rank(S;). Orxe, rank(S) =rank(S;)=r, (A), Tobto

CTOBIUMKOBHMI PaHr Marpuili A HE 3MIHIOETHCSA IICIS €JICMCHTapHUX
MIEPETBOPECHHSIX CTOBITUHKIB.

[TokakeMo, 110 CTOBITYMKOBUU PAHr HE 3MIHIOETHCS BHACHIIOK
CIEMCHTApHUX  TepeTBopeHb  psaakiBe  Matpumi A, Hexaid

o (A) =rank(a,...,a,) =k 1  Bexrop-cTOBmMMKM & & ,..., &

MaTpuili A yTBOPIOIOTh MaKCHUMAaJIbHY JIIHIHHO HE3aJIS)KHY IMIJICUCTEMY

CHCTEMH BEKTOP-CTOBIYHKIB &,,...,8, MAaTPHIIl A. Toni ail,aiz,...,a €

I
6asucom mianpocropy lin(ay,..,a,). Tomy icHYIOTb eauHi HaboOpH

koediuientie (A ,Ai, ..., Aj ) Taxi, mwo BexTOpH T j=k+1..ne

JIHIMHOIO KOMOIHAIIIEI0 BEKTOPIB ail , aiz - aik

}\,ilail +...+}\,ik aik = aij .

e osHayae, mo Ha6ip (A; ,Ai ,...,A: ) € DPO3B’I3KOM 3aIMCaHOL
b’ Ik

BeKTOpHI Gopmi BuzHaueHnoi CJIP:
X 8+t X 8 =aij. (55)

[Ticnst eneMEHTApHUX MEPETBOPEHD PAAKIB MaTpuili A CTOBITYUKH

a; el

|1’a

i) 8 TCPEHNyTh y cTOBIYMKH &' ,a%,,...,a5 , a CJIP (535)
nepeiiae B piBHocwibHY CJIP:

Xpay tetxa =ajg. (56)

']
HaGip (Kil,KiZ,...,kik) e equauM poss’sskom CJIP (56). Orxe,

BEKTOPH a'ik+1 yeens a'in MO>KHA MOJATH SIK JIHIHHY KOMOIHAI[II0 BEKTOPIB

a'il,...,a'ik . ToOTO a'il,...,a'ik — CHCTEMA TBIPHHX Iin(a'il,...,a'in).

JliniiHa He3aNeXHICTh a'il,...,a'ik BUIUIMBAE 3 MIPKyBaHb,
aHajoriyHux HaBeneHnMm. CnpaBai, OCKUIBKM CHCT€Ma BEKTOpIB

QA yenr A JMIHIKHO  He3ajJe)KHa, TO JiHIiHa  KOMOIHAIiA
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M3y +...+ M@, =0 e 3a HynboBux 3HaueHb A =0,..., A, =0. Ile
o3Hauae, mo Habip A =0,..,A,=0 € po3p’sa3koMm 3amucanoi y

BEKTOPHIN (popMi BU3ZHAUEHOT CHCTEMHU JIIHIMHUX PIBHSHD
X8, +..+ %8 =0, (57)

OCHOBHa MaTpHIs siKoi 30iraeTbcst 3 ocHoBHOIO Matpuiero CJIP (55).
BukoHaeMo Ty caMy MOCIIJOBHICTh €JIEMEHTAPHUX MEPETBOPEHD PSI/IKIB
matpumi CJIP (57), ska 3pobaena mis psuakie CJIP (55). CroBmumku

a ;.  TepeuIyTh Yy CTOBITYUKH a'il,...,a a CJIIP (57) — y

oo B iy
piBHOCUIbHY CJIP:

Xah +..+xa; =0,
tomy Habip A =0,..,A, =0 3amumaersca il eauHUM pO3B’SA3KOM, i

CHCTEMa BEKTOPIB &' ..., &'j € JIIHIHHO HE3aJICKHOLO.

Omxe, @' ,...,a% —6asuc lin(@’ ,..,a’ ) i rank(A’) =K.

Juis psiakosoro panry matpuui I,,,(A) TBEpIKEHHS JOBOAMMO
aHajoriuyHo. JJst bOro JOCTATHBO PO3TIISHYTH MATPHIIIO AT ]

Teopema 17 (nmpo paur matpumi). Psnkosuii panr I,.,(A)
MaTpuii A 30iraeTbes 31 croBmuuKkoBuM panrom I, (A) matpumi A.

JoBenennsi. Hexait A:(aij mxp - BLIOMO, IO €JIE€MEHTapHUMHU
NEPETBOPCHHSAMHU PSAAKIB  MaTpuill (i, MOXIUBO, TEPECTAaHOBKOIO

CTOBITYMKIB) MaTpuIio A MoxkHa 3Bectu 10 Burisiay (20), To6To

1 0 .. 00 f,, .. f
0 1 .. 0 0 fpuy o Ty
0 0 1 O fr—1,r+1 1:r—l,n
O O 1 1:r,r+1 frn
0 O 0 0 0 0
0 0 0 0 0 0
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JIo KOXKHOTO CTOBMUHMKA i3 HOMepamu Big I+1 mo N momamo

Mepunii CTOBIYMK, NOMHOXeHMH Bimmosimmo na —f ..,..,—f .

OTtpumaeMo HyJIi B IEPIIOMY PSAKY, MoYnHA04H 3 I +1 Micist 1o N-ro.
AHaJOTIYHO 3pOoOMMO HYyJ1 B Jpyromy psaaky 1 T.4. OTpumaeMo
MaTpPHIIO

o 0 .. 00 O0 ..0

y SIKOi Ha JiaroHajii CTOIThb I OJWHUIb, a PEIITa €JIEMEHTIB — HYIJIL.
[lepuii r BEeKTOP-PSAAKIB JIHIHHO HE3aJEXKHI, 1 1€ MAaKCUMaJIbHA JITHIIHO
He3aJIe)KHA CHCTEMa BEKTOP-PSAAKIB MaTpuili B, oCkiibku pemira psaKiB
HYJIbOBI. AHAQJOTIYHO TMEpHIi I  BEKTOP-CTOBMYMKIB Matpuii B
YTBOPIOIOTh MaKCHUMajbHy JIHIMHO HeE3aJleXHy CHCTEMY BEKTOP-

cromunkis Matpuui B. Omxe, 1,,,(B) =1, (B) =r.

Mu mepeiinuin Bim Matpuiii A mo matpuii B 3a momomororo
CJIEMEHTapHUX TMEPETBOPEHb PAMIKIB 1 CTOBIUMKIB, SKI HE 3MIHIOIOTH

KOAHOTO 3 panris. Tomy T, (A) =1, (A)=T. ]

O3navennsi. CruibHEe 3HAYCHHS PSAJKOBOTO Ta CTOBITYMKOBOTO

paHriB mMaTpuili A Ha3MBAETbCA paHeoM Mampuyi 1 TIO3HAYAETHCS K
rank (A) (a6o r(A)).
3 TBepKeHHs 24 Ta TeopeMu 17 MaeMo HACTIIOK.

Hacainoxk. Panr wmarpuiii He  3MIHIOETBCA  BHACHIIIOK
eJIEeMEHTapHUX MEPETBOPEHD PSIIKIB a00 CTOBITYMKIB MATPHIII.

Jlnst Toro o6 BuzHauuTH padr matpuii A = (a noTpiOHO

ij)mxn >

BU3HAYUTH MAKCUMAJIbHY KUIBKICTh JIHIMHO HE3aJEKHUX BEKTOP-
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CTOBITUYMKIB a00 BEKTOp-psAAKIB MaTpulll. Hampukiaa, BU3HAYMMO
MaKCUMaJbHy KUIBKICTh JIIHIMHO HE3aJ€KHUX BEKTOP-CTOBITYUKIB.
OCKUIBKM paHr MaTpulli HE 3MIHIOETHCS BHACHIAOK €JIEMEHTapHUX
HEPETBOPECHb Ps/IKIB @00 CTOBITYMKIB, TO MAaTpHI0 A 3a IOMOMOIOI0
NpsSIMOTO  XOJy airoputMmy laycca 3BeaemMo A0 TpamerienoaioHo-
cxiaueBoro Buraay  (21), ToOTO A0 MaTpHIIi

% a12 alnz a1n2+1 afln2+2 alnk ai,nr+1 ain

0 0 .. 0 a2,n2+1 az,n2+2 a2nk a2,nr+l a2n
B=lo0 0 0 0 0 0 0 By o Ay | O8)

0 0 0 O 0 0 0 0 0

0 0 0 O 0 o o0 o0 .. 0 .. 0

VY matpuiii B migkpecieni eneMeHTH He IOPIBHIOIOTH HYJIIO, TOX
MmaTpulll B Mae I' HEHyIbOBUX PSAKIB.

Jlani Bu3HA4YaeMo, SKOK € MaKCHMallbHa KUTBKICTh JIIHIHHO
HE3aJIC)KHUX BEKTOP-CTOBIMYMKIB Marpuii B. ¥V marpuni B posrisaemo
BEKTOP-CTOBITYMKH, B SKHX CTOSTh HEHYJIHOBI MIAKPECIICHI €JIEMEHTH,

TOOTO BEKTOP-CTOBIYMKH @y, 8,411 8n 11 [li BEKTOpP-CTOBUMKHU
JiHIMHO He3anexHi. CripaBi, IXHs JiHIMHA KOMOIHAIlS IOPIBHIOE HYJIIO
7\413.1+7\.2an2+1+...+7\4ranr+1 :0, (59)

TUIBKHU 32 YMOBU Ay = Ay =...=A, =0, OCKiNIbKH PO3B’A3yI0UH CHCTEMY

THIHHUX omHOPimHUX piBHsAHB (59), 3ammMcaHy y BEKTOPHOMY BUIJISIII,
MeToqoM ['aycca oTpumMaeMo €AMHUI HYJIbOBHM O3B’ S30K.

A1 G o Gina | 1 0 .. 0]0 (A, =0,
0 @pu - a0 0 1 .. 0]0 Ay =0,
— . ~..~ , =
0 0 8, |O 0 0 .. 1|0 A, =0
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3a3HayMMO, IO CHUCTeMa JIHIKHUX OMHOPIAHMX piBHAHBL (59)
MICTUTh ' HEHYJIbOBUX PIBHSHB MICJS MPSAMOTo X0y anropurmy [aycca
1 I HEBIJIOMHUX Ta € BU3HAYEHOIO.

Kpim Toro, r  BekTOpiB 81,8p,,1,-8n 41 YTBOPIOIOTH

MaKCUMaJIbHY JIIHIMHO He3anexHy cucteMy. Crpapii, MIPUEIHYIOYHU 10
miei cucteMu Oynab-fKuil IHIMIUI BEKTOP-CTOBMYMK &, MaTpumi B
OTPUMAEMO aHAJIOTIYHO 10 cuctemH (59) cucTemy JHIKHUAX OTHOPITHUX
piBHSIHb, sIKa MIiCTUTh I piBHSHb Ta I +1 HeBigomux. Taka cucrema
JIHIAHUX DPIBHAHb € HEBU3HAYCHOIO, OCKIJIBKM MAa€ BUIbHY HEBIIOMY.

ToOTO cucrema BEKTOpIB @y, A, 410w 8 41,8 € JHIAHO 3aJIEKHOIO.
OTxe, MakcUMajbHa KUIbKICTh JIHIHHO HE3QJICKHUX BEKTOP-
croBmuukiB Matpuii B mopismroe r, tomy rank(B)=r, a orxe, i
rank(A) =r.
3asnaunmo, mo Fank(A) mopiBHIOE KiTbKOCTI HEHYIBOBUX PAIKIB

Tpamnenienoaiono-cxianesoi Marpuii  (58) micns  mpsmoro  Xomay
anroputmy [aycca abo, mo Te came, KUIBKOCTI CXOIMHOK (TOOTO
KUTBKOCTI MIJKPECIICHUX HEHYJIbOBUX eleMeHTIB B MaTpuili (58)).

Ipukaan 40. 3HaliTu panr MaTpuil

1 1 3 2 -1
A 2 -1 2 0 5
-1 -1 -3 0 -2
6 -3 6 4 9
Po3p’si3anns. [Ipoenemo i Matpuili A npssMuid XiJ arOpuTMy
l"aycca:
1 1 3 2 -1 1 2 1 3 -1
2 -1 2 0 5 0O 3 4 4 7
1 -1 -30 -2||0 0 0 2 -3|
6 -3 6 4 9 0O 0 0 4 -6
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1 2 1 3 -1
0 -3 -4 —4 -3
1o 0 0 2 -3
00 0 0 0

KinbkicTh  HEHYNBOBUX  PSAJKIB  Tpamnelieno1i0HO-CX11eBO1
MaTpHIIl TICTIS MPSMOTO X0y alropuTMy ['aycca TOpiBHIOE TPHOM, TOMY
MaKCHMaJIbHa KUTbKICTh JIIHIMHO HE3aJeKHUX BEKTOP-CTOBITUMKIB TAKOXK
nopiBaioe TproM. Omxe, rankA=3. 3a wmakcuManbHy JiHIHHY
HE3JIE)KHY CHCTEMY BEKTOpP-CTOBIUMKIB MOXXHA 00paTH MepuIuii,
JIPYTUH 1 YETBEPTUI CTOBIMYMKH MATPHIL.

3ayBakHMO, 110, BUBHAYAIOYH PAaHT MaTpHIll, MOXXHA BUKOHYBAaTH
eJIEeMEHTapH1 NEPETBOPEHHS SIK PAAKIB, TAK 1 CTOBITYMKIB MaTPHILL.

BukopucTaHHsI MOHATTS PaHTy MaTpUIll /1a€ MOXJIMBICTh YITKO,
0e3 IpOMI3IKUX TMOSCHEHb Ta OMHUCIB (OPMYJIOBATH TBEPKEHHS Ta
BHUCHOBKH B 0araThoX 3a/1auax JiHIHHOT anreopH.

Teopema 18 (Kponekepa-Kanesti). Cucrema JiHIMHUX PIBHSHb

3.11X1+a12X2 —|—...—|—a1an — b.l.’
A1 X1 + oo Xy + .o+ o Xy =D,
) 21M 2272 2nn 2 (60)

|@m1Xg + QX ot A Xy =By,
CYMiCHA TOJi 1 TIJIBKH TOJI, KOJU PAHT OCHOBHOI MaTpuili A J0piBHIOE
pPaHTy pO3MIUPEHOI MaTPHII A*, To6T0 rank A=rank A"
HNosenenns. 3anumemo CJIP (60) y BekTopHOMY BHTIISI I
X1y + Xo8y +...+ Xa, =D, (61)
ne &,dy,...,d4; — BEKTOP-CTOBIYUKHU ManI/Iui A, b — croBmuuk
HEBIOMUX.

Heo6xinuicts. Hexait CJIP (61) € cymicuoro i (01,0l9,...,0l) —

PO3B’A30K CUCTEMU, TOOTO
Oclal + azaz +...+ anan = b
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3Biacu
lin(ay,a,,...,a,) =lin(a, a,,...,a,,b) =
= dim(lin(ay, a,,...,a,)) =dim(lin(a, a,,...,a,,b)) =
= rank(ay,a,,...,a,) =rank(a,a,,...,a,,b).
Omxe, rank A=rank A"

Hocrarnicts. Hexait rank(ay,a,,...,a,) =rank(a;,a,,...,a,,b),
toai dim(lin(ag, a,,...,a,)) =dim(lin(ay, a,,...,a,,b)).

Ockinbku lin(ay,a,,...,a,) clin(ay,a,,...,a,,b) i Bupasu marTs
OfHaKOBY posmipHicte, TO lin(ay,a,,...,a,) =lin(a,a,,...,a,,b).
3Bixcu BummBae, mo b elin(a,a,,...,a,) i icHylOTh 04,05,...,0, €R
Taki, mWo D=0y +0,8y +...+a,a,. Omke, (a,0,..,0,) -
po3s’s30k CJIP (61), To6To CJIP € cymicHOIO. u

Hacainku 3 Teopemu 18.

1. CucreMa JNiHIHHUX PIBHAHb € BU3HAYCHOKO TOJI 1 TIJIBKU TOJI,

KOJIM PaHT OCHOBHOI MaTpHIll CHUCTEMHU JOPIBHIOE PAHTy PO3MIUPEHOT

. . . . . . *
MAaTpHIIi i JOPIBHIOE KITBKOCTI HeBigoMux, T00T0 rankA =rankA=n.
2. Cuctema JHIMHUX PIBHSHb € HEBU3HAYCHOK TOJ1 1 TUIBKU TO/II,

konu rankA =rankA<n.

3ayBaxkenHsi. Y HeBuszHaueHux CJIP KiIbKiCTh TIOB’s3aHHUX
HEBIJIOMUX JOPIBHIOE KIJIBKOCTI HEHYJIbOBUX PSAKIB MICIS MPOBEICHHS
npsiMoro xoy aaroputmy ['aycca, ToOTO paHry oCHOBHOI MaTpuill. Panr
JTOPIBHIOE MaKCHUMAaJbHIM KUIBKOCTI JIIHIMHO HE3aJCKHUX, HAIPHUKIIA,
BEKTOP-CTOBITYMKIB OCHOBHOI MATpHII, BIANOBIAHUX IIOB'S3aHUM
HeBigoMuM. [0 MakcuManabHy JHIMHO HE3aJIEKHY CHUCTEMY BEKTOP-
CTOBITYHMKIB I11€ HA3UBAIOTh OA3UCHUMU CIMOBNYUKAMU MATPUIlL, OCKIITBKH
BOHM YTBOPIOIOTH 0a3uc MIANPOCTOPY, IOPOJIKEHOTO  BEKTOP-
CTOBMYMKAMU MaTPHIII.
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Ipuxknan 41. Po3B’s3aTu cuctemy JIIHINHUX PIBHSIHB
2X, —5X, +4X; — X, =3,
—3X, + X, —3X%; + 6X, =4,
5%, —6X, +7X; —7X, =-5.
Po3B’si3anna. CuctemMa JIHIHHUX PIBHSHb Ma€ YOTUPHU HEBIIOMI
Ta Tpu piBHSIHHA. Po3B’spkemo 11 Meromom ['aycca. 3amumiemo

PO3LIMPEHY MAaTPUII0 CHUCTEMHU Ta 3pOOMMO MPSIMHUN X1 aJrOpuTMy
l"aycca.

2 -5 4 -1|3 -1 4 1 5|7
-3 1 3 6|4|~|-3 1 -3 6]|4]|~
5 6 7 -7|-5 5 6 7 -7|-5

1 4 -1 5|7 1 4 -1 5|7
~/0 13 -6 -9|-17|(~|0 13 6 -9|-17|~
0 26 12 18| 30 0 13 6 -9|-15

1 4 -1 -5|-7
~|0 13 -6 -9|-17/|.
00 0 02

Panr oOcCHOBHOiI MaTpwili CHUCTEMH JOPIBHIOE JBOM, a paHT
pO3MHUpEeHOi MaTpuIll cuctemMu — TphoM. OTke, 3a TEOPEMOIO

Kponekepa—Kanemni CJIP € HecymicHOIO.
Ipukaan 42. Po3p's3atu cuctemy JHIMHUX PIBHSIHB
(
2X, — Xy +3Xg +4X, — X = 2,
X, +2Xy — X3 —3X, +4X; =3,
=X, +3X, —4X; — X, +5%; =1,

| 3X, — X, + 2% + X, +3X5 =5.

Po3p’si3anns. Po3p’sokemo CJIP merogom [Maycca. 3amumimemo
pPO3MIMPEHY MATPULIIO CUCTEMHU Ta BUKOHAEMO NPSAMUN X1 aJITOPUTMY
l"aycca.
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2

1
-1

3

1
0
0
0
1
0
0
0

1 3 4 -1]2
2 -1 -3 4|3

3 -4 -7 51|
1 2 1 3|5

2 -1 -3 413
5 5 10 -9|-4
5 5 —10 9|4
5 5 10 -9|-4
2 1 -3 4|3
1 -1 2 9/5|4/5
00 0 010
00 0 010

1
2

-1 3

2

-1 3

3

1
0
0
0

1

2

4

-1
4

2 1

-1

-5 5 10

0
0

0
0

0
0

-3 4
-1
7 5

3

-3 4

-9

g B NN W

Panr ocHOBHOi MaTpuIll CUCTEMHU AOPIBHIOE 2, PAHT PO3MIUPEHOT
2.

Kponekepa—Kanemni CJIP € cywmicHoto. OCKUIBKM paHT MaTpHIIi

MaTpUIll CHCTEMH TaKOX JIOPIBHIOE Otrxe, 3a TEOPEMOIO

nopiBHioe 1BoM, To CJIP mMae naBa moB’s3aHUX HEBIJIOMUX. 3a MOB’sI3aH1
HEB1JI0M1 00epeMo X, X,. HeBinomi X, X,, Xs OyIyTh BUIbHUMHU.

Bukonaemo obepHenwmit Xig anroputmy ["aycca:

1 0 1 1 2/5|7/5
0 1 -1 2 9/5/4/5
00 0 0 OO0 |
00 0 O OO

3a OTPUMAHOK MATPUICIO BUIMIIEMO 3arajbHUN PO3B’A30K

CHUCTCMMU.
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5 5

4

X, = Xg —2X, — =X +—,

] 5
X3 = Cj,
X4 :C4’
X5 :C5|

MHuosxuna po3B’s3kiB CJIP:
2 7 9 4
{(-c;—c, —gcs +§; C; —2¢C, —gcs +§; C3;C4;C)| C5,Cy, G €R Y.

Teepmkennst 25. Marpuus A = (8jj) ., € HEBUPOKEHOIO TOAI

TUIBKM TOM1, KOJM ii BEKTOP-CTOBINYHUKU (BEKTOP-PAJKH) € JIHIHHO
nesanexuumu (rankA=n).

Hosenennsi. Hexaii &,...,@, — BEKTOP-CTOBIIYMKH MAaTpHIII A.
Po3rasineMo iXHIO JOBUIBHY JIIHIAHY KOMOIHAII0 Ta OTPUMAEMO Taki
PIBHOCHUJIbHI TBEPIXKEHHS .

— &,...,8,, — JIHIAHO HE3aJIE¥KHI;

— %@ +...+ X,a, =0 mume 3a ymoBu X =0, X, =0,...,X, =0;

X
—CJIP A-x=0, 1e X=| ... |, € BU3BHAYEHOIO;
Xn

— 3a TeopeMoto Kpamepa 15 marpuiis A € HEBUPOIKEHOIO, TOOTO

det A=0.

TBepKeHHS ISl BEKTOP-PSAJKIB JIOBOJAWUTHCS aHAIoTidHO. Jlms

JOBCIACHHA NOCTATHBO TPAHCIIOHYBATHU MATPHUIIIO A. |

DyHJAMEHTAJbHA  CHCTEMa  PO3B’A3KIB  OJHOPIAHOIL
CUCTEMHU JIHINHUX PIBHAHD

Po3rasiHeMo oTHOPIAHY cUCTEMY JIIHIMHUX PIBHSAHD
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83% + 8%, + .t 8y X, =0,

X +a, X +...+a, X =0,
4 21 2272 2n"*n aij c R (62)

QX + QX+t X, =0,

MatpuuHuii 3a1uc i€l CUCTEMU

A-x=0,
ne A — OCHOBHA MATPMI CUCTEMH PO3Mipy MXN, x = (xl,...,xn)T

crosrunk Hesizomux, 0= (0,...,0)" — HyIbOBHIT BEKTOP-CTOBITUHK.

1 omHOPIAHOT CUCTEMU OCHOBHA MATPHIl BIJIPI3ZHSAETHCS Bij
PO3IMIUPEHOT HYJbOBUM CTOBITUUKOM. OTXKe, 111 MAaTPHIll MaIOTh OJTHAKOBI
panru. 3a teopemoro Kponekepa—Kanemn oaHopiiiHa cucTema 3axiau
Ma€ po3B'A30K. 30KpeMa, OAHOPIHA CUCTEMA 3aBXKIU MAE MPUBIATIbHULL
po3B’siz0k X =0, X%, =0,..., X, =0,

3 Teopemu Kponekepa-Kamnem BUIIMBAIOTh TaKi HACHIAKW IS
oauopiguoi CJIP (62).

1. Onpnopimaa CJIP € Bu3HAYE€HOIO, Ma€ JHINE TPUBIATBHUN
PO3B’SI30K, TOM1 1 TUTBKH TOJIl, KOJIM PAaHT OCHOBHOI MaTPHIll CHCTEMHU
JOPIBHIOE KimbKocTi HeBimomux: rank A =n.

2. Onnopigna CJIP € HeBM3HAYCHOIO, Ma€ HECKIHYECHHO Oarato
pPO3B’A3KIB, TOAl 1 TIIBKH TOJ1, KOJU PAaHT OCHOBHOI MaTpHIll CUCTEMU
MEHILHI KUTbKOCTI HeBimoMux: rank A <n.

Teopema 19. Mmuoxuna po3B’si3kiB oxaHopigHoi CJIP 3
koedimienTamMmu 13 mojii R yTBOproe miANpocTip apupMETHYHOTrOo

npocropy R", e N — KibKiCTh HEBIZOMHX CHCTEMH.

HNosenennsi. Hexait A-X=0 — oxmmopigma CJIP. OpHopinna
CUCTEMa 3aBXIU CymicHAa. SIKI0O BOHA BH3HAYEHa, TO MHOXKHUHA
PO3B’SI3KIB CKIIAAETHCS JIUIIIE 3 OJJHOTO HYJBOBOTO BEKTOpa. MHOXHWHA

: n
3 OJHOIO HYJILOBOIO BekTopa € miampoctopom R, Slkmo cucrema

HEBH3HAYCHA, PO3IISHEMO [BA JOBUIbHI PO3B’A3KH X = (Xg, Xp,.en Xy )

Ta 'y = (Y1, Y2, Yp )T i€l cucremu. ToOTO
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A-x=0T1a A-y=0.
I3 BmacTuBOCTEM 111K HAJ MATPUIIAMHU, MAEMO.
A-(X+y)=A-x+A-y=0+0=0;
A(X)=AA-x=A0=0, LeR.

Otxe, cyma po3B's3kiB ofHopigHoi CJIP X+Y Ta po3B'si3ok AX
TakoX € po3B'a3kamu oaHopifHOoi CJIP, TOOTO MHOXHHA PO3B’S3KIB

S : n
oxuopiaHoi CJIP € miampocTopoM BeKTOpHOIo mmpoctopy R . ]

O3naveHHsi. ba3uc npocTtopy po3B’sI3KIB OJHOPIJHOI CHUCTEMU
JHIAHUX  PIBHAHb HA3UBAETBCS  (DYHOAMEHMANbHOIW) — CUCMEMOIO
po3ze ’azkie (DCP).

Sxkmo omuopimHa CJIP (62) Bu3HaueHa, TOOTO Mae JIHIIE
TpuBIaJIbHUM Po3B’s130K, To OCP € mycroro MHOkUHOIO. HeBru3HaueHa
cuctema (62) mae Oarato pisaux @DCP, ockiabku 0Oa3uc IIHIAHOTO
IIPOCTOPY BHU3HAYAETHCS HEOMHO3HAYHO. [lokakemo, sk TOOymyBaTH
®CP neBuznaueHoi oguopigHoi CJIP.

Hexait onmnopimna CJIP (62) HeBHM3HAaueHa, a paHr OCHOBHOI
matpuni cuctemu — I =rank A<n. Hesusnauena CJIP meTomom

["aycca (B 3araapHOMY BUNAJKY 3 IMEPEHYMEPAIli€l0 3MiHHHUX ) 3BOJIUTHCS
1o cuctemu Buny (27):

Xl + 1:1,r+er+1 +.ot flan = O’
4 X + f Xy ot T5%, =0,
L Xr + fr,r+1Xr+1 +.o..t fran = O
3Biacu
X =- fl,r+1xr+1 e flnxn’
Xy =— f2,r+1Xr+1 T f2an’
X, =- fr,r+1Xr+1 T 1:ran'
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BinbHUM HEBIIOMHUM X, ,4,..., X, MOXKHA HaJaBaTH JOBLIbHI J1ICHI

_ _ . , . L
3HAYEHHA X4 =Cr,q,0 X, =C,.  Toml  moB’A3aHl  HeBlAOMI

BU3HAYAIOTHCSI OHO3HAYHO 1 3arajbHUN Po3B’sa30K oaHopinHoi CJIP
HaOupae BUTIISATY

e

X == 1:1,r+1cr+1 T flncn’

Xy =— f2,r+1cr+1 T f2ncn1 R
9 Cr_+_1, neey Cn e .
L Xp =— fr,r+1cr+1 T frncn’

OTxe, MHOKUHOIO po3B’s13kiB ogHOopiaHO1 CJIP € MHOXIMHA

- f1,r+1cr+1 — .= finCn
- f2,r+1cr+l — .= fonCn
(63)
V= _fr,r+lcr+1_---_frncn ,Crygr 1 Ch €R
Cri1
Ch
Cepen mux po3B’si3kiB BUOEepeMo N — I po3B’s3KIB BUTIISY
- 1:l,r+1 - fl,r+2 - 1:1n
- f2,r+1 - f2,r+2 - f2n
Vi = - 1:r,r+1 Vo = - fr,r+2 Vv _ - 1:rn ' (64)
1 1 1 V2 0 1 Vn—r 0
0 1
0 0 1

[Tokaxemo, mWo Vj,...,V,_, — JIHIAHO He3ajlexHl. SIKumo miHiiHa

KOMOIHAIIIS [TUX PO3B’SA3KIB JOPIBHIOE HYIIIO, TOOTO
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_7‘1 fl,r+1 e kn—r fl,n

_7‘1 f2,r+1 e }‘n—r f2,n

— f —= A f

7\,1V1+}\.1V1+...+}\,n_rvn_r — 1 r,r+1 n=r Ln :0’
7"1
7‘2
}‘n
0 M=..=A,=0. Omxe, po3s’s3ku V,..,V,_, € JiHiiHO

HE3aJIC)KHUMH.
JloBiTbHU# po3B’ 130K crucTeMu (63) JiHIHHO BUpa)KaeThCs Yepes
Vi,V - JiiCHO,

—f —f
1Lr+l 1n
- fl,r+lcr+l — .= J1nCn f f
f —2rda —12n
- 2,r+1cr+1_---_f2ncn
—f —f
r,r+l m
_fr,r+1cr+1_"'_frncn =Cru1 1 +..+¢ 0
Cri1 0
0
C
n 0 1

Takum ymHOM, N—T pO3B'A3KIB Vi,...,V,_, YTBOPIOIOTH JiHIKHO
HE3AJIe)KHY CHUCTEMY TBIPHUX MPOCTOPY po3B’si3kiB omHopigHoi CJIP
(62). Orxe, Vy,...,V,,_, — 0a3uc mpocropy po3B’si3kiB ogHopinHoi CJIP,
T00TO 11 OCP.

OTxe, TOBEACHO TaKEe TBEPIKCHHS.

TBepmxennss 26.  Iligmpoctip  po3B’s3KIB  HEBHU3HAYCHOI
omuopignoi CJIP (62) mae po3mipHictTh N—TF, e N — KUIBKICTh
HEBIJIOMHUX B CHUCTEMi, a I — paHT OCHOBHOI MaTpHWIIi CHCTeMH. K0
Xy41s Xp421.-0s X, — HaOIp BCIX BIIBHMUX HeBlmoMux ogHopinnoi CJIP, To

151 cuctema mae OCP purnsaay (64).

IIpaBuno 3Haxomxkennss ®OCP. [(nsa 3naxomxkeHHs OCP
oxuopigny CJIP (62) po3s’s3ytorh MeTonoMm [aycca Ta 3HaAXOIATh il
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3arajJbHUN pO3B'SI30K. SIKIIO OAHOpITHA CHUCTEMa HEBU3HAYeHa, TO
KUIbKICTh po3B'si3kiB B @CP n10piBHIOE KUIBKOCTI BUIBHUX HEBIJIOMHX,
TOOTO N—TI, e r — paHr OCHOBHOI Marpuri. /[ Toro moOu 3HaNTH
N—TI JHIKHO HE3aJeKHUX PO3B's3KiB cucteMu (62), sKi yTBOPIOIOTH
OCP, BUTbHUM HEBIJJOMUM HAIalOThCS Takl HAOOpH 3HAYECHb.

Habip 1-i 2- | (n—r)-it
xr+1 1 0 ...... 0
Xio 0 1 | .. 0

X, 0 o | ... 1

JI1s1 KO)KHOTO 3 HAOOPIB 3HAXOMATHCS BIAMOBIIHI 3HAYEHHS MOB’I3aHUX
HEBIJIOMUX 1 CKJIaJal0ThCcsl N — T po3B'sI3KiB (PyHIAaMEHTAIBHOI CUCTEMHU

PO3B'SI3KIB:
Olyq Ol Olyp_r
Olyg Oy Olony
0Lrl 0Lr2 oLrn—r
Vl = ! V2 = Vn—r

1 0 0

0 1 0

0 0 1

JIOBUTbHUI PO3B’SA30K OJTHOPITHOT CUCTEMH JIIHIHHUX PiBHSAHB (62)
€ JIIHIAHOI KoMOiHaIie€ro BekTopiB 3 @CP, 110 MicTUTh N — I TOBUIBHUX

CTaJIux.

IMpukaang 43. 3HaiTH 3araibHUN PO3B'SI30K 1 (yHIAMEHTAIBHY
CHUCTEMY PO3B'SI3KIB OJTHOPITHOI CUCTEMH JITHIMHUX PIBHIHB

2X1—X2 +3X3—2X4 +4X5 :O,
AXy —2Xo +9X3 + X4 + T X5 =0,
2Xy — Xo + X3 +8X%X4 +2X5 =0.
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Po3p’sizanns.  CnoyaTky 3HaiIeMO 3arajbHHl  PO3B’ 30K
onnopiaHoi CJIP meromom l'aycca. 3amuieMo pO3IMIMPEHY MaTPHUIO
CUCTEMH 1 3a JIONIOMOIrOI0 €JIEMEHTAPHUX MEPETBOPEHb 3BEJAEMO i1 J0
TparemienoaioHo-CX1IIeBOTO BUAY:

2 -1 3 -2 4|0 2 -1 3 -2 40
4 -2 5 1 7/0/~10 0O -1 5 -10(~
2 -1 1 8 2|0 0O 0 -2 10 -2|0

2 -1 3 -2 4|0
~0 0 -1 5 -1|0
0O 0 0 0O 0]0

Ockinbku CJIP mae nBa HEHYJBOBI PAJIKH MICIS MPSAMOTO XOIYy
anroputMmy [aycca, TO BoHa MaTuMe JBa TOB’si3aHUX HeBigoMux. B

IepHUIOMYy pIBHAHHI MOXKHAa BHOpaTH IIOB'si3aHE HEBLIOME X,, a B
IpYyroMy DpIBHAHHI — IOB'i3aHE HeBimome X,. OTke, IOB’sA3aHUMH
HEBIIOMMMHU € X, Ta X3, a BUIbHUMH HEBIIOMHUMH — Xq, X4, X5. Jam

poBeIeMO 0OepHEHU X111 anroputmy [aycca:

2 -1 0 13 1/10)(-2 1 0 -13 -1(0
o 0 -1 5 -10~f0 O 1 -5 1|0
o 0 0 0 0]0 0O 00 O O0]O

3anumiemMo CUCTEMY JIIHIMHUX PIBHSHB 3a CIPOIICHOI MAaTPHUIICIO,
3aJIMIIMBIIY TOB’s13aH1 HEBIJIOMI B PIBHSHHSX B JIIBI YacCTHUHI, a BUIbHI

HEB1IOMiI — B mpaBiid. OTpuMaeMo 3arajJbHUA PO3B’S30K OJHOPITHOI

CHUCTEMMU.
(X1 =Gy,
X, = 2% +13X, — X,
§ X3 = 9%, — Xs, C1,C4,C5 €R. (65)
X, =Cy,
| X5 = Cs.

BinsHUM HEBIIOMUM HajaMO HaOOpPH 3HAYCHb.

153



Habip 1-i 2-1 3-i
X 1 0 0
X, 0 1 0
X 0 0 1

Jlns KOXKHOro Habopy 3HaueHb Yy TaOIUIll OOYMCIMMO 3HAYCHHS

TIOB'I3aHUX HEBIJOMHUX 3 piBHOCTI (65):

X 1 0 0
X, 2 13 -1
X, 0 5 -1
X, 0 1 0
Xc 0 0 1
Otpumaemo OCP:
1 0 0
2 13 -1
vi={0], v, = V= -1
0 1 0
0

3arajapHUIN PO3B’SI30K CUCTEMU:
x=C,-v,+C,-v,+C;-v;, 1e C;,C,,C5 eR.

38’5130k  Mixk po3B’siskamu  HeoaHopinHoi CJIP  Ta
BiAnmoBiaHOI ogHOpinHOI CJIP

Posrnsaemo neognopinny CJIP
A-x=b, (66)

ne A — ocHOBHa MaTpuld cUCTEMH po3Mipy MxN, x = (xp,..., X, N

BEKTOP-CTOBITYMK HEBIJIOMHX, b=(bl,...,bm)T — BEKTOP-CTOBHYHUK

BUIBHHX YJICHIB.
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Bionosionow oouopionoro CJIP nazuBaetbcs CJIP, orpumana 3
piBHOCTI (66) 3aMiHOIO BUTBHUX KOE(]III€EHTIB HA HYJIHOBI:

A-x=0. (67)

TBepmxennss 27. Sxkmo X,y — [ABa JOBUIBHI PO3B'SI3KU
neoxuopiguoi CJIP (66), To Z=X—-Y € po3B'I3KOM BiAMOBIIHOT
oxHopiaHoi CJIP (67).

JoBenennsi. Hexail X, Y — JOBUIbHI JIBa PO3B’SI3KH HEOHOPITHOT
cuctemiu (66). Maemo:

A-z=A-(X—y)=A-x—A-y=b—-b=0.

Otxe, pi3HHMNS Z = X—Y JBOX PO3B’sa3kiB HeomgHopigHoi CJIP
(66) € po3B’s3xoM BignoBiaHOI oHOpiaHOT CJIP (67). u

Teopema 20 (mpo cTpykTypy po3B'si3ky HeogHopianoi CJIP).

3aranbHU PO3B’A30K HEOMHOPIAHOI CHCTEMHM JIIHIWHMX PIBHSHb

(66) € cymor0 Y4acCTMHHOIO PO3B’sA3KYy HEOJHOpimHOI cuctemu (66) Ta

3araJbHOI'0 PO3B’ 3Ky BiAMOBIIHOT OAHOPIAHOI cucTemu (67).
MoBenennsi. Hexan X" — Jedakuii YaCTHHHHI PO3B’A30K

HeonHopinHoi CJIP (66), a X, — mOBUIbHHI PO3B’S30K BINMOBITHOT

oxHopiaHOoT cuctemu (67). Toxi
A (X"+%X)=A-X"+A- X =b+0=Db.

Otmke, X + X, € PO3B'A3KOM HEOHOPiAHOT cuctemu (66).

JoBinbHUI PO3B’s30K X, HeoxHopigHoi cucremu (66) MoxkHa

samcaru y Burmsiai X, =X + (X, —X*), ne apyruit goganok (X, —X),
3a TBEpDKCHHSIM 27, € po3B’si3KoM ojHOpiaHo1 cuctemu (67). Otmxe,
X, =X"+X,. m
Mpuxkaang 44. 3naliTu 3aradbHU  PO3B'SI30K  HEOJHOPIAHOI
CUCTEMHU JIHIAHUX PIBHAHb Yy BHIJSAAI CyMH YAaCTHHHOTO PO3B’SI3KY

HEOTHOPIAHOT CHCTEMH Ta 3araJbHOTO PO3B’S3KYy  BIAMOBITHOI
OJIHOPIJTHOI CUCTEMU
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X, — 2%, + X3 —x, =1,
Po3p’si3anns. 3aranbHuii  po3B’a30k  HeojmHopigHoi  CJIP
ITYKaTUMEMO y BUTJISI1

X, =X +X;,

* . P w
7€ X — 4YaCcTMHHUHM po3B'sa30Kk HeoxHopimuoi CJIP, X, — 3aranpHuii

PO3B’ 130K BianoBigHO1 ogHOpiaHOi CJIP.

Posp’sokemo HeomHopingny CJIP meromom [Maycca. Bummmemo
PO3LIMPEHY MATPUIII0 CUCTEMH Ta MPOBEAEMO MPSIMUN 1 0OEPHEHUN X1
anroputmy ['aycca:

1 -2 1 1|1 1 -2 1 1|1 1 -2 1 1|1
1 -21 -3-1/~-{0 0 0 -2-2|~{0 O 0O 22|~
1 -2 1 5|5 0 0 0 4|4 0O 0 0 0]0

1 21 1|1) (1 =2 1 0|0
-0 0 0 -1-1/~|0 0 0 1|1 (68)
0 0 0 olo) (0 o 0 0f0

3a noB’A3aH1 HEBIIOMI 00EpEMO X;,X,, @ X;,X, OylyThb BUIBHUMH

HEBIJOMUMH. 3a CHOPOLICHOK MAaTPUICI0 BHIMILIEMO 3arajbHui
PO3B'SI30K HEOAHOPITHOT CUCTEMU

(X, =¢,,
X, =Cy,
)2 T4 ¢,C e R (69)
Xg ==X, +2X,,
| X, =1.

* . .o .
3HaMEMO YaCTUHHUM po3B’s130K X HeoaHopigHoi CJIP. BunbHum

HeBioMuM Hagamo 3HaudeHHs X =0, X, =0. Tomi 3 piBHocteit (69)

sHaimemo x; =0, x, =1. Orxe,
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L O O O

OCKUIbKM B1ANOBIAHA OJTHOPIAHA CUCTEMA MA€E TAKY CaMy OCHOBHY

MaTpPHMINIO, K 1 HEOAHOpiAHA cucTema, TO 3 Marpuili (68) Bumuizemo

3arajlbHUN PO3B’S30K OJHOPITHOI CHCTEMH, BBa)KAIOUH, IO CTOBITYHK

BUIbHUX WICHIB CKJIAJJA€THCA 3 HYJIIB

o O -
o O

o O -
o - O
o O O

OCKUIbKM OJHOpIJIHA CHCTEMa

s

X, =C,

X, =C,,
2= % c.c,e R (70)

Xg ==X, +2X,,
X, =0.

"

Ma€ JBa BUIBHUX HEBIJOMHX, TO il

dbyHgamMeHTaIbHa CHCTEMa PO3B’SI3KIB Mae JABa po3B’si3ku. Hamamo

BIJILHUM HEBIJIOMHUM TaKl 3HAYECHHS.

Ha6ip | 1-i1 2-11
X 1 0
X, 0 1

3 piBHocteit (70) 3HaimeMo

BIIIIOBIIHI 3HAYEHHS II0B’ SI3aHUX

HeBimoMux. Otpumaemo nBa po3B’si3ku B @CP onHOpigHOT cuctemu:

1
0
-1
0

X,

0

X,

1
2
0

3arayibHUM PO3B’SI30K OJTHOPITHOT CUCTEMU MA€ BUTIISIT

1 0
0 1

X, =C; 1 +C, 5 | C,C,eR
0 0
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OTtxe, 3aranbHUMN Po3B’ 130K HeoqHOpiaHOT CJIP:

0 1 0
* O O 1

X, = X +XO:O+C1 1+C2 2,C1,C2€R.
1 0 0

KonTpoJabHi 3anuTanHs

1. [llo Ha3uBarOTh JIHIKHUM MOPOCTOPOM HAJ TMOJEM JIACHUX
qucen?

2. HaBeniTh npukiaau JiHIMHUX IPOCTOPIB.

3.5Iky cucteMy BEKTOPIB Ha3MBAIOTh JIHIHHO HE3aJIEXKHOIO,
JIHIAHO 3aJIeKHOI0?

4. I1lo Take 0a3uc JIHIHHOTO MPOCTOPY 1 KOOPJAMHATU BEKTOpa B
0asuci?

5. lllo Ha3MBarOTH paHrOM MaTPHII?

6. Chopmymroiite Teopemy Kponekepa—Kanesmi.

7.1llo wnHasuBaroTh (PyHIAMEHTAIBHOIO CHCTEMOIO PO3B'SI3KIB
OJIHOPIJTHOI CUCTEMU JIIHIMHUX PIBHSIHB?

8. flka cTpykTypa 3arajbHOrO0 PO3B'SA3KY OJHOPITHOT CHUCTEMU
JTHIAHUX PIBHAHB 1 HEOJHOPIAHOI CUCTEMH JIIHIMHUX PIBHSIHB?

Bunpasu
1. 3Haiinite diHiliHY KOMOIHaIi0 2V) — 5V, + V3 BeKTOpIB

v =(3,-12),v, =(2,,-1), v3=(-5-3;4).
2. 3HaiiiTe BeKTOp X 3 piBHSHHS 2V —3X+V, +4V3 =0, ne
vi =(13;2,-1), v, =(2,-4;1,3), v3=(-13;2;-2).
3. 3'sCyiiTe, Ui € CHCTEMH BEKTOPIB JiHIIHO He3aIeKHUMH:
a) vy =(1,2;3), Vv, =(2,4;5);
6) V, =(2,-3;4), v, =(6;-9;12);
B) Vi =(4,-3,1), v, =(8,-6;4);
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r) vy =(12,-1),v, =(3-14), v3=(2,1,3);
n Vv =(2-11),v, =(-4,3,-1), v3=(-51-4);
e) vy =(3,2,-2),v, =(0;5,-1), v3=(-2,45);
x) Vp =(=3,-2;4;1), v, = (1,5;3;4), v3 = (-1, 3;5;4),
vy =(2;3,-11);
3) vy = (2,-1,3,-2), v, =(0;2;-1,4), v3 = (=3, 1,-4,2) ;
v, =(1-3;6;1).
4. JIoBeITh, 110 MHOKMHA MHOTOUJICHIB CTEIICHS N HE € JTIHIMHAM

IPOCTOPOM.

5. 3’scyiite, yn Oyae MiAMPOCTOpoM JiHiiiHOTO mpoctopy R[X]
BCiX MHOTOWIEHIB Hax nojeM R migMHoxknHa U MHOrowieHiB creneHs
<n.

6. 3’sacyiiTe, un OyJe MiAMPOCTOPOM JIiHiIKHHOTO TpocTopy R[X]
BCiX MHOrouwiIeHiB Hax noineM R migmuoxwuaa U MHOrousneis, mo He

MICTATh MAPHUX CTEIEHIB.

7. 3’scyiite, uyu Oyae MANPOCTOPOM JIHIHHOTO MPOCTOPY

Mat,.,(R) kBagparHmx wMarpums mOpsAaKy N 3 [gificHUMHA

koedimienramMmu miaMHOkMHA U  BCIX BEpXHIX TPUKYTHHUX MAaTpHIIb,

CIICMCHTH SKUX € HiJII/IMI/I YucCJIaMH.

8. 3’scyiite, um Oyae MANPOCTOPOM JIHIHHOTO TPOCTOPY

Mat,.,(R) kBagparHmx Marpums mOOpsSaKy N 3 [gificHUMHA

koedimienramu migMaoxkuHa U MaTpuib, giaroHaibHI €JI€MEHTH SKHX

JOPIBHIOIOTH HYIIIO.
9. 3’scyitTe, un Oyae TIAIPOCTOPOM apUPMETHIHOTO JIHIHHOTO

n : :
npoctopy R Bekropie, mo MawTh N KoopauHatT, miaMHOXHHA U

BEKTOPIB, CyMa KOOPAUHAT SIKUX JOPIBHIOE HYIIIO.

10. loBeniTs, 110 BEKTOPU &, Ay, 83 YTBOPIOIOTH 0A3UC IPOCTOPY

R3i 3HAWIITE KOOPAMHATH BeKTOpa D B iboMy Gaswci:
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a) & =(3;13),a, =(-12;-5), ag=(-3;1-1),b=(-7;8;-3);
6) a1 = (1,-2;3),a, =(0;4;1), ag=(1,1,-2),b=(4,-7;5);
B) & =(-5-44),a, =(2,-13), a3 =(1,-3;2),b=(-3,1;,-1).

11. 3HaiiniTh SKy-HEOyIb MaKCUMAJIbHY JIHIAHY HE3aJICKHY
I1JICUCTEMY CHCTEMH BEKTOpPIB 1 BC1 BEKTOPU CHCTEMH, 1110 HE BXOIATH

10 ITI€T TT1ICUCTEMHU, BUPA3ITh Y€PE3 BEKTOPH I1JICUCTEMHU:
a) vy =(5,2,-31), v, =(4,1,-2;3), v3 = (1,1,-1,-2),
vy =(3,4,-12);

6) Vi =(2,-1,3;5), v, =(4,-3,1;,3), v3 =(3;,-2;3;4),
vy =(4,-1,1517), vs = (7,-6;-7,0).

12. 3HaliiITh paHr MaTPUIIb:

1 7 9
2 5 -3 1 4
7 5 -1
a1 -2 0 3 -2]|, 0)
4 2 -1 -3
-1 3 -3 4 2
-1 1 3 5
1 2 0 -2 3 1 0 -1 1 0
-3 1 2 0 1 1 1 -1 10
B) , r) ,
-1 0 2 1 1 1 0 O 1
2 3 6 0 6 01 -1 11
2 1 3 -1 1 1 3 -1 2 O
3 -1 2 0 -1 6 2 1 3 2
1) e) :
1 3 4 -2 3 5 -1 2 1 2
4 -3 1 1 6 4 -4 3 -1 2

13. JlocniniTh CUCTEMU JIHIMHUX PIBHAHb 1 3HAWIITH 3arajibHUN
PO3B’SI30K B 3AJIEXKHOCTI BiJl 3HAUYEHb IMapaMeTpa A
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(WX + Xo + X5 =1, AXg + X + Xg =1,

a) 4 X; +AXy + X3 =1, 0) {4 X +AXo + X3 =4,

| X+ Xy +AX%3 =1.

| Xq + Xp + X3 =2

(L +D)x + Xy + X3 =1, 2% + Xp — Xg + X4 =1,
B) < X +(A+1)X, + X3 =2, T) 3 X +2Xy — X3 +4X%X4 =2,
| X+ X% +(A+1) X3 =1, X| + Xy —4X3 +11x4 = A

) 3

14,

(A +1)Xg + A%y +(2A +3) %3 =1.

JlocniaiTh CUCTEMU JIIHIMHUX PIBHSHB 1 3HAWITH 3aralibHUI

PO3B’S30K B 3aJICKHOCTI Bijl 3HAYCHD IMapaMeTpiB A 1 W

a) <

B) <

.

hy)

.

-

-

AXg + Xo + %3 =1, X| + Xy +AX3 =2,
X| +AXy + X3 =L, 0) 1 % + Xy + X3 =1,
X + Xy + X3 =1. X + Xy + X3 =—1.
2% + X9 =\, AX + X3 =0,
AX + X, =0, T) 3 Xo + X3 =,

X + X, =0. Xo — X3 =1.

(X + Xo + Xa + X, =1,
X, — %o + Xg = L 1T Ay T A3 T Ay

X +AXo + X3+ Xy =1,
X1+2X2:1, e)<

Xp + Xo +AX3 + Xy =1,
X2+}LX3=O. 3

| X+ Xp + X3+ AXy = .

15. 3naiaiTe 6a3uc MiAMPOCTOPY PO3B’SA3KIB OJHOPIAHOI CUCTEMH
JTHIAHUX PIBHAHB (PyHIaMEHTAIbHY CUCTEMY PO3B’S3KIB).
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[ X — 2%y +3X%5 + 6%, =0, [ X+ Xy — 4%+ X%, =0,

) - 2% +3Xy, — X3 +6X%4 =0, N 2% + X9 —9%3 +3%4 =0,
3% + Xy +2X3 +12%,4 =0, X; +2X, —3X3 =0,
12X, +3X%,4 =0. 3% —3X; —18x%3 + 9%, =0,

—6X; —9Xy + 21X3 — 3%, —12X5 =0,
e) 7 —4X; +6Xy —14X3 +2X,4 +8X%5 =0,
2% —3Xy + X3 — X4 —4X5 =0.

16. Hexaii {¢} i {f;} — mBa Gasucu y npocropi V . Binomuii
poskian Bekropa a 3a 6asucom { f;}. 3HaiiniTe KoopaMHATH pO3KIALY

IbOTO BeKTOpa 3a 6azucoM {e; }.

e, =122, f1 = (3,1 4),
a) &, =(2,33), f,=(521, a=2f+f,-3f;;
e;s=(3,71). f3=(11L-6).

e =132, f=@&0D),
6) e, =(2,-1,0), f,=(011), a=2f+f,-2f;;
e; =(-111). f3=(0;0;1).

e =(301),  f,=(201),
B) & =(1-10), f,=@103), a=-3f+2f,+4f;;
e;=(21-1). f3=(12-1).
e =1LL1), f=(0;3;3),
e, =(L2L1), f,=(-2;,-3,-5-4),
Ve = (112, f=(2254)
e, =(1323). fy=(-2-3-4,-4).
a=f, —2f,+3f;—f,.
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3.5. JliniiiHi onepaTopu y JiHiHHUX MPOCTOpPax

OCHOBHIi MOHATTH
O3nauenns. Hexait V — BekTOpHUI MPOCTIp HAJ MOJEM IIHCHUX

yucen R. Jlinitinum onepamopom (ninitinum nepemeopenHsam), Mo Ji€ y
npoctopi V , Ha3WBalOTh Take BiJOOpPa)XEHHS I[LOTO IPOCTOPY B cede

A:V —V , sxe 3a70BOJIbHIE YMOBH:

1) A(a+b)=A(a)+ A(b) ans seix a,beV
2) A(cd)=o-A(a) mmascix a,belV,aeR.

L1 1B1 yMOBU MOHA 3aMIHUTH YMOBOIO
A(oa +Bb) = a- Aa) +B- A(b). (71)

Ipukaaau JiHiHHUX ONEpPaTOPiB
1. Hynvosun niniiiauii oneparop A:V —V, A(V)=0 misa Beix

VeV e niHiHIM OIIEpaTOPOM.
2. Tomooxcnuu niniiinuii oneparop E:V —V , HV) =V mis Bcix

VeV e niHitHIM OIIEpaTOPOM.
3. Muoowenns na ckanap A e€R, abo comomemis AN —V,

A(V) =AV s Beix VeV e inifiHuM onepaTopom.

4. Omepatop A: R? 5> R? MIOBOPOTY BEKTOPIiB Ha ILIOMIUHI
HABKOJIO TOYaTKy KOOPJWHAT MPOTH PYXYy TOJWHHUKOBOI CTPUIKK Ha
nesikuil pikcoBaHUM KyT O (puC. 4) € THITHUM.

Y A
A(V)

O,V

<y

Puc. 4
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- - 2 .
JlilicHo, sKImIO croyaTKy nojatu Bekropu V, We R, a mortim
IXHIO CyMy IIOBEpPHYTH Ha KYT (), TO OTPUMAEMO TaKUM CaMHUN BEKTOD,

KM YTBOPHUTHCS, SKIIO CIOYATKy MOBEPHYTH BekTopu V Ta W Ha KyT
0., a IOTIM iX JOJAaTH.

Tak camo, SIKIIO CIIOYAaTKy MOMHOKUTH BEKTOp V € R? ma unco
A € R, a motim fi0oro moBepHyTH Ha KyT 0., TO OTPUMAEMO TaKHAH CaMHii
BEKTOp, SIKHH YTBOPUTHCS, SKIIO CIOYATKy IMOBEPHYTH BeKTOp V Ha
KyTOl, & IOTIM HOro MOMHOHTH Ha YUCIIO A .

5. OmepaTop OpPTOTOHAIBLHOTO IPOCKTYBAaHHS, SKHH KOXKHOMY
BEKTOPY IUIOIIMHY CTABUTD Y BiAMOBIAHICTH MO0 mpoekiito Ha Bich OX:

A:R? 5 R fxwo V = (X;Yy), 10 A(V) = npg, ¥ = (x;0) (puc. 5).

A
y

[
L

<y

npoyV
Puc. 5
[TepeBipumo ymoBu miniiiHocTi. Hexait V.= (X; Y1), W= (Xo;Y5).
Tonai orpumaemo:
AV +W) =npgo, (v +w) = (x + x,,0),
A(V) + A(W) = npoyV + npoyw =
= (X;0) + (X5;0) = (X + X,;0).
3Bigcu AV + W) = A(V) + A(W).
A(\V) = npo, MV = (Ax;0) = A(x;0) = Anpg, v = LA(V), A €R.
6. Posrmsimemo V =P,[X], ToOTo miHilHMII mpocTip Beix
MHOTOYJIEHIB CTENEHs, HE BUIIOIO 3a N

-1

P,[X]={p(x) =a,x"+a, ;x""+...+yXx+3ay, a R}

Onepamop oughepenyirosanmsi
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d(a,x"+a, X" .. +ax+ay) =a,nx"+a,  (Nn—1)Xx"+..+a €
JHIMHUM OIEepaTOpPOM.

JliniigicTs BigoOpaxenus 0 BUIIMBAE 3 BIACTUBOCTEN IOXIAHOI:
(P(X)+a(¥)'=p'(X)+q'(x), (Ap(X))'=Ap'(X), A eR.

Po3risHeMO  CKIHYCHHOBHMIPHHMI  BEKTOpHH# mpoctip V,
dimV =n, e¢,e),....e, — 06asuc 1pOro  mpocropy i
X =X€ +Xp€y +---+ X6, — pO3KIan Aesikoro Bekropa X €V . Hexai
A — qiHiiiHU# omeparop, mo i€ B mpoctopi V. I3 ymMoB miHiHHOCTI

Ma€EMO

A(x) = A(xe + X9y +++-+ Xp€,) =

. (72)
= xA(er) + XpA(ep) +--- + X Aley).

OTxe, i omepaTopa Ha BEKTOpP IIJIKOM BHU3HAYAETHCA MHIEIO
oriepaTopa Ha 0a3MCHI BEKTOPH.
Pe3ynbraroM Jii onepaTopa Ha KOXKeH 0a3UCHUN BEKTOP € TAKOX

BekTOp mpoctopy V . Poskiazemo 1i BekTopu 1o Gasucy e,e,,...,e, i
KOOpAUHATH PO3KIIAIIB 3aMHIIEMO K CTOBITUYMUKH IEAKOT MATPHI A :
(

A(ey) = apiey +apiey +- + apiey,
A(ey) = appey +agpey +:+++ appey,

(73)
A(en) = e T dypey +-+appe,
Marpuus
Q1 9 An
a a ..o a
A — 21 22 2N (74)
anl an2 ann

Ha3UBAETbCA Mampuyero NiHitiHo2o onepamopa A B 0a3ucl €,e,,...,e,.
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OTxe, KOXHOMY IJIHIHHOMY OIlepatopy B JeAKoMy Oasuci
BIIMOBIJIa€ MaTpullsl. | HaBMaku, MOKAXKEMO, 10 KOXKHINA KBaJpaTHIM
MaTpuill HOpsAKY N BIAMOBIAE ACSKUN JTIHIMHUN omiepaTop.

Hexaii A — kBaapatHa wmarpuis nopsaky N. Posrisaemo
B1100paXeHHsI AV >V, SIKE UL JOBUIBHOTO BEKTOpPa

X =04€ + 08 +...+ 0,8, €V BU3HAUYAETHCSA TaK:
A(X)=oA-g+ar,A-e +...+0a,A-€, (75)

Hig BimoOpaxkeHHA A Ha 0a3MCHI BEKTOpH €y,...,€, BHUILIMBAC 3
npasuna (75):
Alg)=A-¢, i1=1..,n,

OCKIJIBKM BCl KOODJMHATH BEKTOpa €; B 0Oasuci €i,...,€, NOPIBHIOIOTH
HYJIIO KpiM | -1 KOOpAMHATH, PIBHOI OJUHHMII.

3 BJACTUBOCTEW [ HaJa MATPUISIMA BUIUIMBAE JIHIWHICTh
BinoOpaxxenHs A. JlilicHo, axmo Y =[3: +[,6, +...+B,6, iHILUiA

BEKTOp mpocTopy V , TO

A(X+Y)=A((ag +Br)ey + (0 +Bo)es +...+ (o +Bp)en ) =
= (o +B)A-e +(ay +Br)A-e +...+ (o, +B,) A€, =
=aA-e +o,Ae +... oA 6, +
+BA-e +BrAe +...+B,A e, = A(X) + A(Y),
A(AX) = A(A(08 +0lp8) +... + 0Lpe,) ) =
= ALy + A0y +...+ hoEy ) =
=AoqA-€ +Ao A6+ Ao A, =
=M A-e +o,A e+ +a A e) =
=AA(X), AeR.
Taxum YUHOM, MU BCTaHOBUIIN B3a€MHO OJHO3HAYHY
BIJIMIOBITHICTh MK MHOXKHHOIO BCIX JIiHINHUX omeparopiB AV —»V y

N-BUMIpHOMY TIPOCTOPi 1 MHOKHHOIO KBaJIpaTHUX MATPHUIIb MOPSAKY N.
[IpoTe Taka B3a€MHO OJHO3HAYHA BIJMOBIIHICThH 3aJICKHUTH BiJl BUOOPY
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0asucy npoctopy V . HacTo BUKOPUCTOBYIOTh MAaTPUYHY IHTEPIIPETAIIIIO
JIHIAHHUX ONEPATOPIB.

Ipukiaag 45. 3HailTH MaTPUIIO JIHIKHOTO oOmIEpaTropa, SKHii
NOBEPTAa€ BEKTOPH IUIOLIMHU, 110 BUXOASATh 3 MOYATKy KOOPAMHAT, Ha

KYT O IPOTH TOJIMHHUKOBOT CTPIJIKH.

vA

Puc. 6

[lozHaunumo A — oreparop, IO MOBEPTAE BEKTOPH IUIOLIUHH, IO

BUXOJATh 3 TOYATKy KOOpAMHAT. 3a 0a3uc MJIOUIMHU R?2 BUOEpEMO
Bektopu e =(1,0), e, =(0,1) i po3knanemo obpas3u Ga3uCHUX BEKTOPIB

y pasi zii omeparopa A 3a UM 0a3ucoM. 3 pUCYHKY (puc. 6) BUIHO, IO
A(e)) =cosa-e +Sina - ey,
(e1) 06 2 (76)

A(e;) =—sino-e; +COSO - e5.

Orxe, omepatopy A y ©Oasuci e =(1,0), e, =(0,1) Binmosinae

cosa —Sina
Az( j.

MaTpHILIs

sino.  cosa
Hexaii B niniiinomy mpoctopi V' 3amaHi fBa JiHiiHI onepatopu A
iB.
Cymoro nmiHIMHUX omepaTopiB A 1 B Ha3WBAEThCSA MEPETBOPCHHS
A + B, 1110 BU3HAYAETHCS PIBHICTIO

(A+B)(V)=A(V)+B(vV),veV.

Tob6To BigoOpakeHHs A+ B mepeBOAUTH AOBUIbHUI BeKTOp V €V
B CyMy Horo o0Opa3iB Ipu IepeTBopeHHsIX A 1 B.
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Jlooymkom  NiHIMHUX omepaTopiB A 1 B Ha3MBaeThCs
nepeTBOpeHHs AoB, oTpuMaHe $K pe3yabTaT  IOCHIIJOBHOTO
3aCTOCYBaHHs NepeTBOpeHb A 1 B!

(AoB)(vV) = A(B(V)), VeV .

HHobymrom ninitinozo onepamopa A na uucio h € R HazuBaerncs

IIEPETBOPEHHS AA, BU3HAUYEHE PIBHICTIO
(AA)(V) =AA(V), veV.

Tyt o0pa3um BCiX BEKTOpIB Yy pa3l MNEpPEeTBOPEHHI A MHOXHMO
BimoBimHO Ha yncio A € R.

Jlerko mepeBiputH, 10 meperBopeHHs A+B, AoB, AA €
JHIMHUMHU OTlepaTOpaMu.

Skmo onepatopu A i B 3ajmani B ogHOMY 0asuci MaTpumsMu A i
B, To onepatop AoB 3amaerbcsa marpuiieio A-B, omepatop A+B —
marpuiieio A+ B, omepatop AA — marpumero AA B TOMy caMoMy
0a3uci.

ToroxnHuii oneparop E 3a1a€TbCsi OAUHUYHOKO MaTpuUlero E.

Hexaii B nesikomy 0asuci {¢;} onepatop A 3agaHuii MaTpULCO A,

a B inmomy 6asuci {f;} — marpuueto A¢ . Iosnaummo X, Y, X7, Yy
BeKTOpH BimoBiaHo B 6azucax {e¢;} i { f;} Taki, mo
ye:Aexe I Ys :Afxf' (77)
Hexaii T — marpuus nepexony Bin 0asucy {e} mo 6asucy {f;}.
Toni 3 Bupasy (53) BuruiuBae

Xe=T-xp 1 Yo=T-Yy. (78)

I3 piBHocTeti (77) i (78) mictanemo
Asxs = ys :T_lye :T_lAexe :T_lAeTxf,
TOOTO
-1
A =T “AT. (79)
Taki matpulll Ha3UBaKOTh nOJiOHUMu. OTXKE, MATPUIll JIHINHOTO

orepaTopa B pi3HUX 0a3ucax € MoaI0HUMHU.
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BiiacHi 3HaYeHHA i BJIaCHI BEKTOPH JIIHIHHOTO oneparopa

Hexali A — niHIMHUNA OoNepaToOp B CKIHYEHHOBUMIPHOMY MPOCTOPI
V' nanx monem R. BBakatmmemo, 110 B npoctopi V BHOpaHH# AesKuii
0asuc €y,...,e,.

O3nauenHsi. HeHynboBuii BeKTOp X €V Ha3UBAIOTh 61ACHUM
8eKkmopoMm JIHIRHOTO oreparopa A, SKIIO

A(x) =Ax, (80)

ae A — Jesike JIMCHE YHUCIIO, SKEe HA3UBAETHCSA 6GIACHUM 3HAYEHHSIM
(uucnom) niHiHOTO orneparopa A. Y pasi norpumants (80) kaxyTh, 110
BJIACHUI BEKTOP X € BIAMOBIIHUM BJIACHOMY 3HAYEHHIO A .

OCKUIbKM KOXKHOMY JIIHITHOMY omepaTtopy A B JeskoMy 0a3uci
BiJmoBigae Matpuisd A, TO BEKTOp X € V' TakoX Ha3UBAIOThb 61ACHUM
sexmopom mampuyi A, 110 BiAMOBiIa€ BIACHOMY 3HAYEHHIO A .

[Tomamo piHicTh (80) y BUIAAI

@—1EYx) =0,
ne E — TOTOXXHHI orepaTop, a0 y MAaTpUYHOMY BUTJISIII
(A—AE)x =0,
Xq 0
X 0
(A—AE)| 2 |=| ||, (81)
X 0
ne E — ogunmuna marpuins, A — marpuis oneparopa A B JCIKOMY
!
: 1 x
dikcoBaHOMY 6asuci, | 2 | — CTOBIMHK KOODAMHAT BEKTOPa X y TOMY
Xn

caMoMy Oaswuci.
Matpuuny piBHicTh (81) MOXHaA MOJATH SK OJHOPITHY CHCTEMY

JIHIWHUX PIBHAHB BIAHOCHO X, Xp,..., X

169



((all —}\.)Xl + a12X2 +---+ alan - O,

(82)

\anlxl + an2X2 +---+ (ann —K)Xn - O

3a O3HAYCHHSM, BJIAaCHUM BEKTOp € HEHYyJbOBUM. OIHOpPiAHA
cucTeMa 3 KBaJ[paTHOI MaTPUICI0 MOXKE MaTH HEHYJIbOBUH PO3B'SI30K
TUTbKHU TO1, KOJY BU3HAYHUK MATPUIll CACTEMHU JIOPIBHIOE HYJ0. ToMy

q1—A . A
a ar, — A a
21 22 2N — O (83)
anl an2 ann A

Busnaunuk Oet(A—AE) y nisiii wactuni (83) € MHOrouaeHom
N-TO cTeneHs BiIHOCHO A, SIKUH MO3HA4Ya€eThCs K Y 5 (A) 1 Ha3UBa€eTHCS

xapakmepucmuynum  muozcounenom warpumi  A. PiBusaas  (83)
HA3UBAEThCS Xapaxkmepucmuynum pisuanuam Marpumi A. Kopeni nporo
PIBHSIHHS € 61ACHUMU 3HAYEeHHAMU, A00 XapaKmepucmuyHuUMu 4uciamu
wiei matpuii A.

BnacuuMu ~ 3HayeHHsMH ~— Mmarpuii A € KopeHi i
XapaKTepUCTUYHOTO MHOT'OYJICHA, 1 TUIbKA BOHHU.

3ayBaskeHHs1. Bxxe 3a3Hauanocs, o JIHIHHUAN ONepaTop B pI3HUX

: -1 o :
0aszucax 3amaethcs momiOHumu marpuisimu I ~AT . TloniOHi matpwuii
MalTh OJIHAKOBl XapaKTEPUCTHYHI MHOTOWIEHH 1 TOMY OJHAKOBI
XapakTepucTudHi uncina. JliiicHo,

det(7*AT —LE) =det(T AT - AT ET) =
=det(T 1 (A—AE)T) =det(T1) - det(4 — LE) - det(T) =
=det(A4 - LE).

OTXe, OCKUIBKM MATpHlll JIHIMHOTO omnepatopa A B pI3HHUX
0a3ucax MarwTh OJHAKOBI XapaKTEPUCTUYHI MHOTOUYICHH, a TOMY, 1
OJTHAKOBUI HaOlp XapakTEpPUCTUYHUX YUCET, TO XaAPaAKTEPUCTHUUHUN
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muorowieH y a(A) =det(A—AE) marpuni A mimiiiHoro omeparopa A

MOKHAa Ha3MBaTH  XAPAKMEPUCMUYHUM  MHO2OYIEHOM  JIHIlIHO20
onepamopa A, a KOpPEHI IIbOT0 MHOTOWIEHA — XApAKmMepucmudyHuMu
yucnamu onepamopa A.

CyKynHICTh BCIX BIJIACHMX 3HA4y€Hb JIHIMHOrO omeparopa 3

ypaxyBaHHSIM IXHbOI KPATHOCT1 HA3UBAETHCSI CHEKmMpPoM OTiepaTopa.

Teopema 21 (I'amiabrona-Kesuri). KoxxHa kBaapaTHa MaTpHIIS
A 3anoBonbHsie cBoe xapakrepucTuuHe piBHSHHS: ¥ 5 (A) =0,
Iloxmo crexkTpa omnepaTopa BiaMITUMO Take. KO Aq,As,..., A, —

BJIACHI 3HAYCHHS MaTpuIi A, To

n
MR hy =] A =det A
=1

n n
}\,1+7\,2 +...+7\,n :Z}\'i :a11+a22 +"‘+ann :Zaii :trA.
i=1 i=1

B OCTaHHIH dbopmyii BBEJICHO MO3HAYECHHS
trA=ay, +ay, +---+ay, — crio mampuyi A.
Osnavennsa. MuoxuHa V (A,A) YCIX BIACHHX BEKTOpIB

oreparopa A 3 (iKCOBaHMM BJIACHMM 3HAYEHHSIM A Pa3oM 3 HYJIbOBUM
BEKTOPOM YTBOpIOE TiAmpoctip y V, sSKHil HA3MBAETHCA GIACHUM
nionpocmopom orneparopa A, M0 BIAMOBIJA€ BIACHOMY 3HAYCHHIO A .
TobTto

V(A A)={veV:aAav=\v}.

Bnacuuit  migmpoctip  V(A,A) ckimamaerbcs 3 poO3B’S3KiB
omHopimHoi cucremu miHidHmx pisasEe (A—AE)v=0. Basucom
BiacHoro mianpocropy V (A, A) € hyHaaMeHTaIbHA CHCTEMA PO3B A3KiB
miei oxHopigHoi cuctemu. Posmipuicts V (A, A) 30iraerbes 3 gedeKToM
MaTPHIIi A-AE (medbekr  marpwuit A-LE JOPIBHIOE
n—rank(A—AE)) i wHe nepeBumye KparHoCTi A K KOpEHS

XapaKTCPpUCTUNYIHOI'O MHOI'OYJICHA.
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3ayBa)KUMO, 10 BJIACHI BEKTOPH, SIKI HaJIEXKaTh PI3HUM BJIACHUM
3HAYEHHSM, JIIHIHO HE3aJIEXKHI.

Jnst Toro, mo0 3HAMTH BCl BJACHI 3HAYEHHS Ta BJACHI BEKTOpU
JiHifHOTO omepaTtopa A, 3agaHoro marpuieio A, Tpeoda:

1. 3uaiiTh Bci BiaacHi 3HayeHHsS Matpuili A, TOOTO 3amucaTtu

xapakrepucTiHyHe piBHAHHA ¥ A(A) =0 Ta 3HaiiTH Bei Horo pi3Hi KOpeHi
A, Ao,..., A . Came BOHM 1 OyAyTb IIyKaHHMMU BIACHUMH 3HAUEHHSAMHU.

2. JIas KOXKHOTO BJIACHOTO 3HA4YeHHA A =A; Marpumi A 3HalTH
Oasuc BimacHoro mimnpocropy V(A;,A). /[ng nporo motpidHO
MiJCTaBUTU 3HAUYEHHS A =A; B OJHOPiIHY CUCTeMy JiHIHHUX DIBHSIHb
(82) 3 marpumero A—AE 1 3maiitm 1i dyHmamenrampHy cucremy
po3B’s3kiB. OTpuMaHa PpyHAaMEHTaJIbHA CUCTEMAa PO3B'A3KIB € Oa3UCOM
BiacHoro nianpocropy V (A;, A).

Ipukiaang 46. 3HaiiT BIACHI 3HAYEHHS 1 BJACHI BEKTOPH
JIHIAHOTO onepaTopa, 3aJJaHOT0 B IEIKOMY 0a3KCl MaTpUIIEIO

1 -1 O
A=|{0 1 -2|.
0 -2 1

Po3B’si3aHHs. 3anuieMo XapakTepUCTHYHE PIBHSIHHS MaTpUIll A

1-% -1 0
[4-2E|=| 0 1-1 -2]|=0.
0 -2 1-%

A-2)°-41-1)=0, (@-M)[1-2r)>-4]=0,

A-VNA-2r-2)1-1A+2)=0, @—V)(r-DH@B-21) =0,

-2 +H(-3)=0.

KopeHi 11010 piBHAHHS € BIaCHUMHM uuciamu: Ay =1, A, =-1,
Ay =3.

I[JISI KOXXHOT'O 3 IMX BJIACHUX YHCCII 3HaﬁHeM0 BJIACHI BCKTOPHU.
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1) Ay =1. Maemo onHOpigHY cHCTeMy JiHIHHMX piBHSHb

(A—E) - x=0 3 marpuuero koedilieHTiB

0O -1 010 0O -1 0]0 0 1 00
o 0 -2|0{~|0 O -2|0|~|0 O 1|0].
0 -2 0]0 0O 0 0]0 0 0 00

HesinoMi X,, X3 — IOB'13aHi, HEBIAOME X; — BUIbHE. 3alUIIEMO

3arajibHUi Po3B’SI30K OJHOPIAHOT CUCTEMU:

X =0,
X2=O, C_I_ER

Hagamo 3nHauenHs x; =1, tomi x, =0, x3=0. Omxe, 6a3uc

BJIACHOTO TIIIPOCTOPY MATpHUIll A, M0 BiJAMOBIJA€E BIACHOMY YHCITY

A1 =1, cknagaeTbes 3 0THOTO BEKTOPA, HAIPUKIIAJ:

1
0
BrnacHoMy 3HaueHHIO Aq =1 BiANOBINAIOTH BIIACHI BEKTOPH BUIY
1 &
Xyyz1=a|0]=| 0|, qeR,g#0.
0 0

2) Ao, =-1. Maemo oOIHOpiAHY CcHCTEMYy JIiHIHHUX pIBHSHb
(A+ E)x =0 3 marpurero koedirienTis
2 -1 010 2 -1 010 2 -1 010
o 2 -2|0|~|0 2 -2|0|~|/0 1 -1|0]|~
0O -2 210 O 0 010 O 0 010
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2 0 -1/0 1 0 -1/2|0
~10 1 -1|0|~{0 1 -1 |0}
0 0 0]0 0O 0 0 |0

Hepimomi x;, X, — IOB'sA3aHi, HEBIAOME X; — BUIBHE. 3aIlUIIEMO

3arajbHUN PO3B’A30K OJTHOPIAHOI CUCTEMHU

1
Xl :EXS,

X2:X3, C3€R.

Hanamo 3mauenHs x3=2, tomi x; =1 x,=2. Omxe, 06azuc

BJIACHOT'O IiAMPOCTOPY MaTpuii A, 110 BiIMOBiIa€ BIACHOMY 3HAYCHHIO

Ao =—1, cKIIala€ThCs 3 OHOIO BEKTOPA, HAIPHKIIA/!

1
V2:2.
1

BrnacHoMy 3HaueHHIO A, =—1 BiANOBIJalOTh BIACHI BEKTOPU

1 Cy
XX2:_1=CZ 2 |= 26’2 ) C2€R,C2 #0.
2 2C,

3) Az3=3. Maemo OIHOpiAHY CHUCTEeMy IiHIHUX piBHSAHb
(A—3E)x =0 3 marpuuero koediuieHris
-2 -1 0|0 -2 -1 0|0 -2 -1 0]0
o -2 -2|0|~{0 -2 -2|0|~|0 1 1|0~
0 -2 2|0 0O 0 010 0O 0 0}0
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-2 0 1|0 1 0 -1/2/0
~10 1 1|0|~10 1 1 |0
0 0 0}0 0O 0 0|0

Hepimomi x;, X, — IOB'sA3aHi, HEBIAOME X; — BUIBHE. 3aIlUIIEMO

3arajbHUN PO3B’A30K OJTHOPIAHOI CUCTEMHU
X L X
1= 5 "3
2

X, =—X3, C3eR.

Ny

Hagamo 3HaueHHs x3=2, tomi Xx =1, x, =—2. Otxe, Ga3uc

BJIACHOTO MIJNPOCTOPY MaTpuill A, 10 BIJANOBIIA€ BJIACHOMY
4UCITy Ag = 3, CKIIAJIA€ThCA 3 OJHOTO BEKTOPA, HAIIPUKIA;

BracHOMy 3HaueHHIO A3 = 3 BiIIOBiZAalOTh BIACHI BEKTOPH

1 C3
X?\,3=3:C3 -2 |= —2C3 ) C3€R,C3¢O.
2 26’3

Binnosins. BracHi 3HaueHHs miHiliHOro omeparopa: Aq =1,

A, =-1, A3 = 3; BacHi BeKTOpH JNiHIHHOTO oIeparTopa;

a Co C3
Xy =| 0 Xy,o =20 |0 Xj,3=| —2c3 |,
0 202 2C3

ne ¢, ¢y, c3 € R\{0}.

175



KonTpoJabHi 3anuTanHs
1. lllo Ha3uBaKOTh JIHIKHUM OMNEPATOPOM Yy BEKTOPHOMY

pocTopi?

2. Illo Take maTpwuIls JiHIHOTO omepaTopa?

3. lllo Ha3uBarOTh BJIACHUM 3HAYCHHSIM 1 BIJIACHUM BEKTOPOM
JHIMHOTO onepaTopa?

4. Ilo Take XxapaKTepUCTUUYHUN MHOTOWIEH JIHIIHOTO onepaTropa?

Bunpasu

1. BusnHaute, sKi 3 HaBEJACHUX BIIOOpPaXe€Hb Y BIAMOBIIHUX

JIHIAHUX TPOCTOpax € JIHIMHUMH ONepaTOPaMM:
a) X > a (a — dixcosanuii Bextop), X, a € R";
6) X > oX (o — dikcosanuii ckamsp), X € R":
B) X > X+a (& — dixcosanmuii Bekrop), X, a € R":
r) f(X)— f(ax+Db) (f(x)eR,[X]; aib - dikcosani uncna);
n f(x)— f(x+D)—-f(x) (f(x)eR,[X]);
e) T(X) > '(x) (T(x)eR,[x]);
€) (X; Xo5X%3) > (X +3; X +4;X3), (X3 %05 %X3) € R3;
) (X3 X3 Xg) > (4% % + X +%g) , (%5 %g) € R,
2. 3HaiAITh MAaTPHUIIO OTIepaTopa:

a) (Xg;X9;X%3) > (X3 X +2X9; X9 +3X3) B mpocropi R® B Gasuci

3 OAMHUYHUX BGKTOpiB;
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6) (X(:X5:%X3) > (X + X3 Xy — X1;3Xy + X3) B mpocToOpi R® B
0a3uci 3 OAMHUYHUX BEKTOPIB;

a b

B) XH[C dj-X B mpocropi Mat,, ,(R) B 06asuci 3

MAaTpUiIHUX OOAUHUIIb,

a b

r) Xl—)X-( d} B mpocropi Mat, ,(R) B 6asuci 3
C

MaTPUYHHUX OJUHHULb;

n) audepenmiroBandass B mpocropi  R,[X] B 6asuci
@ %, x%, .., xX™);

e) audepeniiroBandss B mpoctopi R, [X] B  6asuci
x", X" % D);

3. Busnaute xapakTepuCTUYHUN MHOTOYJICH, BJIACHI 3HAYEHHS Ta

BJIACH1 BEKTOPH JIIHIHHOTO OlepaTopa, 3aJ1aHOr0 MaTPHUIICHO:

1 -2) (5 2)
Vg o) a4 3)
-1 8 -2 6)
B, 1) Dy 3f

3 2 1 3 -1 -2
mi0 1 1f; |2 0 -2
0 -2 4 1 -1 0
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};
};

4 0
-3 0
-8 3

7
—6
-9

(£
b
[

w[
Hw

-2 1
-1 1
-2 2

1
0
0

4 0 -1
2 2 -1
2 0 1

:

2
-1 2 O

0 2

0 1 0 1
-1

-4 4 0
-2 1 2

-1 1
1 2]
-2 1

4
0
0
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