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BcTyn

Len nigpy4HWK CTBOpPEHO ANA CTyAEHTIB, WO HaBYaloTbCA B Marictpatypi 3a
cneuianbHicTio F6 «lHpopMmaUiHi cuctemun Ta TEXHOJOTI», ane BiH MoOXKe byTu
KOPUCHUM ONA BCiX CTYAEHTIB ranysi 3HaHb F «IHGopMaLiiHi TexHoNOrii».

B niapyyHuKy po3rnaHyTi BMbBIpKOBI Temm 3 0bBYMCAOBaANbHOI  reomeTpii,
Komn'toTepHoi rpadikm, 06pobKn 306parkeHb Ta KOMN'FOTEPHOTO 30pY.

Migpy4HUK cknapaetbca 3 15 po3ainiB, KOXKeH 3 AKX BiANOBIAAE KOHKPETHIN Temi
NeKLU|i, WO BMKNaAaTbCA CTYAEHTAaM B MeXKax OAHOMMEHHOrO Kypcy.

lfonoBHe 3aBAaHHA, AKe CTOANO nepes aBTopamun — NOAATU B AOCTYNHIN dopmi AK
NPOCTi KNAaCUYHi aNTOPUTMM, TaK i BiNbl CKNALHI aATOPUTMM | METOAM, LLLO BUMAraloTb
NPOCYHYTUX 3HAaHb 3 MAaTEMATUKM B LLIIOMY, Ta reOMeTpil 30Kpema.

MNepeBaxHa O6inblWicTb NPUKAAAIB, @ TAaKOX iNOCTPaAUiIM A0 HUX po3pobneHa i
BMKOHAHa aBTOpamMm 0COBUCTO, NpoTe AeAKi 3 HMUX 3aN03UYEeHi 3 KAACUYHMUX
NigPYYHUKIB Ta HAYKOBO-NOMNYAAPHMUX CAMNTIB, AKI nepenivyeHi B CMMCKY BUKOPUCTAHMUX
Oxepen.

CnoaiBaemocs, Wo Len Nigpy4yHMK CTaHe KOPUCHUM He TinbKu ctyaeHTam KHYBA, a i
CTYAEHTaM iHLWKX 3aKNaAiB BULLOI OCBITU YKpPATHMU.



1. 3AJAYI 3 TOUKAMHU TA NIPAMUMHU

ANTOpPUTMMU, WO HaBEeAEHI HUXKYE, NPOCTi 3 MaTeMATUYHOI TOUYKM 30pY | BasytoTbcs Ha
e/leMeHTAapHMUX MNOCTyNaTax aHaNiTUYHOI reomeTpil. Ane ui aAropuTMmM CKNa[aloTb
OCHOBY A1A Binbl CKNAAHMX AaNropuTmiB, WO 3abe3nevyroTb BiATBOPEHHA LiKaBUX
306parkeHb.

1.1. PIBHAHHA NPSIMOI, 1110 3AZIAHA IBOMA TOYKAMHU

Hexalt koopanHaTth To4ok P1 Ta P2 gopiBHOOTL (X1, Y1, W1) Ta (X2, Y2, W2) BiANOBIAHO.
Toyka 3 KoopaumHatamu (X, Yy, W) b6yae KoniHeapHa Toukam Pi Ta P, AKwo ii
KOOPAMHATK NiHIMHO 3aneXHi Big KOOpAMHAT LMX TOYOK. Lle 03HayvaE, Wo BU3HAYHUK
MATPUL, CTOBMLi AKOro 3a4altTb KOOPAMHATM TPbOX TOYOK, LLO PO3rna[atoTbCA,
noBuHeH gopisHtoBaTtn O.

X X; X9

det|Y Y1 Y2|=0.
wow, W,

Lle piBHAHHA 33a4a€e NpaMy, WO NPOXOAWUTb Kpi3b ABi TOYKM P1 Ta P2. Po3KpuBLUM
BM3HAYHUK — OTPUMAEMO PiBHAHHS:

X1 -wy—wyY) + Y- (WX —x wy) +we (X "y, —y; - x2) =0,
B noaanblwloMy Ham 4acTo AOBeAETLCA 3aCTOCOBYBATU Ler cnocib nogaHHA NpAMOi
AK Ha NNOLWMHI, TaK i B NpOCTOpI.

3aranbHe PiBHAHHA NPAMOI Ha NIOWMHI NOAAETLCA Y HACTYNHOMY BUTNAA:
Ax +B-y+C-w = 0.

TakKMM YMHOM MU MOXKEMO BM3HAUYUTM KOXKEH 3 Koe@iuieHTIB 3a HaACTyMHMMMU
dbopmynamu:

A=y wy —wyy;)

B = (wy Xy — X1 W)

C=(x1"y2 — Y1 %2)
Michs nepeTBOpPeHHA 3 0AHOPIAHUX KoopauHaT B EBKNigosi (Ww=1) mn oTpmaemo
HACTYNHi BUpasu:

A= (y1—Y2)
B = (x; —x)
C=(x1"y2 — Y1 %2).
[na ABOX NapanenbHUX NPAMMUX CNPABAXKYETbCA HACTYNHA YMOBa:
A B C



1.2. B3AEMHE PO3TAILYBAHHA IPSIMUX I TOYOK

BupiweHHa 6aratbox 3aAay, NOB'A3aHMX i3 BU3HAYEHHSAM BMAMMOCTI 0O'eKTiB
300parkeHHA, a TaKOX 3aJay BiACiKaHHA, nNOTpPebye BM3HAYE€HHS B3AEMHOIO
PO3TallyBaHHA NPAMMUX | TOYOK.

AomoeneHicme. Bci Bigpi3kM npamux npu BIACYTHOCTI CneuianbHUX MNPUMITOK
OpPIEHTOBAHI: Y HEropmM3oHTaNbHUX BiAPI3KIB CTPIZIKM CNPAMOBAHI 3HU3Y Bropy, y
FOPU30HTa/IbHUX — 31iBa HAaNPaBo. IHWKUMKM cNoBaMM, AKLWO (X1, Y1, W1) — KOOpANHATH
KiHL,EBOT TOYKM, LLLO NOCTaBAEHA NepPLOoto, (X2, Y2, W2) — KOOPAMHATU KiHLEBOI TOYKH,
WO NOCTaBAeHa APYroto, i AKLLO 3HaYeHHA Y1/W1 He JOPIBHIOE 3HAYEHHIO Y2/W2, TO
3HaYeHHA Yi1/Wi MeHWwe 3HayeHHA Y2/w2. Y BuMagKy piBHOCTI (To6TO
rOpU3OHTaNbHOCTI BiApi3Ka) 3HaYeHHA X1/W1 MEHLLE 3a 3Ha4YeHHA X2/ W (puc. 1.1).

Bu3sHayeHHA. byaemo BBaXKaTu, WO To4YKa P micTUTbCA npaBopyd BiA Bigpi3Ka npamoi
L, AKWO BOHa pO3MilLLeHa NpaBopyY Bif CnocTepiraya, Wo nepemMilyeTbCAa B3A40BXK L€l
NPAMOI Big, NnepLlol KiHLeBOI TOYKKN 40 APYrol.

Bu3sHaveHHA. bypemo BBaXkaTu, Wo TouKa P 3aTynsae npamy L (um Bigpizok npamoi L'),
AKLL0 rOpM30HTaIbHa NPAMa, WO NPOXOoANTb Kpi3b TOUKY P, nepeTtnHae npamy L (um
BiAPi3OoK npsmoi L') y Touui, 3HaYEeHHA KOOpPAMHATM X AKOi MEHLUe 3HayeHHA
BiANOBIAHOT KOOPAUHATM TOUKM P.

Y
A

PUcyHOK 1.1. B3aeMHe po3TallyBaHHA Bigpi3KiB NPAMMUX | TOUKMK

PoswundposKa no3HaYeHb, AKi BUKOPUCTaHI B LOMOBIEHOCTI Ta BUSHAYEHHAX: TOYKa P
po3TalwoBaHa NpaBopyy BiA4 npAmoi L1 i niBopyy Big npamoi Lz; Kpim Toro, Touka P
3atyndae npamy Li.

BigHOWeEHHA «3aTynAe» He BUKOHYETbCSA, AKLWLO TOYKA P nexutb Ha npsamin L, i He
BU3HAYEHO YW ropusoHTasbHa npama L. Ona Bigpizka npAmoi ue BiAHOWEHHA He
BM3HayeHe B OAHOMY 3 TPbOX HACTYMHUX BUMNAAKIB:

"  TOYKa P po3milLyeTbCA BULLLE BEPXHbOT KiHLEBOI TOYKM Bigpi3Ka;
"  TOYKA P pO3MILLYETBLCA HMMKYE 32 HUXKHIO KiHLEBY TOYKY Bigpi3Ka NpAMOI;
"  TOYKa P nexxuTb Ha ropM3oHTaIbHOMY Bigpi3Ky NPAMOI.

AKLLLO OpieHTaLIA Bigpi3Ka NpAMOI BiANOBIAAE AOMOBAEHOCTI | BIAHOWEHHA «3aTyNAe»
BM3HAYeHO, TO BOHO CTA€ €KBiBAa/IEHTHMM BiAHOLLEHHIO « MiCTUTLCA NPaBoOpyY Big».



TeepOxceHHA. Hexan X, Y i W — KoopgmHaTv ToUKM P, a (X1, Y1, W1) Ta (X2, Y2, W2) —
KiHLEeBI TOYKM Bigpi3Ka npAmoi L. AKWo 3HayeHHA W, WiTa W, — A0AaTHI, TO ToYKa P
3HAaXo04MUTbCA NPABOPYY BIAHOCHO NPAMOI, WO BM3HAYAETLCA BiApi3KOM npamol L, y
TOMY, | TINbKW Y TOMY BUNAAKY, AKLLO BUKOHYETLCA HEPIBHICTb:

X(yywy —wiy,) + Y (wyx; — xywp) + W(xyy, — y1%2) < 0. (1.1)

Mpn nepexoai Big OAHOPIAHMX KOOPAWMHAT A0 €BKNIAOBUX TBEpAXKEHHA 3b6epirae
iICTUHHICTb, AKWO NpURHATK W=w1=W>=1. 30Kpema, To4Ka P MicTUTbCA NpaBopyy Bijg,
NPAMOI, AKLWO BUKOHYETbCA HEPIBHICTb:

X(y1 —y2) + Y (xz — x1) + (X152 — y1x2) < 0.
@PaKTMYHO MM NiACTAaBAAEMO KOOPAMHATU TOUYKKU P B piBHAHHA NPAMOI i BU3HAYaEMO
3HaK OTPMMAHOrO 3HaYeHHA. AKLWO BOHO MeHLe @, TO TOYKA 3HAaX0AUTbCA NPABOPYY,
AKLWO biNblue — NiBOpyY, AKLLO © — TOYKA Ha NPAMIA.
1.3. IIEPETHH BIAPI3KIB IPAMUX

AKWo aga Biagpi3zka npAMKUX 3ag4aHi TouKamu P1, P2, P3 Ta P4, TO BOHM nepeTnHatoTbCA
y TOMY i TiIbKK Y TOMY BUMAAKY, KOJIU NPU NiACTAHOBL,i Y PiIBHAHHA NPAMOT, WO 3'€AHYE
TOYKM P3 Ta P4, KoopanHaTK TOYOK P1 Ta P2 pe3ynbTaTv MatoTb pi3Hi 3HaKW. AHanoriyHa
YMOBa Ai€ i Ana BMNaaKy, Koaun Toukn P1, P2 Ta P3, P4 06miHoOTHCS ponamu. TobTo,
HeobXiAHO BU3HAUYMTU 3HAKM HACTYMHUX YOTUPbOX BEJINYNH:

S1 = x1(YaWs — W3ys) + y1 (W3xy — x3w,) + Wy (X3, — Y3X4);

Sy = x3(Y3Wa — W3Ys) + Y2 (Waxy — X3Ws) + W (X3Ys — Y3X4);

Sz = x3(y1wz — wiy2) + y3(Wixy — xywy) + w3 (X1, — y1X2);

Sa = Xs(1Wz — wiY5) + Ya(Wixy — x3w3) + wa(X1y, — Y1X3).
YmoBa nepeTtuHy Bumarae, wob Si 1a S, manu pisHi 3HaKK, Tak camo AK i Sz Ta Sa.

AKWO YMOBM BWMKOHaHi, TO KOOPAMHATM TOYKU NEepPeTMHy MOXHA BU3HAYMUTH,
p0o3B'A3aBLUM NapPy NiHIMHMUX PIBHAHD:

x(ywy —wiy,) + y(wix, — x3wy) + w(xgy, — y1x3) = 0;

(1.2)
x(Y3wy — W3yy) + y(Wax, — x3w,) + w(xzy, — y3x4) = 0.
QP2 S~ P2
P; _--Fié\o?l
Pa - p _-
P 4 P, \4\ Pa
\ | >
P ) ' p
&7 a) 6) hE 6)

Puc. 1.2. Intoctpauia 4o cniBBigHOLWEHb 3HAKIB Be€/IMYMH, AKI BUSHAYaOTbCA
PIBHAHHAMM: (1) S1S2>0 1 S354<0; 6) S152<0 1 S354<0; 8) S152>015354>0
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YMOBY NepeTnHy MOXKHA 3anMcaTtv y KOMNaKTHOMY BUMAL:
S, = det(Py, P;,P,); S, = det(P,, P5,P,); S, < 0;
S = det(Ps, Py, P,); S, = det(Py, Py, Py); S35, < 0.
AHanoriyHo piBHAHHA (1.2) npuiimaloTb BUrNAA:
det(P, P;,P,) = 0; det(P,P5,P,) = 0.

AKWO OAHA YM fOeKinbKa BeNMYMH Si MalOTb HyNbOBi 3HAYEHHA, TO MAE Micue
BMPOAXKEHWN BUNAgoK. Hanpuknag, AKWO Si1=0, TO uUe O3Hayae, Wo Toyka Pi
3HAXOAMUTbCA Ha NPAMINA MixK TouKamu P3 Ta Ps, y BUNaaky, AKWO S3S4<0, abo Ha uii
e npsamin ane suwe (nisiwe) abo HMK4Ye (npasiwe) Biapiska P3Pa. [le KOHKPETHO
JIeXXUTb TOYKA NepeTuHy, 3aneXunTb Bif, 3HaKIB BeNMYUH S3 Ta Sa.

1.4.  JIIBUii I MPABUIi IOBOPOTH JBOX BIJIPI3KIB

o6 maTtm ysBNeHHs nNpo MNOHATTA NiBOro i MpPaBOro MOBOPOTY ABOX BiApi3KiB.,
po3rnaHemo npuknag (puc. 1.3).

Y P
A

(a) (b)

> X

Puc. 1.3. (@) — npaswit nosopor, (b) — siBuit nosopoT

O6uagi namaHi Ha puc. 1.3 matoTb no Tpu Toukn — P41, P2, P3 Ta no aBa Bigpiskun —
P1P> i PoP3. TouKka P2 € cninbHoto ana obox Bigpiskie. Ha puc. 1.3 (a) Bigpizok P2Ps
YTBOPIOE NPaBuMii NOBOPOT B TouLi P2, a Ha puc. 1.3 (b) —niBuii. BisyanbHO He cknagHo
BM3HAYUTU AKUIM NOBOPOT € NiBUM, @ AKMMN — npaBum. Ane Ham HeobxigHO maTu
MaTeEMaTUYHUIA anapaT gNA BM3HAYeHHA uboro ¢akty. LLlob Moro 3HaliTK, cnoyaTky
PO3rNAHEMO 33434y B3aEMHOIO PO3TallyBaHHA 4BOX TOYOK.

3adaua. 3apaHi aBi TOYKM P1(X1, Y1) i P2(X2, Y2). BUSHAUMTK, YM 3HAXOANTLCA TOYKA P1
Y HanNnpAMKY 3a rOAWHHWUKOBOK CTPINIKOKO Bifg TOYKM P2 BIAHOCHO Mo4aTKy cucTtemum
KoopAauHat (puc. 1.4).

HaiBHunir cnocib6 po3B's3aHHA Ui€i 3agadvi 3BOAUTLCA A0 MOPIBHAHHA KYTIiB, LWO
YTBOPIOIOTb NPAMI NpoBeAeHi Yepes No4YaToK CUCTEMM KOOPAMHAT i BiANOBIAHI TOYKMW.
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Puc. 1.4. B3aeMmHe po3TallyBaHHA A4BOX TOYOK

3HayHO 6inbWw npocTMM i WBMAKMM cnocobom po3B'A3aHHA Ui€Ei 3a4adi €
BMKOPUCTAaHHA BEKTOPHOro AobyTky BekTopiB P1 i P,. BekTopHMM gobyTKOM ABOX
BEKTOPIB € TPETI BEKTOP, WO MAE HANpPsAM NepneHAVKYNAPHMA 40 NAOWKUHN, B AKIN
3HAaX04ATbCA BEKTOPU, WO MHOXaTbCA. B Hawomy BMNaaKy BeKTOp-pe3yabTaTt byae
MaTK HyNbOBI KoopauHaTth X Ta Y, a KoopanHaTa Z byae paxyBaTuca no popmyni:

X1 Y2 — X2 V1.
AKLWO 3HA4YeHHA KoopAWHATKM Z Ao[aTHE, 3HAa4YMTb TOYKA P1 neXnTb y HanpamKy 3a
rOAMHHMKOBOIO CTPINIKOK Bif, TOUKM P2 BiAHOCHO NOYaTKy KOOPAMHAT — TaK, AK Le
306paxeHo Ha puc. 1.4. B npotunexkHomy Bunaaky Z byge Big'emHe. AKwo x Z=0, To
LLe 03Hayae, Wo BeKTopu P1 i P, KoniHeapHi (nexxaTtb Ha ogHil npamin).

Tenep noBepHeMoOCA A0 3a4a4i NPOo NiBUM | NpaBU NOBOPOTM ABOX BiApi3KiB. Y Hac €
TP TOYKM — P1(X1, Y1), P2(X2, ¥2), P3(X3, y3) i ABa Bigpiskn — P1P2 i P2P3. Nobyayemo
ABa BeKTopu: P1P2=(X2-X1, y2-y1) i P1P3=(X3-X1, y3-y1) (puc. 1.5).

Y

=
>

> X

Puc. 1.5. BU3Ha4yeHHA N1iBOro NnoBOPOTY 38 BEKTOpaMu
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TakMM YMHOM 3aga4va NPO BM3HAYEHHA MOBOPOTY 3BeNacb A0 3a4adi BU3HAYEHHA
B3aEMHOTrO PO3TaLllyBaHHA TOYOK P2 i P3. [1na LbOro 3HaxoanMmo BEKTOPHUI J,06yTOK
P1P2XP1P3=(X2-X1)*(y3-Yy1)-(X3-X1)*(y2-Yy1). Y BUNaaxy foAaTHOro 3HaY€HHS, TOYKa
P> neXxuntb 3a rogMHHMKOBOLIO CTPINKOIO Big TOYKKM P3 BIiAHOCHO no4aTKy B TOoYui Pi.
TobTo Biapi3oK P2P3 pobuTb NiBMi NOBOPOT BigHOCHO BiApi3Kka P1P2. B npotunexkHomy
BMMAAKY, KOMM 3HAYEeHHA BEeKTOpHOro nobyTky Big'emHe, Bigpisok P2P3 pobutb
npaBuit NOBOPOT. Y BUNAAKY HY/IbOBOrO 3HA4YeHHs 06uaBa BiApi3KM nexaTb Ha O4HIN
npamin. Leni meTon BM3HAYeHHA nNpaBoro i NiBOro nosopoTiB  byae
BMKOPUCTOBYBATMUCA Le B BaraTbox anroputmax, Aki mu bygemo posrnagatv gani.

1.5. TIiHb BIAPI3KA

Mpu BUpiWeHHi pagy 3a4ay, 3B'A3aHMX 3 PO3LINEHHAM BUOMMMUX Ta HEBUAMMMX
06'ekTiB 306paKeHHA, HeobxigHO OUiHIOBAaTU B3aEMHE pO3TallyBaHHA BiApi3KiB
NPAMMX.

Bu3sHayeHHA. bygemo BBaXaTu, WO BIiAPI3OK NPAMOI A 3aTiHAE 4YM 3aropoaXKYE
(3aTynse) Biapi3ok b, AKWL0 BiH He NnepeTUHaE BiAPI30OK b i, Wo HaiMeHLWe, o4Ha 3 1oro
TOYOK 3aropoAKYE BiApi30oK b.

Y
A

> X

Puc. 1.6. latocTpauia 40 3aTiHeHHA Bigpi3KiB NpAMMX

Ha puc 1.6. Bigpi3oK a 3aTiHAe Bigpi3ok b, Biapi3ok b 3aTiHAE Biapi3oK C, ane Bigpi3oK
a He 3aTiHsAE Bigpi30K C, Biapi3ok d 3aTiHAE Bigpi3Kn b Ta ¢, ane He 3aTiHAE BiAPI30K a.

TeepOxceHHA. BigpizoK npamoi a 3aTiHAE Bigpi3oK npamoi b y Tomy i TinbKn y Tomy
BUMAKY, AKLWLO BUKOHYIOTbCA HACTYMHI YMOBMU:

a b. .,b a.
Y1 Y25 V1 =Yz

xI(y? —y2) —yi(xf — x0) + xPyE — yPxd < 0.
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1.6. BIACTAHb BIJ] TOYKH /10 ITPSAMOI

Hexalt 3agaHi TouKa C(Xc,yc)Ta npama AB, ae A(Xa,Ya), B(Xb,Yb) Ta NOTPiGHO 3HANTK
BiZICTaHb BiZ, TOYKM A0 npamoi (puc. 1.7).

P B

\.
Puc. 1.7. lnroctpauia 4o 3aga4i 3Haxo4KeHHA BiAgCTaHi Big, TOYKKM 40 NpAMOT

ANropuTM po3B'A3aHHA 3a4ayi 3HAXOAXKEHHA BiACTaHI Big TOYKM A0 NPAMOI
HACTYMHUN.

1. 3Haxogmmo [0BXUHY Bigpidka AB:

L=y (ta = x)? + (Va = ¥)2.
2. Onyctumo 3 Toukm C nepneHaukynap Ha AB. Touky P nepetuHy uboro
nepneHAuKynapa 3 NPAMOKO MOXKHa NOAATU NAPaMETPUYHO:

P=A+r(B—A),

e

(Ya - YC)(ya - yb) - (xa - xc)(xb - xa)
[2 '
3. MonoxkeHHA Toukn C Ha uboMy nepneHAMKynApi byae 3agaBaTnca NnapameTpom
S, Ae S<0 o3Hauvae, wo C 3HaxoauTbca nisopyd Big AB, s>0, wo C — npaBopyu Big,
AB i s=0 o3Hauae, wo C nexutb Ha AB. [na obuymcneHHAa s CKOPUCTAaEMOCA
HacTynHo ¢opmynoto:

()’a - YC)(xb - xa) - (xa - xc)()’b - Ya)
[2 ’

TOA| WYKaHa BiACTaHb:
PC = sl.

3ANUTAHHA /15 CAMOKOHTPOJIIO

3anunwWiTb PIBHAHHA NPAMOI Y BUTAALI MaTPULL.

[anTe BU3HAYEHHSA TOYKM, L0 NEXKUTb NPABOPYY Bij BiapisKa NpAMOI.
Aka ymoBa nepeTunHy ABOX BiApi3KiB?

AKi MOXXNKMBI BapiaHTM B3aEMHOIO pO3TallyBaHHSA ABOX Biapi3KiB?

A

AK BU3HAYUTM NiBUIM Y/ NPaBM NOBOPOT pOOUTb OAMH BiPiI30OK BiAHOCHO iHLIOrO?

14



2. 3AJAYI 3 IPAMOKYTHUKAMU

B ubomy posgini 6yaytb po3rnAaHyTi AeAki nNpocTi anroputmu ana obpobKu
NPAMOKYTHUKIB.

2.1. IIEPETUH NPAMOKYTHHUKIB

[Ba i30TeTUYHNX NPAMOKYTHUKA NepeTUHaTbCA TOAi i TIIbKU TOAI, KOU Y HUX € XO4a
6 oaHa cninbHa ToYKa. MPAMOKYTHMKN HA3UBAOTLCA iI30TETUYHUMM AKLLO IX CTOPOHMU
napanencHi, TO6To 06MaBa NPAMOKYTHUKM NOBEPHYTI HA OA4HAKOBMI KYT BiAHOCHO OCi
OX.

HannpocTiwnm € oAHOBUMIPHWIA BUNAAOK, A€ «NPAMOKYTHUKMY — L iHTepBa/n Ha
npAamin  niHii. OCKiNbKM d-BUMIPHUIA NPAMOKYTHUK € AeKkapTtoBum aobytkom d
iHTEPBaNiB, KOMKEH 3 AKMX BU3HAYEHMIN HA BiANOBIAHIN KOOPAWHATHIN oci, To ABa d-
BUMIPHUX MPAMOKYTHMKA NEPETUHAOTLCA TOAi | TINbKU TOAI , KON NepeTUHAKTLCA iX
NPOoeKLii Ha Bicb j=1...d.

Hexan 3apaHi aga iHTepBanm R'=[x'y, X'2] i R"=[x"1, Xx"2]. YmoBa R'"R"zJ
eKBiBaNeHTHa OAHil 3 HAaCTYNHUX B3aEMOBUKIKOYHUX YMOB:
X1 < x{' x5 x1 <x1 < x5 (2.1)

YoTMpM MOXKAMBI CUTyaLii B3aEMHOrNO poO3TallyBaHHA KiHLWIB iHTepBanis, LWO
BignosigaoTb ymoBi R'MR"#J ¢dakTMYUHO oxonnteTbcs cniBBigHOWEHHAMM (2.1).
Tomy ana nepesipkn nepetnHy R' i R" goctaTtHbO nepeBipnTn GaKT noTpannAaHHA abo
nisoro KiHyAa R' BcepeanHy R", abo nisoro kiHua R" BcepeanHy R'.

2.2. 3O0BHIIIHIY KOHTYP OB'€JHAHHSI IPIMOKYTHUKIB

B 3aranibHOMY BMNaAKy, KOHTYp 06'€eAHaHHA NPAMOKYTHUKIB moxe maTu O(N?) pebep.
Ane anAa nigMHOXMHU KOHTYpPY, WO HAa3UBAETbCA 308HIWHIM, L He TaK.

30BHilWWHIM KOHTYpomMm 06'eaHaHHA i30TETUYHUX NPAMOKYTHUKIB F Ha3mBaeTbcA
KOPAOH MixK F Ta HecKiH4eHHOO 061aCTiO NAOLWMHM.

MoKarkemo Tenep, WO 30BHiLWHi KOHTYp mae O(N) pebep. na uboro posriaHemMo ABi
MHOWHM 30BHILWHbLOIO KOHTYpYy, MNeplwa 3 SAKUX HA3UBAETbCA HEMpPUBIianbHUM
KOHTYPOM.

HeTpusianbHMM KOHTYpPOM 06'€IHAHHA i30TETUYHMX NPAMOKYTHUKIB F Ha3MBaETbCA
MHOYWHA TaKUX KOHTYPHUX UMKNIB, KOXEH 3 AKUX MICTUTb LOHAMMEHLIe OAHY
BEPLUMHY ByAb-AKOro 3 3a4aHMX NPSMOKYTHUKIB.

MpuKnaan umx Tpbox 06'EKTIB — KOHTYpPY, HETPMBIAaIbHOrO KOHTYPY i 30BHILLHbOTO
KOHTYpPY NofaHi Ha puc. 2.1.
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q q

m]
O

Puc. 2.1. TIpUK/IaAm: KOHTYPY, HETPMBIA/IbHONO KOHTYPY i 30BHILLHbOrO KOHTYPY A/1A
06'€eAHaHHA NPAMOKYTHMKIB

[na noganbloro BUKAAAY 3py4YHO BBAXKATK KOXKHe pebpo TaKMMm, LLO CKNA[AETLCA 3
ABOX AYr, WO OPIEHTOBAHI B NPOTUNEXHUX HAaNPAMAX | IeXaTb NO Pi3Hi CTOPOHMU Big,
3apaHoro pebpa (puc. 2.2).

A

Puc. 2.2. loroaeHHA BigHOCHO HanpAMmiB ayr Ansa pebpa

Pebpa npamoKyTHUKIB Ri, ..., Ry po36mBaloTb NAOWMHY Ha 0651acTi, 0AHA 3 AKUX
HecKiHYeHHa. lNicna BBegeHHA A0NOMIXKHUX AYr, MeXKi BCix obnacTten upboro po3buTra
nopoaKytoTb Habip opieHmosaHux naHyro2ie, WO cKnagatoTbca 3 Ayr. MNoaibHum
NaHUIOT HAa3MBAETbCA 308HIWHIM abo 8HYyMPpiWHIM 3aneXHo Bif, TOro, OPiEHTOBAHWUM
BiH 33 FOANMHHMKOBOIO CTPINKOIO YK NPOTU. [lyra B NaHUIO3i HAa3UBAETLCA KIHUEBOID,
AKLLO BOHA MiCTUTb KiHL,EBY TOYKY TOro 3a4aHOr0 BiApi3Ky (CTOPOHU NPAMOKYTHUKA),
AKOMY BOHA HaNeXWUTb. JIaHUIOr HAa3MBAETLCA HempusianbHUM abo mpusianbHUM B
3a/1eXKHOCTI Big TOro, MIiCTUTb BiH YW Hi KiHUeBy Ayry. MHOXWHaA HEeTpUBIaNbHUX
NaHuoriB ANna Nnpuknagy 3 puc. 2.1 npointoctposBaHa Ha puc. 2.3.

3adaya. 3apaHuit Habip 3 N i30TETUYHUX NPAMOKYTHUKIB. 3HANTU HempusianbHUl
KOHTYp ix 06'egHaHHS.

3adaya. 3apaHnii Habip 3 N i30TETUYHUX NPAMOKYTHUKIB. 3HAUTU 308HIWHIU KOHTYP iX
06'eaHaHHS.

Be3nocepeaHbo BMAHO CNpaBeAMBICTb HACTYNMHOMO IAHLIOXKKa BK/IHOYEHb:

308HiWHIl KOHMYpP C HeMpUBIAnbHUU KOHMYypP C HEMPUBIA/bHI AAHU02U.
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Puc. 2.3. HeTpuBianbHi naHutoru aaa o6'egHaHHA NPAMOKYTHUKIB 3 pUC. 2.1

¥

F

BarknumBa BNaCTUBICTb LIUX NAHLOTIB Y TOMY, LLLO YMCNO AYT B HETPUBIAIbHUX NaHLOrax
pisHe O(N).

Tenep onuwemo metog NobyaoBn 30BHILLHbOrO KOHTYPY 06'€QHAHHSA i30TETUYHMX
NPAMOKYTHMKIB. OCHOBHO YaCcTMHOI Npoueaypy obxoay € MexaHiam pyxy, 3rigHo
AKOrO MW BUPYLIAEMO 3 MNOTOYHOI BepwuHU Vi (puc. 2.4) i npocyBaemocs no
NOTOYHOMY Bigpi3Ky 11 B 3agaHOMy Hanpsami, NPMYOMY MOXKE BUHUKHYTU OAHa 3
HACTYMHMX 4BOX CUTyaU,il.

1. IcHye Takuh Bigpi3ok 1lp, HabAMXKUMIA [0 Vi, AKMIA nepeTuHae li i 3axoanTb
BcepeauHy obnacTi, Wo nexutb 3nisa Big 11. B ubomy BMnagKky pobumo nisui
NoBOPOT, TOHTO TOUKA NEPETUHY V2 CTAE NOTOYHOI BEPLUNHOLD, @ 12 — noToyHMMm
Bigpi3KOM.

2. [JocarHyTa KiHUeBa To4yKa Vs Bigpi3ky li, W0 cniBnagae 3 KiHUEBOK TOYKOM
BiApi3Ky 1, (BoyeBmab 1, He 3ax04MTb BCcepeanHy 061acTi, WO NeXUTb 3MiBa Bif,
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11). B ubomy BMMaaky pobuMmo npaBuMil NOBOPOT, TOOTO V3 CTAE MNOTOYHOH
BEPLWMHOLO, a 1, — noTouyHUM Bigpiskom.

Vi
12 o 1
1 V3
Vi
O B 12
1,
V2

Puc. 2.4. CuTyau,il, L0 BUHUKAIOTb B a/IFOPUTMI Ha eTani pyxy

OnucaHMi BULWE KPOK PYXy MOXHaA peanisyBatM LWAAXOM MOLWYKYy Ha ABOX
BIANOBIAHNX TEOMETPUYHUX CTPYKTypax, WO HaA3MBAIOTLCA 20PU3OHMASMLHOK |
8EPMUKA/ILHOIO KAPMamu CymixcHocmi, Aki byayTb 3apa3 BUKNageHi. Obmerknmocs
rOpM30HTaNIbHOK KapToto cymirKHOCTI (FTKC), ocKinbKu BCi MipKyBaHHA MOBHOO Mipoto
3aCTOCOBHI 4,0 BEPTUKANbHOI KAPTU CYMIXKHOCTI.

Po3rnaHemo MHOXUHY V, WO CKNafa€eTbCA 3 BEPTUKANbHUX BIApPI3KiB, AKI €
BEPTUKAZIbHUMM CTOPOHAMM 3a4aHUX MPAMOKYTHUKIB (puc. 2.5). Yepes KoOKHY
KIHLUEBY TOUYKY P KOXHOrO BiApi3Ky 3 V npoBegemo napy ropu3oHTaIbHUX MPOMEHIB:
OAVH BMNpPaBO i OAWH BAIBO; KOXEH 3 UMX NpoMeHiB abo 3aKiHYyeTbCA Ha
HanbAMKUYOMY [0 P BEPTMKANIbHOMY Bigpi3Ky, abo AKWwo noaibHoro nepeTnHy He
ICHYE, NPOMIiHb NPOAOBMKYETLCA B HECKIHYEHHICTb.

o mmeme—— O——— -

Puc. 2.5. MHO»XWHa BepTUKa/IbHKX Bigpi3KiB V Ta pe3ybTytoda NKC

TakKMM YNHOM NNOLMHA PO36MBAETLCA Ha 06NACTI, ABi 3 AKMX € NIBNIOWMHAMM, A BCi
iHWi — NPSAMOKYTHUKAMM, MOMKAUBO HECKIHYEHHUMM B ogHoMy abo o0box
FOPM30HTaNbHUX  Hanpsamax. Ui obnacti HasmBaTMmemo  «y3araibHEHMMMU
NPAMOKYTHUKaMn». KOXKeH y3araibHEHUN NPAMOKYTHUK € KNaCOM eKBiBaNe€HTHOCTI
ANA TOYOK Ha 3aAaHin NAOWMHI NO BiAHOLWEHHIO A0 X FOPMU30HTA/IbHOI CYMiXKHOCTI
BEPTUKANbHUM BiApi3kam (3BiAcKM i Ha3Ba «rOPU30OHTA/IbHA KapTa CYMiXKHOCTI»).
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AKwo nepeabaynTn, WO MNOTOMHUIN BigpisoK 11 ropusoHTanbHUi (puc. 2.4), TO
JIOKani3auia NMoTo4YHOI BEpLIMHM Vi B OAHIM 3 obnacTtei 3agaHoi Kaptu (TobTo
BM3HAUYEHHA TOro Yy3araj/bHEHOro MNPSAMOKYTHUKA, AKMA MIiCTUTb Vi) O3Ha4ae
BM3HAYeHHS BEPTMKANbHUX CTOPIH Li€ei obnacTi. Jlerko nepekoHaTUCA, WO Le BCe, WO
noTpibHO AnA peanizauii Kpoky pyxy. AiicHo, npunyctMmo, Wwo Vi — (X1, Y1), a 11
NeXWUTb Ha NPAMIN y=Yy1 B iHTepBani [ X1, X3].

JNokanisyemo Touky (X1, y1) B TKC i oTpymyemo abcumcy X Aa8 HanMbAMMKYOro
BEPTMKANbHOIO Bigpi3Ky, WO NeXUTb NPaBopyy Big, (X1, Y1). AKWo X2<x3, TOo Tpeba
3p0bUTKU  NiBUIM NOBOPOT (BMMAAOK 1); AKWO X2>X3, TO Tpeba 3pobutn npasuii
NoBOPOT (BMNAZOK 2). TpM BMMALAKM PO3TALLYBAaHHA MOTOYHOrO BiApi3Ky (3/1iBa, 3BEPXY

i 3HM3Y Big MNOTOYHOI BepLIMHK), WO 3anuMwmaunca, obpobnatoTbca abcontoTHO
QHANOTNYHUM YNHOM.

Ona 3aBeplieHHAa nobynoBu HeobXiaAHO BMAANNTU Ti NaHUIOMM, AKi He Bigainatotb F
BiZl, MOro 30BHiLLHbOTO NPOCTOPY.

3ANUTAHHA /11 CAMOKOHTPOJIIO

1. AK BCTAaHOBWTM NEepPeTUH ABOX NPAMOKYTHUKIB?

2. Lo Take HeTpuBiaNbHNI KOHTYP 06'€AHAHHA NPAMOKYTHUKIB?
3. Lo Take 30BHILWHIN KOHTYp 06'€AHAHHA NPAMOKYTHUKIB?
4

HaBeaitb  anroput™m  nobyaoBn  30BHIWHbOTO  KOHTYpy  06'egHaHHA
NPAMOKYTHWUKIB.

5. Wlo TaKe ropusoHTasibHa Ta BEPTUKAJIbHA KAapTU CYMIXKHOCTI? [Ns 4oro BOHM
BMKOPUCTOBYHOTbCA?

19



3. 3AJAYI 3 BATATOKYTHUKAMU

B ubomy po3gini po3rnAHyTi  AeAki  anroputmum, WO  3aCTOCOBYHOTbCA A0
H6araToKyTHUKIB.

3.1. OBYMCJIEHHA IUVIOIII BATATOKYTHUKA

Hexalt 3agaHuMin 6araToKyTHUK P, WO YyTBOpEeHU BeplInHAMK (Ve, V1,..., Vn). A TOro,
o6 3HanTK Moro naowy S(P), MoXKHa cKopucTaTUCs HacTynHoK GOpPMY/IOHD:

1 —n-1

S(P) = EZ- , (Vix " Visry — Viy " Vis1x)- (3.1)
1=

dopmyna (3.1) ninpaxosye naouwy 6araTOKYTHWUKA 3i 3HAKOM, WO 3aN€XWUTb Bifj,

OpPI€EHTALIT MOro BepLInH. Y BUNaaKy, KoM BEPLUMHU BMOPAAKOBaHI B HANPAMKY NPOTH

roanHHUKOBOI cTpinkm S(P)<0.

3.2. T10JI0)KEHHA TOYKHU BIJHOCHO BATATOKYTHHUKA

AKWO BepWNHM BaraTOKyTHMKA BNOPAAKOBAHI 32 FTOAMHHUKOBOO CTPIJIKOID, TO TOYKA
3HAaX04MTbCA YyCepeauHi Uboro 6araToKyTHWKa, AKWO BOHA 3aBXAW 3HAXOAMUTbLCA
npaBopy4Y Big cnocTepiraya, WO 34iAMcCHIOE 06xia cTopiH 6araTOKyTHUKA Y
BiANOBIAHOCTI 40 NOPAAKY BepwnH. AKWO 6araTOKyTHUK ONYKAMI, TO NliBa YacTUHA
HepiBHOCTI (1.1) ma€ Bia'eMHe 3HAa4YeHHs ANA BCiX CTOPiH GaraToKyTHUKaA. Y UbOomy
BMMNAAKY BMPILLEHHA 3a4a4i € TPUBIA/IbHUM.

AKWo 6araToKYTHUK HE € ONYKAUM, TO 3HANUTK BUPILLEHHA BXKe He Tak npocto. MoXHa
NOKas3aTu, Wo b6yab-AKa TOUKA, WO MICTUTbCA ycepeauHi Heonyknoro 6araToKyTHMKaA
G, HaNeXUTb ONYKIOMYy 6araToKyTHWUKY, CTBOPEHOMY CTOPOHaMM HBaraToKyTHMKa G Ta
iX npogoBXeHHaMN. Ane nobyaoBa noAibHMX 6GaraToKYTHUKIB € BaXKKOKO 3a4auyeto.
Mig 4ac BMpiWEHHA AeAKUX MNPUKNAGHMX 3343y, BOHM MOXYTb 3a4aBaTUCA
3a3ganerigb, Ak ue byBae, HanpwuKknaa, y BUNagKax, Konm HeonyKanum 6araToKyTHUK
nobyaoBaHui AK aeake 06'eaHaHHA onyknux 6araTOKYTHUKIB. ButpaTta 3ycuab Ha
nobyaoBy TakMx 6araTOKYTHUKIB MoxKe OyTW BMNpaBAaHa i y TOMy BUNAAKY, KOAM
HeobxiaHa nNepeBipKa po3TallyBaHHA BiAHOCHO HEONYyKAOro 6araTokyTHMKa 3HAYHOI
KiZIbKOCTi TOYOK.

I[HWKM cnocib BUpilIEeHHA, WO 3aCcTOCOBYETbCA A0 Oyab-AaKoro 6araToKyTHMKA,
nepeabayae NpoBeAeHHA Kpi3b TOYKY P npsmoi, BU3Ha4yeHHA i nepeTuHy 3i BCima
CTOpoHaMM 6araTokyTHMKa G Ta BUKOPUCTaHHA KpuTepito napHocTi (puc. 3.1). AKwo
BiZOMO, L0 NepLua TOYKA BiAMNOBIAHOT NPAMOI 3HAaX0AMTbCA 33 MeXamn obaacTi, Wwo
PO3rNAAQETLCS, TO BMKOHABLUM 06Xia UiEl NpsamMoi, MOXHA BWU3HAYUTU, LLASXOM
nigpaxyBaHHA KiIbKOCTI NePEeTUHIB, AKi BiAPiI3KM po3MilLeHi ycepeanHi obnacTi. AKWo
KiNbKiCTb NEpPeTMHIB — HenapHa, TO BiANOBIAHMW BiAPI3OK 3HAXOAUTLCA BCEPEAMHI
obnacti (Biapiskm AB Ta CD), y NpoTUAEKHOMY BMMNAAKY — 3a MeXKamu obnacri
(Bigpizok BC). Y BunaaKy AOTUYHOI NPAMOI — TOYKY AOTUKY HEOobXigHO BpaxoByBaTH
ABa pa3n.
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Puc. 3.1. lpuKiag BUKOPUCTAHHA NPUHLMIY NepeBipKM Ha MapHiCTb A/
BM3Ha4YeHHA TOYOK, AKi /1€XKaTb BCepeAMHi 3aMKHEHOI KpUBOI

3.3. P03PI3AHHA BIJIPI3KA IPAMOI OIYK/IMM BATATOKYTHUKOM

Hexat 3agaHWii NAOCKUM onyknmi 6araToKyTHUK P(A1, Aa,.., An). HeobxigHo
BM3HAYMTK, AKA YAaCTMHA BiApi3Ka npAmoi L, Wwo 3agaHa Toykamu Pi(X1, Y1, Wi) Ta
P2(X2, Y2, W2) 3HaX0AMTbCA BCEpeaMHI LbOro 6araToKyTHUKA.

CnoyaTKy HeobxigHO BM3HAYMTK B3aEMHE PO3TallyBaHHSA BepPLMH 6araToKyTHUKa Ta
BiApi3Ka npamoi. na uboro KOOPANHATU KOXKHOI BEPLUMHM BaraToKyTHMKa No Yyepsi
NiACTaBMMO B PIBHAHHA NpAMOI L, o npoxoauTb Yepes Toukm P1 1a Pa:

S; = det(4;, P, Py) ;i =1,n;
S; = Xi(yiwy —wyyp) + Yi(wix, — xqwy) + Wi(x1y, — y1%2).

OTpuMaHi pe3ynbTaTh Si MOXYTb BigNoBiAaTM OAHOMY 3 HAaCTYNMHUX BUNAAKIB.

1.

Bci 3HaUeHHA Si — HEHYNbOBI Ta MAlOTb OAMH | TOM e 3HaK. OTXe, BCi BEPLUNHU
H6araToKyTHMKa po3milleHi No oanH BiK BiA Bigpi3ka npamoi L i »kogHa 3 YacTuH
NPAMOI He MICTUTbCA BCepeanHi 6araTokyTHUKa.

OpHe i3 3HayeHb Si A0PIBHIOE O, A BCi iHLWI 3HAYE€HHA MatOTb OAMNH | TOW XKe 3HaK.
BianosiaHo, npAama NpoxoanTb Kpi3b 0A4HY 3 BEPLIMH GAaraTOKyTHMKA, a BCi iHWI
MOro BEpPLMHM po3MileHi no oauH b6ik Big uiei npamoi. [aHwui BMNagokK
€KBiBaNeHTHUIM BMNagky 1.

[lBa 3HaA4YeHHA Si AOPIBHIOKTb O, @ BCi iHLWI 3HAYEHHA MalOTb OAMH | TOM e 3HaK.
OcKinbKu 6araToKyTHMK P — onNyKAni, Lie MOXKe 03Ha4YaTu InLLE Te, WO ABi CyCigHi
BEPLWNHN HaraTOKyTHMKA 3HAxXo4ATbCA Ha Bigpi3ky npsamoi L. OaHa i3 cTopiH
6araToKyTHMKA PO3MilLleHa Ha Til XKe NPAMIN, WO i Biapi3ok npamoi L.

OaHe un aBa 3HAYeHHA Si AOPIBHIOKTb O, @ iHWI 3HAYEHHA MAKOTb Pi3HI 3HAKMWU.
BianosiaHo, BiApi3oK npsamoi L nepeTuHae 6araToKyTHUK P, npoxogAauym Kpisb
OAHY 4M ABi Moro BepwuHWU. OCKiNbKM HAraTOKyTHUK P — ONyKAMKN, 3HaAKK
3MiHIOIOTbCA nLe ABivi. Liel Bunagok 6yae po3rnaaatmuca pasom 3 HaCTYMHUM.

Bci Si matloTb HEHYNbOBI 3HAYEHHSA | X 3HAKM pi3Hi. Lle o3Hayae, wo npu obxoai
6araToKyTHMKa MO MNEPUMETPY 3HaK 3MIHIOETbCA ABidi. [Ns No3Ha4YeHHA nap
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BEPLUMH, Ha AKMX BiAOYBAETbCA 3MiHA 3HAKY, OyAyTb BUKOPUCTOBYBATMCb CUMBOJIN
Aj, Ajs1 Ta Ak, Aks1. Y BUNAAKY 4 BenMUMHA Si MOXKe NPUMMATU HeHyNbOoBeE
3HAQYEHHA Yy OAHIN 3 BEPLINH OAHIEl UM 060X Map. Bigpizok npamoi, wo 3'egHye
BEPWMHN MepLloi napu, no3HayaeTbcA Li, a BiApi3oK npAmoi, wo 3'e€gHye
BepwuHM apyroi napn — L. BiamiTmo, WO He Ma€e 3HAYeHHA, AKa napa
HA3HAYaAETbCA NEepLUOD, A AKA APYrol; Te K came BIiAHOCUTLCA A0 BiANOBIAHWUX
NO3HAY€eHb, AKLLO NPUIMHATA NpoLeaypa 06pPob6KN TOUHO BUKOHYETLCSA.

Micna BCTAaHOB/IEHHS NEPETUHY NPAMOI, LLLO MiCTUTb BiApi30oK L 3 6araToKyTHMKOM (ABa
OCTaHHIX BMNAgKW), HEObXiAHO BM3HAYUTM MNOJIOXKEHHA TO4YOK P1 Ta P, BigHOCHO
BiApi3KiB NnpAMMX L1 Ta L2, TOBTO 3HAKM HACTYMHMX YHOTUPbOX BENINYNH:

U1 == det(Pl, A], Aj+1) ;

Uy = x1 (G W1 = Wi¥iea) + yi(WiXjer = XiWsa) + wa(Xj¥1 = Xp10); 2
U, = det(P,, 4;,4;41) ; 3.3)
U = x2(Y;Wjs1 = Wi¥jua) + y2(WiXjia = XiWisa) + wo(Xjun = ¥iX)4a); .
Us = det(Py, Ay, Axs1) 5 (3.4)
Us = (Y Wyp1 — WiVis1) + VWi Xieo1 — XiWiei1) + Wy (X Yier1 — YeXes1);
Uy = det(Py, Ay, A1) ; 3.5)

Uy = (VW1 = WiYies1) + Yo (Wi Xper1 — XeWier1) + wo (Xpe Vw1 — YieXir1).

AKLWO OpieHTaLiA CTOPiH BaraToOKyTHUKa BNOPAAKOBaHA 3a rOANHHUKOBOK CTPINKOIO,
BennunHa Ui Mae Big'eMHWMIM 3HAK Yy piBHAHHAX (3.2)—(3.5), KoM TOYKa Nexutb
BcepeAuHi baraToKyTHUKa. 3HavyeHHA Ui AO0piBHIOE O, AKWO oAHa 3 TOYOK P1 i P2
NEeXXUTb HA OAHIM i3 cTOpiH 6araToOKyTHMKA. Ha pUCYHKY 3.2 noAaHi pi3Hi BapiaHTH
pO3MileHHA To4yoK P1 i P> BigHOCHO ABOX nepeTHyTUX pebep 6araTOKyTHUKa 3
HaHeceHMMM 3HaKamu Us.

KiHueBi TouykM Bigpi3ka npAmoi L, WO 3HaxoAuTbcA BcepeanHi OaraToKyTHMKaA
nosHavatoTbesa Q1 Ta Q2 i y TpbOX BUNagKax (6, B, ') 3HaxoAATbCA AK NEPETUH ABOX
Bigpi3KiB.
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Puc. 3.2. WicTb BapiaHTiB po3pi3aHHA Bigpi3ka npAMOi 6araToKyTHUKOM

3ANMATAHHA /191 CAMOKOHTPOJIIO

1.
2.

AK BU3HAYNTU NONOKEHHA TOYKU BIAHOCHO onykKsaoro 6aI'aTOKyTHMKa?

Ha akomy npuHuUMni 6a3yeTbCA BW3HAUYEHHS MOJIOKEHHA TOYKU BiAHOCHO
[OBiNIbHOrO 6araTOKyTHUKA?

AKa NocnigoBHICTb AiKt ANA BU3HAYEHHA $parMeHTy Bigpi3ka, WO 3HAX0AMTbCA
BCepeauHi 6araTtokyTHUKa?
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4, JABOBUMIPHE BIJICIKAHHA

BigcikaHHA B KOomN'toTepHin rpadiui Le BuaaneHHs 3i cnucky nobyaosu Tnx o6'exTis
abo ix YacTuH, WO He noTpannAalTb B obnacTb iHTepecy (viewport) . Y Bunaaky
ABOBUMIPHOro BiACiKaHHA viewport uUe J[eskuid 6araToKyTHUK (HalyacTiwe
NPAMOKYTHWUK) (puc. 4.1).

a 6

Puc. 4.1. iBoBUMipHe BigcikaHHA: (a) — viewport B CBiTOBIll cMCTeMi KOOpAMHaT;
(6) — BigobpakeHHs viewport B npui1agoBiii cucTemMi KoopAuHaT

B 3aranbHOMy BMMagKy 4BOBMMIipHE BiACIKaHHA 3BOAUTLCA 40 MNOLWYKY MNepeTuHy
Bi|Pi3KiB, WO YTBOPIOOTb KOHTYPU CKNAAHIWKMX 06'EKTIB, i rpaHMLUb BAraToKyTHMKA,
wo onucye viewport. Micna uboro HeobXiAHO BM3HAYMTM, AKA YacTMHa 06'ekTa
notpannAe B 0b61acTb iHTEpecy i 3aAMWKUTU B CNMCKY NOOyA0BM nuvwe Ti YacTUHM
BiA4pI3KiB, WO BUANMI ANA KOPUCTYBaYa.

AKLW,0 BUPiLIYBATK LLIO 33424y HAIBHUM METOA0M Yepes NOoLYK TOYKN NePEeTUHY 4,BOX
BiAPi3KiB, AK Le 6yno onmMcaHo B MepLIOMYy pPo3Aifi, TO Takuit cnocib byae BKpak
HeedeKTMBHUIA. Tomy Oyanm po3pobneHi cneuianizoBaHi anroputmun  AnAa
ABOBUMIPHOro i TPUBMMIpPHOro BigcCiKaHHA. Mu byae po3rnsgatv Npuknagu Ans
ABOBUMIPHOTO BMMAAKY afie BOHM MOXYTb OYyTM 3aCTOCOBaHi TaKOX | Ans
TPMBMMIPHOIO NPOCTOPY.

4.1. AiaroputMm KoEHA-CA3EPJIEHAA

Leit anroputm BiacikaHHA 6yB po3pobneHMt amMepUKAHCbKMMM BYEHUMM [laHi
KoeHom Ta AiiBaHom Ca3zepneHaom npoTarom 1967-1968 pokis y MapBapai.

Llet anroputm 003BONIAIE BUSHAUMUTM BUMNAL0K, KON BiAPi30K NEXUTb MOBHICTIO N03a
NPAMOKYTHUKOM LUNAXOM BMKOHaHHA nobitosoi onepaduii AND. OcHOBOO anroputmy
€ PO3OMTTA NPOCTOPY Ha AEB'ATb YAaCTUH, KOXHA 3 AKMUX OTPUMYE YOTUPLOXBITHWUI
ABiINKOBUI Kop, (puc. 4.2).
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1001 1000 1010
Ymax
0001 0000 0010
Ymin
0101 0100 . 0110
X Xmax

T B R L

Puc. 4.2. Po36uTTA NpOCTOPY Ha 9 YacTuH

Mepwwnn 6IT NiBOPYY NO3HAYaAE NPOCTIP, LLO 3HAXOAUTLCA BULLE NPAMOKYTHUKA, AKUN
BM3Ha4ae obnactb iHTepecy. [pyrmMi 6iT no3Ha4ya€e NPOCTIp, WO 3HAXOAUTLCA HUKYE
NPAMOKYTHUKA. TpeTit i yeTBepTMi 6iTM NO3HAYAOTb NPOCTOPM, WO 3HAXOAATbCA
BiANOBIAHO NPaBOPYY i NiIBOPYY Big, NPAMOKYTHUKA.

4.1.1. DOPMAJBHHH OITHC AJITOPUTMY /11 OJHOI0 BIJIPI3KA

1.

[nsa noyaTKoBOI Pg(Xe,Ye) Ta KiHLEBOI P1(X1,Y1) TOYOK BiZpi3Ka po3paxyBaTu KOaM
perioHiB, B AKMX BOHM 3HaxoaAaTbcA. Lle nerko pobutbca WNAXOM MOPIBHAHHA
BiANOBIAHMX KOOPAMHAT TOYOK | MIHIMAaNAbHUX Ta MAKCMMAJIbHUX 3HA4YeHb
KOOPAMHAT NPAMOKYTHMKA.

AKWo obmaBa KoAM CKNAgaloTbCA NMWE 3 HyANiB, LUe O3HAa4ya€, WO BiApi30OK
3HAX04MTbCA NOBHICTIO BCepeaAUHi NPAMOKYTHMKA. BigpisoK A0Aa€EeTbLCA Y CNUCOK
BiOOPaXKEHHSA | aNropuUTM 3aKiHYye poboTy ANA LbOro BiapisKa.

MNepeBipaemo pe3ynbtaT nobitoBoi onepauii AND mixk gABoma Kogamu. AKLLO
pe3ynbTaT onepawii He AOPIBHIOE HYMKO LEe O3HA4Ya€, WO Bigpi3OK MOBHICTIO
NEXUTb 32 MeXer NPAMOKYTHUKA i BiH He A043€ETbCA A0 CMUCKY BigobparkeHHs.
ANropuTM 3aKiH4Yy€e cBOO PobOTY ANA LbOro BiapisKa.

Ockinbku pesynbTat NnobiToBoi onepauii AND mixK ABOMa KOgaMU HYNIbOBUI, OTXKE
BiZAPi30K MOTEHLINHO NepeTMHAE MeXi NPAMOKYTHUKA. OBUPAEMO HE HY/IbOBUIA
KoZ KiHUA BiApi3Ky (AK MiHiIMym oauH He 6yae HyNbOBMM) i B HbOMY LUYKAEMO
nepwy oAuHWULI. 3HAXoAMMO TOYKY MepeTuHy 3 BignoBigHMM pebpom
NPAMOKYTHUKA:

Ana T: Xx=Xo+(X1-Xe)*(Ymax-Ye)/ (Y1-Ye);
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ana B: X=Xe+(X1-Xe)*(Ymin-ye)/()/1'y0)}

anAaR: y=y0+(y1'ye)*(Xmax'XO)/(Xl'Xe);

ana L: y=ye+(y1-Ye)*(Xmnin-Xe)/ (X1-Xe).
5. 3amiHAeEmMO KiHUEBY TOYKY Bigpi3Ka Ha po3paxoBaHy i Nepexoanmo A0 NepLioro
NYHKTY.

TakMM YMHOM, B HaMripwomy BMMNAAKY, anroputm 3pobutb He binblie AK 4YoTUPU
BiACIKaHHA ANA O4HOro Bigpi3Ka.
4.1.2. IIPUK/IA1 BHKOHAHHA AJITOPUTMY

B AKoCTi npuKknagy pos3rnaHemo BMNAAOK KOAW BIAPI3OK nepeTUHae ABi CycCigHi
CTOPOHU NPAMOKYTHUKA (puc. 4.3).

1001 1000
Ymax
0001 0000
Ymin
0101 ! 0100
Xmin A

Puc. 4.3. Bigpizok AE nepeTuHae 4Bi CyCigHi CTOPOHM NPAMOKYTHUKA

KpoKk 1. Paxyemo Koau Ansa KiHUEBUX TOYOK BigpisKa: A(0100) ta E(1010). BoHu
obuaBa He HYNbOBI, a OT)Ke nepeBipAeEMO pe3ynbTaT nobiToBoi onepauii AND mixK
HUMM: A & E = 0100 & 1010 = 0000. OTpumaHuM pe3ynbTaT FOBOPUTb NPO Te,
WO MOXAUBWUI MepeTUH Bigpi3Ka 3i CTOPOHAMM NPAMOKYTHMKA. OTKe HeobxiaHo
06paTn HeHyNbOBUIM KOA, i 3HATU B HbOMY neplly oanHuuto. Obnpaemo Kog, ans
Touykn E(1010). Nepwa oaMHUUA B HbOMY CTOiTb B Mo3uuii T, a oTKe HeobxiaHo
LWYKATU NepeTUH BiApi3Ka 3 BEPXHIM ropu3oHTasibHUM pebpom NpPAMOKYTHWKa. B
pe3ynbTaTi MM OTPUMAEMO TOUKY D, fika CTae HOBOIO KiHLLEBOO TOYKOLO Bigpi3Ka (puc.
4.4).
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1001 1000 1010
Ymax
0001 0000
Ymin
9101 ! 0100
Xmin A

Puc. 4.4. Bigpisok AE nic/1a nepLuoro BigCikaHHA

KpoK 2. Paxyemo Kog, An1a HOBOI KiHLLeBOI TOUYKM Biapiska D(0010). Koan noyaTkoBOI
Ta KiHUEBOI TOYOK He HY/1bOBI, OTXKe nepesipaemo ix onepatopom AND. B pesynbTari
OTPMMYEMO TaKe 3HayeHHA: A & D = 0100 & 0010 = 0000. OT)Ke 3HOBY HeobxigHO
06paTn HEHYNIbOBUI Kog, i 06paTM B HbOMy No3uuito oanHuLi. Obupaemo Kog ona
Touykn D(0010). Mepwa oaMHMUA B HbOMY CTOITb B no3uuii R, a oTke HeobxigHoO
WYKATU MNepPeTMH Bigpi3Ka 3 MNpaBMM BepPTUMKAZbHUM pebpom nNpPAMOKYTHMKA. B
pe3ynbTaTi MM OTPMMAEMO TOUKY C, sika CTa€ KiHLLeBO TOUYKOIO Bigpi3Ka (puc. 4.5).

1001 | 1000 . 1019 P E

Yimax ; ; e
<
/,/ D

0001 0000
Ymin

0101 ! 0100

Xmin A

Puc. 4.5. Bigpisok AE nicasa gpyroro BigcikaHHA
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KpoK 3. Paxyemo Koz, An1a HOBOI KiHLLeBOi TOUYKM Biapiska C(0000). Ko, oaHiel TOUKK
HY/IbOBMM, a iHWOI Hi. B Takomy Bunaaky onepauis AND 3aBXau A3€ HY/bOBe
3HAYEHHSA, a OTXKe HeobXiAHO LWYKATN TOYKY NepeTMHY. PO3rnagaemo HEHY/IbOBUI KOA,
A(0100) Ta 3Haxo0AMMO B HbOMY MO3ULLII0 OANHULI. BOoHa 3HaxoanTbca B no3uuii B,
OTXKe HeobxigHO LWyKaTU nepeTuH BiApi3Ka 3 HMKHIM TOPU3OHTANbHUM pebpom
NPAMOKYTHUKA. B pe3ynbTaTi MM OTPMMAEMO TOYKY B, AKa CTa€ HOBOI KiHLEBOIO
TOYKOIO BigpisKa (puc. 4.6).

1001 | 1000 . 1010 P F
Ymax i i //
<
/D
0001 0000 c 0010
Ymin B
o101 0100 . o110
Xmin A O’l Xmax

Puc. 4.6. Bigpizok AE nicasa TpeTboro BigcikaHHA

KpoK 4. Paxyemo Koa AnA HOBOI KiHLEBOT TOYKM Biagpidka B(0000). Kogn 060x TouoK
B Ta C HynbOBI, a oTXKe Bigpi3oK BC 3HaxoAUTbCA NOBHICTIO BCcepenHi NPAMOKYTHUKA
i came BiH noBuHeH ByTM AO0AAHMW B CNUCOK BigobparkeHHA. Ha ubomy anroputm
3aKiH4Yye cBotO poboTy.

4.1.3. IIEPEBATH TA HEJJOJIIKH

AK i 6yab-AKUM iHLWINIA aNTOPUTM, PO3TNAHYTUIA aNITOPUTM TAaKOXK MAE CBOi HEZLONIKM:

=  (diKCOBaHMIM MNOPAAOK MEepeBipKM Ha Neplly OAUHUUIO iHOAI NPU3BOAMTbL A0
HenoTpibHOi poboTK;

= o6nacTb BiACiKaHHA NOBUHHA BYTU NPAMOKYTHOIO.

[lo nepeBar anroputmy cnig BigHeCTU HaCTYMHi:

" JIerkMi B peanisauii;

"  OpiEHTOBAHMM Ha BiNbLWiCTb NPUNAAIB, OCKINbKM X EKPAHU € NPAMOKYTHUMMU;

" NIerko pPo3LUPHOETLCA Ha TPMBUMIPHUI NPOCTIp.
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4.2. Aiaroeut™m CANPYCA-BEKA

Llen anroputm pobuTb BiACiKaHHA BiAPi3KiB AOBINbHMUM ONYKAMM GaraTOKyTHUKOM.
3anponoHoBaHun B 1978 poui Maiikom Canpycom i xkeem bekom aK epeKTUBHILLA
3amiHa anroputmy KoeHa-CasepneHaa, Ak pobuTb KinbKa iTepauin ANna BiAcCiKaHHA
OA4HOrO BiApi3Ka i Npautoe nnLwwe 3 NPAMOKYTHUKAMMU.

OcHoBoto anroputmy Calipyca-beKka € BMKOPWUCTAHHA MAPAaMETPUYHOrO PiBHAHHA
npAMOI:

P(t) = Py +t- (P, — Py),
Ae Pe — noyaTKoBa TOYKa Bigpi3Ka, P1 — KiHLeBa TouKa Bigpi3ka, t — napameTp [0:1].

ANropuTM nepesBipAE, 3HAXO4UTbCA MepeTUH Bigpiska i pebpa GaraTOKyTHMKA B
cepegmHi 6araToOKyTHMKA YK Hi. [nA Liei nepeBipKM BUKOPUCTOBYETHCA CKANAPHUIM
N06YyTOK ABOX BEKTOPIB: BEKTOPA, WO NobyA0BaHMM i3 TOYKM HA pebpi 6baraToKyTHUKA
i TOYKM Ha BiApPi3KY Ta BEKTOpa HopMani Ao pebpa 6araTokyTHUKa (puc. 4.7).

E
it
APE :
2 A,.A.-/-——l/:/'; 5
0//' 'B E
N‘_‘: E
Normal  -==rr=meeeeeeseeemeeeeaeenenennl
Vector

Puc. 4.7. BeKTOp HOpMai Ta BapiaHTU BEKTOPIB Big pebpa 40 Bigpi3ka

Ha pucyHKy 4.7 Bektop Hopmani (N) ue nepneHgmkynap go pebpa 6aratokyTHUKa. B
3aranbHOMY BMNaAKy HeobXxiZAHO po3paxyBaTu HOpMani oo BCix pebep HaraToKyTHMKA.

BekTtop BiacTaHi (P(t)-Pe) ue BekTop, WO YTBOPKETbLCA 3 TOYKM Ha pebpi (Pe)
(3a3BMYal Ue ToUYKa noyaTky abo KiHuA pebpa) Ta ToUKK Ha Biapi3Ky (P(t)) — Touka 3
napameTtpom t, Wo nepeBipAETLCA.

CKanapHuii O0OYTOK UMX ABOX BEKTOPIB MoXe byt poaatHim, Big'emHuMm abo
HYNbOBMM. B 3a1€KHOCTI Bif 3HAKY LbOro o6yTKy MM BU3SHAYAEMO NONOXKEHHA TOYKM
3 napameTpoMm t Ha Bigpi3Ky: 3HAK «+» — TOYKA 338 MeXamMm BaraToKyTHMKaA BiACiKaHHS
(Touka A Ha puc. 4.7); 3HaK «-» — TOYKa BcepeauHi baraToKyTHMKA BiAciKaHHA (ToO4Ka
C Ha puc. 4.7). AKLWO 3HAYEeHHA HYNbOBE, TO LIe 03HAYAE, WO TOUYKa NeXUTb Ha pebpi
6araTokyTHMKa(TouKa B Ha puc. 4.7).

AKMM YMHOM CKaNApPHUIA AOOYTOK HaM A0MNOMAra€e BU3HAYMTU PO3TallyBaHHA TOYKN?
Mo3HaumMmo BekTop BiacTaHi (P(t)-Pe) uepes D. 3a BU3HAUEHHAM CKanspHUiA 4obyToK
ABOX BEKTOpIB Le:

N-D = |N|-|D|-cosé.
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AKWO KyT miX BekTopamu 90°, Toai KOCMHYC AOpiBHIOE @ i yBecb A0OYTOK cTae
HY/IbOBUM. TAaKMUM YUHOM MW BU3HAYAEMO, LLLO TOYKA NEPETUHY NEXKNUTb Ha pebpi. A
KyTa >90° KocuHyc byae Bia'eMHMM, a OTXKe TOUKa NeXUTb BcepeaunHi 6araTokyTHUKa,
KO/ CKanapHuii oobyToK <0. BignosiaHo ans Kyta <90° KocuHyc byae AoaaTHIMm, i
Le O3HAYaE, L0 TOYKA NEXMUTb 33 MeXXammn baraToKyTHMKA, Koam AobyToK >0.

Tenep po3rnAHEMO, AKMM UYMHOM 3HAWTM napameTpu t ana KoxHoro pebpa.
3amiHnmo P(t) y BeKTopi BigCTaHi Ha pPiBHAHHA NPAMOI Yepe3 NOYaATKOBY i KiHLLEBY
TOYKM BiZpi3Ka i NigCTaBUMO Yy BEKTOPHUM A00YTOK. OCKiIbKM MU LLYKAEMO NapameTp
t AnA TOYKM nepeTuHy Bigpi3Ka 3 pebpom, TO BEKTOPHMIN A0OYTOK NOBMHEH ByTK
HY/IbOBUM:

N-[Py+t-(P,—Py)—Pg] =0,
NicNA PO3KPUTTA AYXKOK OTPUMAEMO HACTyMHe:
N-(Py—Pg)+N-t-(P,—Py) =0.
3 ujiei popmynn BuBeAEMO YOMY AOpPiBHIOE NapameTp t:
N-t-(P,—Py)) =—N-(Py,— Pg),
ToAi
tzN.(PE_PO)_
N - (Pl - Po)

3ayBaKTe, WO B HAC AiNeHHA ABOX CKanApHMX A0OYTKIB BEKTOPiB, @ TOMYy MU He
MOXEMO NPOCTO CKOPOTUTU BEKTOP N B UNCENbHMKY Ta 3HAMEHHMUKY.

Ona KopeKTHOoi poboTn anroputmy, HeobxiaHe BUKOHAHHA TaKMX YMOB A8 BXiAHUX
OAHNX:

= N#0 — BEeKTOp HOpMani A0 KOXKHOro pebpa He MOBUHEH BYTU HYNbOBUM;
= (P1-Pg)#0 — Biapi30oK He NOBUHEH BYTU TOUKOIO;

= Ne(P1-Po)#£0 — Bigpi3oKk He NoBMHEH ByTM napanenbHUm Ao pebpa. Y Takomy
BMNAAKY WYyKaTWU napameTp t ans uporo pebpa He NOTPIOHO, OCKINbKM TOYKM
nepeTtuHy pebpa i Bigpi3Ka He iCHYE.

4.2.1. POPMAJIbHHH OITHC AJITOPHTMY
1. Po3paxyBaTv HOpMmani 40 KOXHOro pebpa 6araToKyTHMKA.
2. Po3paxyBaTu BEKTOp Bigpi3Ka AnA BiACiKaHHA.

3. [ns KoxHoro pebpa nobyaysatu BEKTOp Bif No4aTKOBOI abo KiHLEBOI TOYKM Ha
BiZIPi3KYy ANA BiACiKaHHA A0 NO4YaTKOBOI abo KiHUEBOI TOUKKN pebpa i po3paxyBaTu
CKanApHMN 0OYTOK LbOro BEKTOPA Ha BEKTOP HOPMai 40 LbOro X pebpa.

4. 3HaWTM CKanApHUN OBYTOK BEKTOPA HOPMai 40 NOTOYHOro pebpa i BEKTOPA, LWLO
YTBOPEHWI BigpPi3KOM BifCIKaHHA.

5. BeKTOpHMI A06YyTOK 3 N.3. NOAIMNTU HA BEKTOPHMIN A06YyTOK 3 N.4 — ue i byae
napameTp t ana uporo pebpa.
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6. MapameTpu t, w0 po3paxoBaHi Ana BCix pebep, po3bMBaemo Ha ABi rpynu: BXigHi
Ta BMXigHi. [0 BXiAHWUX AOAAEMO Ti, Y AKUX CKanapHui pobytok 3 n.4. 6ys
Bif'EMHUM, @ A0 BUXiAHMX — BCi iHWI. [lOo BXiAHUX TAaKOX A0A3AEMO 3HAYEHHA O, a
[0 BUXIAHUX — 3HAYeHHA 1.

7. Cepep BcCix BXigHUx napametpiB tin 0bMpaemo makcMmanbHe, wo bHinbwe abo
AOPIBHIOE HYNO, A cepen BCIX BUXigHUX tout — MiHIManbHe, Wo meHwe abo
AOPIBHIOE OANHNL.

8. AKwWo 3Ha4yeHHA BXigHOro napametpa tin Hinblwe 3a 3HaYeHHA BUXiAHOTO tout, TO
BIAKMOQAEMO BIiOPI3OK AK TaKUM, WO JNIEXUTb 3@ MeXKek OaraToKyTHMKa. B
iHAKWOMy BUNaaKy byayemo Biapi3oK:

P, = Py + tin - (Py — Pp);
P, = Py + toys - (Py — Po).

4.2.2. IIPUK/IA1 BHKOHAHHA AJITOPUTMY

B AKocTi npuknagy po3rnaHemMo BMMAAOK KOMWM Biapi3oK nepeTMHae ogHe pebpo
NPAMOKYTHUKA (puc. 4.8). 3amicTb NPAMOKYTHMKA MOXHA po3rnagatm byab-akui
OnNyKAnn 6araToKyTHUK.

! (50, 40) (80, 40) !

(70, 20)
P1

1 (50, 10) (80, 10) : P2

Puc. 4.8. Bigpizok P1P2 nepeTnHae CTOPOHY NPAMOKYTHMKA

Kpok 1. Paxyemo Hopmani Ao KoXKHoro pebpa 6aratokyTHuKa. [ns nisoro pebpa ue
6yae Ni=(-1, 0), ana npasoro — Ngr=(1, 0), ana HuMKHboro — Ns=(0, -1), ana
BepxHboro — Nr=(0, 1) (puc. 4.9).
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(0, 1)

(50, 40) (80, 40)
(-1,0) €——— (79,20) ——>(1,0)
P1
woo, 10)
(50, 10) (80, 10) P2
(0: -1)

Puc. 4.9. Hopmani 40 CTOpiH NPAMOKYTHUKA
Kpok 2. Po3paxoByemo BEKTOp Bigpi3Ka BiACiKaHHA:
P, — P, = (100—-70,10 — 20) = (30,—10).

Kpok 3. byayemo BeKTOpM Bif, NOYATKOBMUX TOYOK pebep A0 NOYAaTKOBOI TOYKM Biapi3Ka
(P1) Ta 3HaxogMMmoO ix ckanapHi 4OBYTKK 3 BigNOBIAHMMN HOPMANAMMU:

N, -(P.—P,) = (=1,0) - (50 — 70,10 — 20) = 20 — 0 = 20;
Ng - (Pg — P,) = (1,0) - (80 — 70,10 — 20) = 10 — 0 = 10;
Nz (Pg—P,) = (0,—1)- (50 — 70,10 — 20) = 0 + 10 = 10;
Ny (Pr—P,) = (0,1)- (50 — 70,40 — 20) = 0 + 20 = 20.

Kpok 4. 3HaxoaMMo cKanapHi 4o06YyTKKM HOpManen KoxKHoro pebpa 6araToKyTHUKA 3
BEKTOPOM Bifpi3Ky BiAgCIKaHHA:

N, - (P, —P,) = (—1,0) - (30,—10) = —30 — 0 = —30;
Ni- (P, —P;) = (1,0) - (30,—10) = 30 — 0 = 30;
Ng - (P, —P,) =(0,—1)-(30,—10) = 0 4+ 10 = 10;
Ny -(P,—P) =(0,1)-(30,—10) =0 — 10 = —10.
Kpok 5. 3Haxoanmo napameTpu t ana KoxkHoro pebpa 6araToKyTHUKA:
_NL'(PL_P1)_ 20 2

L_NL'(PZ—Pl)_—3O__3,

¢ _NR.(PR_Pl)_]‘O_l.
R_NR'(PZ_Pl)_go_B'
Ng-(Pg—P;) 10
tB: :—:1,
Ng-(P,—P;) 10
NT'(PT_P1)_ 20_ 9.

t = =
T Ny-(P,—P) —10
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Kpok 6. BxigHMmu napameTpamu 6yayTb Ti, AN AKMX CKANAPHUMA A0OYTOK Ha
yeTBepToMy Kpoui 6yB Big'emHum. Bci iHwi 6yayte BuxigHumu. OTKe BXigHi
napametpu tLi tr, a BuxigHi — tri ts.

Kpok 7. Cepepn BCix BXigHWUX NapameTpiB 0OMPaAaEMO MaKCcuMMmasibHe cepepn TUX fKi
6inbwi abo AOPiIBHIOKOTL HYAO, @ cepen BUXiAHUX MiHIManbHe cepen TUX, AKI MeHLWi
abo aopiBHIOIOTL 0aMHMLI. OTXKe BXigHMM napameTpom cTa€ tin=0 ocKinbkM obmaBa
KaHAWAATM MEHLWI 3a HyAb, @ BUXiaHMM — tout=tr=1/3.

Kpok 8. Ockinbkn tin<=tout OT)Ke BiApPi30K 3HAX0AUTbCA B cepeanHi BaraToKyTHMKaA
MiXK LUMKW NapameTpamu:

P, =P, +t; (P, —P)=(70,20) +0-(30,—10) = (70,20);
1 2
P,=P +ty (P,—P)=1(70,20) + § (30,—10) = (80, 16§).
TaKnum YMHOM BM 3HAMLLIM NOYATKOBY i KiHLLEBY TOYKM Bigpi3Ka nicnA BiAcCiKaHHA.

4.2.3. IIEPEBATH TA HEJOJIIKH
[lo nepeBar anropuTmy cnig, BigHeCcTu HaCTYMHi:

" Ginbw edekTUBHUM 3a anroputm KoeHa-CasepneHpa, OCKiNbKM He pobutb
iITepaTMBHI BiACIKAHHA;

"  MOX€e BMKOPWUCTOBYBATUCA A5 BiKHA BiACIKaHHA Yy BUrNA4i Oyab-AKOro onykaoro
H6araToKyTHMKa.

OCHOBHMM HeZoNIKOM anropuTmy € Te, WO BiH MOXe BMKOPUCTOBYBATUCA auLle y
ABOBMMIPHOMY NPOCTOPI.

4.3. AAroputm JISHA-BAPCBKOTO

Lie anropMtm BUKOPUCTOBYE TOM CaMmUiA NpMHLMN, WO i anroputm Canpyca-beka, ane
ONTMMI30BaHMM Nif, BiACIKAHHA Came MPAMOKYTHUKOM Yy ABOBMMIPHOMY BMNAAKY.
Po3pobunn anroputm KuTamcbKuii BYeHWU JlaH HOayH Ta amepuKaHeub bBpasH
Bapcbkuin y 1984 poui. Mi3Hiwe, B 1992, BOHM MOro YyAOCKOHANAUAN i 3 TUX Mip BiH He
3MiHIOBaBCA.

OCKiNnbKM B Hac 3amicTb 6araTOKyTHMKA BMKOPUCTOBYETbCA MPAMOKYTHUK, TO MM
MOXeMO 3HA4YHO NPOCTile NopaxyBaTH BCi YOTMPK napameTpu t ana KoxxHoro pebpa.
NMo3HauMMO KoopANHATU NPAMOKYTHUKA Yepes3 Xunin, Ymin, Xmax TA Ymax, @ KOOPAMHATH
Bigpi3Kka yepes P(x1, Y1) i Q(X2, y2) BignosiaHo (puc. 4.10).

3anuwemo napameTpuyHe piBHAHHA AnA 060x KoopamHaT yepe3 napameTp t:
X=x1+t(x3—x1);
Y=y +t-(y2 —y1).

Haragaemo, wo napametp t 3HaxoAMUTbCA HAa NPOMIKKY [©;1], a TOUKa, WO BignoBigae
3HangeHomy napameTpy t, NnOBUHHA 6yTK pO3TalLOBAHO BCEPEAMHI NPSMOKYTHUKA.
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max

Puc. 4.10. llo3Ha4yeHHA A0 anroputmy /laHa-bapcbkoro

LLlo6 TouKa nerkana B MexKax NPAMOKYTHUKA, HeobXiaHEe BUKOHAHHS TaKMX YOTUPbOX
HepiBHOCTEW:

Xpiv S %+t (xp — x1);
Xpax = %1+t (x5 — x1);
Yvin Sy +t- (v2 — 1)
Yyax =y + - (y2 — 1)
3anuwemo BCi YOTUPW HEPIBHOCTI Y HACTYMHIN popmi:
t* P < qr. Ae k=(L|R|T|B).
TaKMM YMHOM, MM OTPUMAEMO HACTYMHI dopmyan gha piq:
pL = (x1 —x2); qL = (1 — Xpun )
Pr = (X2 — x1); qr = Xpax — X1);
pe = 1 —¥2); 48 = 1 — Ymun)s
pr = (V2 = ¥1); 9r = Yyax — Y1)
dopmynun gnsa pospaxyHKy napameTpis t ByayTb HACTYNHUMMU:

t; =ﬂ; trp =q—R;tB =q—B;tT =ﬂ.
bL Pr Ps pbr
AKWoO BiAPI30OK NapanenbHUit ogHomy 3 pebep NPAMOKYTHMKA, TO 3HAYEHHA P ANA
Takoro pebpa byae AOpiBHIOBATM HyAO. AKWO 3HayeHHA pP<O, TO BigNOBIgHWN
napametp t € BXiagHMM, y 3BOPOTHOMY BMMNAAKYy — BUXIAHMM. AKWO p=0 Ta <0 ue
O3HAYaE€, WO BiAPI30OK NOBHICTIO 32 MeXXaMWn NPAMOKYTHUKA. AKWO p=0 Ta q>0 —
Bi,Pi30K MOBHICTIO 3HAXOAUTLCA BCEPEAMHI NPAMOKYTHUKA.

3 4yoTMpbox NnapameTpis t noTpibHO 06paTn ABa — BXiAHUM | BUXiAHMN. NS 3HAYEHHS
p<O Mmn 06Mpaemo BXigHUI NAapameTp AK MaKCMMaZbHUIN NapameTp, Wwo binbwuni 3a
HyAb. [na 3HAYeHHA P>0 mn OOMPAEMO BUXigHWI NapameTp AK MiHIMANAbHUN
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napameTp, WO MEeHLUN 32 OAMHULIO. AKLLO B pe3yabTaTi BXiAHWIA NapameTp BUABUBCA
GinblUMM 33 BUXIAHWM TO LEe O3Ha4ya€E, WO BiAPI3OK NEXUTb 33 MexKamu
NPAMOKYTHMKA.

4.3.1. DPOPMAJIbHHH OITUC AJITOPUTMY
1. BctaHOBUTU thin=0 i Tmax=1.

2. Po3spaxyBatm napametpu t ana Bcix pebep NpAMOKYTHMKA. BigKuMHyTM Ti, WO
MeHLWi HyNA Ta 6inbli oagMHNUL.

3. Cepea napameTpiB, WO 3a/AUWKNANCA BU3HAYUTU MAKCUMANbHWUMA BXigHWUN
napameTp (B AKOro p<0) Ta NPUCBOITM MOro 3MiHHIM tmin | MiHIMAaNbHMI BUXIAHWI
napameTp (B sKoro p>0) Ta NPMUCBOITU MOrO 3MiHHIN trax.

4. AKWwO trin<tmnax TO ByayEMO BiApi30K 3a TakMMM KoopanHaTamm (Xo,Yo)—(Xe,Ye):
Xp =21+ tin - (02 = %1); Vp = 1 + i - (V2 — ¥1);

Xe=x1 +tpax - (X2 —x1); Yo = Y1 + tiax - 72 — y1).
AKWO Tmin>tmax TO BIAPI3OK NEXUTb MNOBHICTIO NO3a MNPAMOKYTHMKOM i BiH
BiAKMAAETLCA.

v

4.3.2. IIPUK/IAJl BHKOHAHHA AJITOPUTMY

[OnAa npuknagy po3rnAHemMo ABa BUNAAKM — KOAM BiApi3OK NepeTuHae NPAMOKYTHUK
i KoM He nepeTuHae. [Mepwum po3rnsHEMO MpUKNag, 3 nepeTmHom. Hexawn
NPAMOKYTHUK MA€ TaKi KoopAMHATU: Xnin=0, Ymin=0, Xmax=15, Ymax=10, a KoopanHatn
Biapi3ka P(-5, 3) i Q(20, 9) (puc. 4.11).

tB X . X

min max

Puc. 4.11. llpuKaag anroputmy /IAHa-bapcbKoro 3 nepeTuHom
Kpok 1. Paxyemo napameTpu p Ta q g1A KOXHOro pebpa NnpamOKyTHUKa:
pL = (% —x3) = (=5—-20) = —-25; q, = (0y = Xpyv) = (=5—-0) = =5;
pr = (X2 —x1) = (20 4+ 5) = 25; qp = (Xpyax — x1) = (15+5) = 20;
pe=01—¥)=0B—=-9)=-6,q5=Q1—Yuw) =3-0)=3;
pr=02—y1)=0-3)=6;qr = Ymax —y1) =(10-3) = 7.
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Kpok 2. Paxyemo napameTtpu t ana KoxxHoro pebpa npaMOKYTHUKA:

oo > L4k _20_ %
pg  —6 2 pr 6

Kpok 3. BM3HAYaeEMO MAKCMMaNbHUIMA BXiAHMWA MapameTp (B AKoro p<O) Ta
NMPUCBOIOEMO MOro 3MiHHIN twin. B Hac gBa Taknx napametpu: tL i ts. MakcMmanoHuin
3 HUX, WO Binblwimnit 3a O ue napameTp ti, omke tnin=tL=1/5.

Kpok 4. Bu3Ha4yaemMo MiHiManbHWI BUXiAHWI NapameTp (B AKOro p>0) Ta NPUCBOOEMO
MOro 3MiHHIN tmax. B Hac gBa Takmx napametpu: tr i t1. MiHiManbHUIM 3 HKX, WO
MeHWwui 3a 1 ue napameTp tr, oTke tnax=tr=4/5.

Kpok 5. OcKinbKn tnin<tmax To Byayemo Bigpi3oKk 3a Takumu KoopamHatamm (Xo,Yp)—
(Xe,Ye):

1 1

.
)

_{;U'IIF—‘

4 4
Xe:_5+§'(20+5):15; Ye=3+§'(9_3)=7§-

Tenep po3rnsHEMO NpUKAaA A€ BiAPi30K NEKUTb 32 MeXamMu NPAMOKYTHUKA. Hexait

NPAMOKYTHUK Ma€ Taki KoopaAUHATK: Xnin=0, Ynin=0, Xmax=10, Ynax=10, a KoopaANHaATH
Biapi3ka P(-12, 4)iQ(6, 14) (puc. 4.12).

max

Puc. 4.12. NMpwukaag anroputmy /IaHa-bapcekoro 6e3 nepetuHy
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Kpok 1. Paxyemo napameTpu p Ta q g1A KOXHOro pebpa NnpamoKyTHUKa:
pr =0 —x) =(=12-6) = —18; q, = (x; — Xyyy) = (=12 - 0) = —12;
pr = (X2 —x) = (6+12) = 18; qg = (Xyax — x1) = (10 + 12) = 22;
Pp=01—y)=0@-14)=-10; g = (1 —Yun) =4 —-0) = 4;
pr =2 —y1) = (14 —4) =10; gy = (Yyax —y1) = (10— 4) = 6.
Kpok 2. Paxyemo napametpu t ana KoxkHoro pebpa npAMOKYTHMKA:

q, -12 2 g 22 11
tL=—=—=—;tR=—=—=—;

qg 4 2 qr 6 3
tB :_=_=__'tT=_=_=_

Kpok 3. BM3Hauyaemo MaKcMManbHWUI BXigHWI napameTp (B AKoro p<0O) Ta
NPUCBOKEMO MOro 3MiHHIN tmin. B Hac ABa Takmx napameTpu: tL i ts. MakcMmanbHui
3 HUX, WO 6inbwnii 3a O ue napametp ti, omxe tnin=tL=2/3.

Kpok 4. BU3Ha4yaeMo MiHiManbHWUIM BUXigHWIM napameTp (B AKOro p>0) Ta NPUCBOEMO
NOro 3MmiHHIN tmax. B Hac gBa Takmx napametpu: tr i tr. MiHimanbHWIM 3 HUX, WO
MeHwwui 3a 1 ue napameTp tr, omke tnax=tr=3/5.

KpoK 5. OcKinbKK tmin>tmax TO BiAPI3OK NEXKMUTb NOBHICTIO NO3a NPAMOKYTHUKOM i BiH
BiAKMAOAETLCA.

4.3.3. IIEPEBATH TA HEJJOJIIKH

[lo0 nepeBar aAropuTmy cnig BigHeCTn HacTynHi:

" 3HAYHO WBUALIMNA, HiXK anropntm Carpyca-beka ana NpAMOKYTHUX BiKOH, 3aBAAKM
onTuUMmi3auii;

" edeKTUBHUI ANA BiACIKaHHA BiAPI3KIB ANA NPAMOKYTHUX obnacTen;

"  YHMKAE OOUYMCNEHHS TOYOK MEPeTMHY 3 HenapaneSibHUMKU NiHIAMU, 3MEHLLIYIOYN
TaKUM YNHOM Ki/IbKiCTb onepauin AineHHs.

OCHOBHMM HE0NIKOM a/IFTOPUTMY € T€, LLLO BiH € ePEKTUBHUM NINLLE AN NPAMOKYTHUX
BiKOH.

3ANUTAHHA A1 CAMOKOHTPOJIIO

1. AKWiA 3 pO3rAsHYTUX aNroOpUTMIB € HaledPeKTUBHIWMM ANA NPAMOKYTHUX
obnacrtei BiagciKaHHA?

AKMI 3 PO3rNAHYTUX AaNTOPUTMIB BYB BUHAMAEHMIN HaNNepwmm?
AKMN 3 PO3rNAHYTUX aNTOPUTMIB BYB BUHANAEHMN HaUNi3HiWe?

AKMN 3 PO3MNAHYTUX ANrOPUTMIB MOXKe OYyTM PO3WMPEHMM HA TPUBUMIPHUM
npocTip?
5. AKMA 3 PO3rNAHYTUX aNTOPUTMIB MOXKE 3aCTOCOBYBATUCA ANA A0BIAbHUX ONYKAUX

NPAMOKYTHUKIB?
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5. AJITOPUTMHU NOBYI0BHU BIJIPI3KA TA KOJIA

Anroputmn nobyaosu Biapiska — rpadivyHi anropMTMM anpoKkcumalii Bigpiska Ha
AVUCKpeTHoMY rpadiyHOMy npuUCTpOoi (pacTepusauia), HanpwuKknaga, MOHITopi abo
NPUHTEDI.

Bigpi3oK, WO 33a4aHMM NOYATKOBOK Ta KiHUEBOK TOYKAaMM Y BIKOHHIM cucTemi
KoopAuHaT mae OyTM nepeTBOPEHWI B NOCAILOBHICTb NiKcenis, AKi HeobXxigHO
3adapbyBaTH, WOO6 OTPMMATK NiHit0. AHANOTIYHMM YMHOM ByAayeTbCA | Kono (eninc) —
BU3HAYalOTbCA NiKCeNi, WO NeXKaTb Ha KOoAi.

5.1. AJITOPUTM L{U®POBOT0 JUPEPEHIIHOTO AHAJII3ATOPA

Undposuin  audepeHuinHmii  aHanizatop (LAA) — ue npoctui  anroputm
pacTepu3alii) Bigpi3ka, WO B AKOCTI BXiAHMX AaHUX BUKOPUCTOBYE KOOPAMHATU
NOYaTKOBOI Ta KiHUEBOI TOYOK Bigpi3ka. KoopgumHaTM nNpOMIKHUX nikcenis
064YMCNIOOTLCA B UMKAI 3 BUKOPUCTAHHAM 3HAYEHHSA NPUPOCTY.

Moxe 6yTn peanizoBaHUM 3 BAKOPUCTAHHAM AiACHUX abo Linnx uncen.

5.1.1. POPMAJIbHHI OITHC AJITOPHTMY

Po3rnaHemo anroputm Ansa Bigpi3ka, WO /NeXUTb B MepLllin MNONOBMHI MNepLuoi

KOOPAMHATHOI YBepTi.

1. BBepiTb MOYaTKOBY (X1,Y1) Ta KiHUEBY (X2,Y2) TOUYKM Bigpi3Ka NpAMOI.

2. O6umcniTb Pi3HMUIO MiXK KOOpAMHATaMM X Ta Y KiHLEBMX TOYOK AK dX Ta dy
BiAnoBsigHO.

3. 06umcnitb Haxun npamoi Ak m=dy/dx.

4. BCTaHOBITb NOYATKOBY TOYKY NPAMOI AK (X1,Y1).

5. 3anycTitb UMKN 33 KoOopauMHaTamMu X BiApi3ka Big MOYaTKOBOI A0 KiHUEBOI,
36inblIYOYM X HA OAMHULIO KOXKHOTO pa3y, Ta 064YncniTe BiANOBiAHY KOOPAMHATY
y 3a dopmynoto y=yi+m(x-Xz).

6. MobyayinTte nikcenb B 06UMNCNEHIN KOOPANHATI (X,Y).

7. MoBToptoliTe KPOKKM 5 Ta 6, OKKN He Byae JOCATHYTO KiHLLEBOI TOUKM (X2,Y2).

ANropuTtm AnA BiapisKa B ApYri NON0OBMHI NepLloi YBepTi byae aHaNOriYHMM, NPOCTO

HeobXigHO 3MiHUTK dopMyNy obUMCNeHHA HaxMay npamoi Ha m=dx/dy i pyxaTuca B
LMKANI 32 KOOPAMHATO Y 06UYNCAIOIYN KOOPAMHATY X 38 GOPMYNOLD X=X1+M+ (Y -Y1).

Ana iHWKnX KOoOpANHATHUX YBEPTEN aITOPUTM MPALOE aHANOTIYHO.

OCKinbKM Haxun npamoi ue AiNCHE 4Yncno, TO pe3ynbTaT PO3pPaxyHKYy KOOpAMHATH
nikcena noTpibHO OKpyrAnTH, Wo6 OTPUMATK LiNe 3HAUYEHHA.

MoHa BMKOPUCTOBYBATM onepauito nobitoBoro 3cyBy, WO6 3aMiHUTU AiNEHHA i
NPauoBaTM AMWE 3 LIIMMU YUCNAMUM iMITYIOUM apUPMETUKY LAIMCHUX yumcen 3
diKCcoBaHOI TOYKOIO.
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5.1.2. IIPHUK/IAJ BHKOHAHHS AJITOPUTMY

Hexalt 3agaHuni BiApi30OK Y BIKOHHI CUCTEMI KOOPAUHAT 3 MOYATKOBOI TOYKOLO (0,0) i
KiHLEeBO TouKoto (8,6) (puc. 5.1). Ans nobynosu BuKopuctaemo anropmutm LJA.

@ 1 2 3 45 6 7 8 X
0| g
N\
2 \
3
1
5 \
Yy

Puc. 5.1. Biapi3oK Ha nikce/bHin pewiTy
Kpok 1. O6umncntoemo dx=(8-0)=8 ta dy=(6-0)=6.
KpoK 2. O6umcnoemo Haxun npamoi m=dy/dx=6/8=0,75.

Kpok 3. BcTaHOBAOEMO NOYATKOBY TOUKY (0,0) i 3anycKaeMO UMK 32 KOOPAMHATO X
BiZ, © A0 8 BKAOYHO (puc. 5.2).

© 123 45678X
0
1%\\ |
: N
3
R
5 \
Yy

Puc. 5.2. [loyaTKOBa TOYKaA Ha NiKCe/IbHIlM peLuiTL,i
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Imepayia Nel. KoopanHata X=1, a KoopguMHaTa Y pO3PaxoBYETbCA 32 GOPMYNOLO:
y=0+0,75-(1-0)=0,75. MNicna okpyrneHHs otpumyemo nikcenb (1,1) (puc. 5.3).

@12345673)&
X |

=
N

N

Puc. 5.3. Mikceni Bigpi3ka nicasa itepau,ii N21

< OO 1 A W N P O®

\j

Imepayia Ne2. KoopguHata X=2, a KoopguHata Yy=0+0,75-(2-0)=1,5. Micna
OKPYI/IEHHA OTPUMYEMO Nikcenb (2,2) (puc. 5.4).

@ 1 2 3 4 5 6 7 8 X

- "

N

Puc. 5.4. likceni Bigpi3ka nicaa itepadii N22

< OO U1 B W N P ©®

\J

Imepayia Ne3. KoopauHata X=3, a KoopguHata y=0+0,75-(3-0)=2,25. [icns
OKPYI/IEHHA OTPUMYEMO nikcensb (3,2) (puc. 5.5).
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@ 1 2 3 45 6 7 8 X
-

N

Puc. 5.5. lNikceni Bigpiska nic/a itepauii N23

< OV B W N RO

\j

Imepayia Ne4. KooppuHata X=4, a KoopauHata Yy=0+0,75-(4-0)=3. Micna
OKPYr/IeHHA oTpuMyemo nikcensb (4,3) (puc. 5.6).

@1 2 3 4 5 6 7 8 X
@% g
1
2
3
1
5 \
Yy

Puc. 5.6. Mikceni Bigpiska nicaa itepauii N24

Imepayia Ne5. KoopawnHata X=5, a KoopauHata y=0+0,75-(5-0)=3,75. Micna
OKPYr/IEHHA oTpuMyemo nikcens (5,4) (puc. 5.7).
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Puc. 5.7. Mikceni Bigpiska nicaa itepauii N25

Imepayia Ne6. KoopauHaTa X=6, a KoopauHaTa y=0+0,75-(6-0)=4,5. Nicna
OKPYI/IEHHA OTPUMYEMO Nikcenb (6,5) (puc. 5.8).

@ 1 2 3 4 5 6 7 8 X
-
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Puc. 5.8. lMikceni Bigpi3ka nic/sa itepauii N26

Imepayia Ne7. KoopawnHata X=7, a KoopAauHata y=0+0,75-(7-0)=5,25. Micna
OKPYr/IEHHA OTPpUMYEMO nikcensb (7,5) (puc. 5.9).
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Puc. 5.9. lMikceni Bigpizka nicaa itepadii N27

Imepayia Ne8. KooppuHata X=8, a KoopauHata Yy=0+0,75-(8-0)=6. Micna
OKPYF/IEHHA OTPUMYEMO Nikcenb (8,6) (puc. 5.10).

@ 1 2 3 45 6 7 8 X

-
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Puc. 5.10. lMikceni Bigpi3ka nicasa itepauii N28

ANropuTM [0CArHYB KiHLEBOI TOYKM Bigpi3Ka, a TOMy 3akiH4YMB cBoto poboty. Y
NiACYMKY MU OTPUMANM NiKCei, WO YTBOPIOOTb 3a4aHUN Bigpi3OK.

B npakTuYHi 1 peanisauii BapTo 3amiHUTM dopmyny y=y1+m(X-X1) Ha iTepauinHUi
BapiaHT: yi=Yi-1+m, ge Yi-1 — UiNa KoopAuHaTa y nikcena, wo obpaxoBaHa Ha
nonepeaHin itepauii umkny.
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5.1.3. IIEPEBAIH TA HEJOJIIKH

[lo nepeBar aAropuTMmy BiAHOCATb:

" NpPOCTOTY i NerKicTb peanisaui;

®  BiACYTHICTb NOBINIbHUX OMNepaL,ii MHOXEHHS;

" Kpally WBWAKICTb B NOPIBHAHHI 3 BUMKOPUCTAHHAM NAPaMETPUYHOro pPiBHAHHA
npaAmol.

Henoniku anroputmy HacTynHi:

" BMKOPMCTOBYE MOBINIbHY OMepaLilo OKPyrneHHA (LbOro MOXKHA YHUKHYTW, AKLLO
BMKOPUCTOBYBATM iMiTaLLito onepau,ii 3 pikcoBaHOI TOUYKOIO);

" KOOPAWHATU KiHLEBOI TOYKM MOXKYTb ByTM HETOUYHUMY;

= yepes onepau,ito OKPYr/IEHHA 34iMCHIOETLCA HAKOMMUYEHHA MOMUIIKN.

5.2. AJroputm BPE3EHXEMMA /11 IOBYAOBH BIJPI3KA

Anroputm bpeseHxeiima ue yHAAMEHTANIbHUI MeToA Yy Komn'toTepHin rpadiui ana
anpoKcMmalii Bigpiska ApAMOI NiHIT 32 4ONOMOrod AUCKPETHUX niKcenis, LWo
3abe3neyvye NnpAMy Ta NaaBHY pacTepu3alito BiApi3ka Ha nikcenbHoMy agucnnei. bys
BUHanaeHun Jxekom bpesenxemmom y 1962 poui ta onybnikoBaHmin y 1965 poui.

Anroputm 6yB po3LIMPEHUN ANA NOOYAO0BM Kin, eninciB Ta KyBiYHMX | KBagpaTUYHUX
KpnBux besbe.

Nig, yac po3rnagy npuknagy ans anroputmy UOA, mym nobaumnm, wo Ha KOXKHOMY
Kpoui KoopaumHata X 3aBxau 36inbliyetbcAa Ha 1, a KoopauHata Yy MoXe
36inbwyBaTnCA Ha 1 ab6o Hi. To6T0 PaKTUYHO Ham NOTPIBHO AKMMOCb YNHOM BUPILLNTK
AKWM 3 ABOX BapiaHTiB 0bpaTh: yi=yi-14n yi=yi-1+1.

Ak i anroputm UOA, anroputm bpeseHxelima BUKOPUCTOBYE Haxwn Npamoi, ane 3
iHWOo meTol. bpeseHxem 3anponoHyBaB HA KOMHIM  iTepaulii paxyBaTu
HAKOMUYYBa/IbHY MOMWAKY BIAXMNEHHA Big Haxuay nNpAamol i Ha nigcTaBi LboOro
YXBa/1t0BaTU PilLIEHHA NPO Te, AKMM HACTYNHUM Nikcenb 06paTtu. MovyaTKoOBE 3HAYEHHA
nomunkum (dp) npuiimaerbca -1/2. B 3an1eXHOCTi Bif, TOro SAKMN 3HAK NMOMMU/IKM Ha
NOTOYHIN iTepauii 0bupaeTbCca OANH i3 ABOX NiKCeNiB ANA Nobya0BM NiHii.

5.2.1. DoPMAJIbHHH OITHC AJITOPUTMY

Po3rnAHemo anroputm Ana Bigpi3ka, WO NeXUTb B MNepLid MNONOBMHI nepLioi

KoopAWHaTHOI YBepTi (TOBTO B NepLIOMY OKTaHTi).

1. BBepaiTb no4aTKOBY (X1,Y1) Ta KiHLEBY (X2,Y2) TOYKM Bigpi3Ka NpsamMoi.

2. O6umcniTb pi3HMUIO MiXK KOOpAMHaTamMM X Ta Y KiHLEBMX TOYOK AK dX Ta dy
BiANOBIAHO.

3. 06umcnitb Haxun npamoi Ak m=dy/dx.

4. BcTaHOBITb MOYATKOBY TOYKY NPAMOI K (X1,Y1), @ MOYaTKOBY NOMUAKY dpe=-1/2.
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5. 3anycTitb UMKN 33 KoOopaMHaTamu X BiApi3ka Big MO4YaTKOBOI A0 KiHUEBOI,
36inbLYOYM iX HA OQMHULIO KOXKHOTO pa3y, Ta 06epiTb BigNoOBigHY KOOPANHATY Vi
B 3a/1€XXHOCTI BifZ, 3HaKy NOTOYHOI nomunku dpi. AKwo dpi<0O, To yi=Yi-1, iHaKwWwe
yi=Yi-1+1. AKwWo nomunka dpi20, Toai Big Hei NoTpibHO BigHATYK 1.

6. MobyayinTe nikcenb B 06YMUCNEHIN KOOpANHATI (X,Y).

7. Po3paxynTe OHOBAEHY MOMWAKY JAA HACTYNMHOrO KPOKy 33 <¢opmynoto
dpi+1=dpi+m. MoBTOpIONTE KPOKK 5 Ta 6, LOKM He Byae AOCATHYTO KiHLLEBOI TOUKM
(X2,y2).

AK 6aunmo 3 onucy anroputMmy, B HbOMY BMKOPUCTOBYHOTbCA AiNCHI YMCnia, age

HaXMN NPAMOI OBUYMCNIOETBCA AK AiNIeHHA ABOX BiACTaHeMW, MPUYOMY MEHLLOI Ha

6inblwy. Ane OCKiNIbKM BCi UMCNA, WO BMKOPUCTOBYHOTLCA Y pOpMynax € LiIMMN He

KOMMNAEKCHUMKU 4ncnamm, TO bBpeseHxerm 3anponoHyBaB BMKOHATM MPOCTY

apuPMeTUYHY Aito | MOMHOMKUTKU BCi 3MiHHI B PiBHAHHAX Ha 3HayeHHA 2dX. Toai mu

OTPMMAEMO HaCTyNHi dopmynu:

" no4yaTKoBa NomuKa: dpe=-1/2-(2dx)=-dx;

" Haxun npamoi: m=dy/dx-(2dx)=2dy;

" HacTynHa nomunka: dpi+i=dpi+m=dpi+2dy;
" BunpasaeHa nomuaka: dpi=dpi-1=dpi-2dx.

Tenep BCi popmyaun MiCcTATb nLe onepauii AoaaBaHHA abo BigHIMaHHA Linnx ymcen.

5.2.2. IIPHUK/IAJ BHKOHAHHSA AJITOPUTMY

Hexail 3agaHui Bigpi30OK y BiKOHHI cMCTEMI KOOPAMHAT 3 NOYATKOBO TOYKoto (1,2) i
KiHUeBO TouKoto (12,6) (puc. 5.11).

@ 1 2 3 4 5 6 7 8 9 1011 12 X
|

< OO U A W N R O®

Puc. 5.11. Bigpi30oK Ha MiKCceabHil peLuiTui
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Kpok 1. O6umcntoemo dx=(12-1)=11 ta dy=(6-2)=4.

Kpok 2. O6umncntoemo Haxun npamoi m=2dy=2-4=8 Ta 3a4aEMO NOYATKOBY MOMMUIIKY
dpe=-dx=-11.

Kpok 3. BcTaHOBNOEMO NoYaTKOBY TOYKY (1,2) i 3anyCcKaeMo LKA 32 KOOPAMHATO X
Big 1 oo 12 BKAOYHO (punc. 5.12). Xe=1, Ye=2.

© 1 2 3 4 5 6 7 8 9 10 11 12 X
>

< O U A W N P O

Puc. 5.12. [loyaTKOBa TOYKa Ha MiKCE/IbHIM peLuiTLi

Imepayia Nel. Po3paxoBYeEMO OHOBAeHy nomuAKy: dpi=dpe+2dy=-11+8=-3.
OCKiNbKM OHOB/NEHA NOMMJ/IKA MEHLUA 33 ©, TO NOTOYHI KoopAMHATK nikcensa byayTb:
X1=Xe+1=1+1=2, y1=yo=2 (puc. 5.13).

© 1 2 3 4 5 6 7 8 9 1011 12 X
-

< O U1 A W N P ©®

Puc. 5.13. MNikcei Bigpiska nic/ia itepauii N21
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Imepayia Ne2. Po3paxoByemMO OHOBAEHY MOMUAKY: dp2=dp1+2dy=-3+8=5. OcKinbKkn
OHOBJIEHa NOoMWAKa Oinbwa 3a ©, TO NOTOYHI KOOpPAMHATU nNikcensa O6yayTb:
Xo=X1+1=2+1=3, y,=y1+1=2+1=3 (puc. 5.14). Ockinbkn NnoxmbKa He Bia'€MHa, TO ii
noTpibHO oHoBUTU: dp2=dp2-2dx=5-22=-17.

@ 1 2 3 4 5 6 7 8 9 10 11 12 X
-

< O U1 A W N P ©®

Puc. 5.14. likceni Bigpizka nicaa itepadii N22

Imepayia Ne3. Po3paxoByemo OHOBAeHY nomunKky: dps=dp,+2dy=-17+8=-9.
OCKiNbKn OHOB/IEHA NOMMJ/IKA MEHLLA 33 ©, TO NOTOYHI KOOpAMHATK nikcena byayTb:
X3=X2+1=3+1=4, ys=y,=3 (puc. 5.15).

© 1 2 3 4 5 6 7 8 9 10 11 12 X
>

< O U1 A W N P O®

Puc. 5.15. Mikceni Bigpiska nicaa itepauii N23
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Imepayia Ne4. Po3paxoByeMo OHoOBAeHY NOMUAKY: dpa=dps:+2dy=-9+8=-1.
OcCKinbKM oHOB/IEHA MOMMIKA MEHLLA 3a O, TO NOTOYHI KOOpPAMHATK Nikcena byayTb:
Xa=X3+1=4+1=5, ys=y3=3 (puc. 5.16).

@ 1 2 3 4 5 6 7 8 9 10 11 12 X
o

< O 1 B W N P O

Puc. 5.16. Mikceni Bigpiska nicaa itepauii N24

Imepayis Ne5. Po3paxoByemo oHoBneHY NOMUAKY: dps=dps+2dy=-1+8=7. OcKiNbKM
OHOBNEHa nomuaKa binbwa 3a O, TO NOTOYHI KoopAMHATM nNikcena OyayTb:
X5=Xa+1=5+1=6, ys=ys+1=3+1=4 (puc. 5.17). Ockinbkn noxmbKa He BiA'eéMHa, TO ii
noTpibHO oHoBMTU: dps=dps-2dx=7-22=-15.

© 1 2 3 4 5 6 7 8 9 101112 X
o _
-
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. -y \
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w o

Puc. 5.17. MMikceni Bigpiska nic/a itepauii N25
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Imepayis N26. Po3paxoByeMO OHOBAeHY MomMUAKy: dpe=dps+2dy=-15+8=-7.
OCKiNlbKM OHOB/NEHa NOMMUIKA MeHLa 3a O, TO NOTOYHI KoopAMHATK Nikcena byayTb:
X6=X5+1=6+1=7, ys=ys=4 (puc. 5.18).

© 1 2 3 4 5 6 7 8 9 10 11 12 X
o >
S O R R s
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Y' ..................................................................

Puc. 5.18. MMikceni Bigpi3ka nicasa itepau,ii N26

Imepayis Ne7. Po3paxoByemo oHoBAeHY NOMUAKY: dp7=dp7+2dy=-7+8=1. OcKiNbKM
OHOBNEHa MNoMMuAKa binblwa 3a O, TO NOTOYHI KoopAMHATM nNikcena 6yayTb:
X7=Xe+1=7+1=8, y7=ye+1=4+1=5 (puc. 5.19). Ockinbkn NoxmbKa He BiA'eéMHa, TO ii
noTpibHo oHoBUTK: dp7=dp7-2dx=1-22=-21.

© 1 2 3 4 5 6 7 8 9 10 11 12 X
>

< O U1 A W N P O®

Puc. 5.19. lMikceni Bigpi3ka nicas itepauii N27
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Imepayisa Ne8. Po3paxoByeMo OHOBAeHYy NOMUAKY: dps=dp;+2dy=-21+8=-13.
OcCKinbKM oHOB/IEHA MOMMIKA MEHLLA 3a ©, TO NOTOYHI KOOpAMHATK Nikcena byayTb:
Xg=X7+1=8+1=9, ys=y;=5 (puc. 5.20).

@ 1 2 3 4 5 6 7 8 9 10 11 12 X
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Puc. 5.20. Mikceni Bigpiska nicaa itepauii N2 8

Imepayis Ne9. Po3paxoByemo OHOBAeHY NomMUAKy: dpo=dps+2dy=-13+8=-5.
OcCKiflbKM OHOB/NEHa NOMMU/IKA MeHLa 3a O, TO NOTOYHI KoopAMHATK Nikcena byayThb:
Xo=Xg+1=9+1=10, yo=ys=5 (puc. 5.21).

© 1 2 3 4 5 6 7 8 9 10 11 12 X
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Y' ......................................................................

Puc. 5.21. Mikceni Bigpiska nicaa itepauii N2g
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Imepayia Ne10. Po3paxOBYEMO OHOBAEHY NOMUAKY: dpie=dpe+2dy=-5+8=3.
OcKinbKM oHOB/IEHa NOMM/KA Binblua 3a ©, TO NOTOYHI KOOPAMHATK Nikcena byayTb:
X10=Xo+1=10+1=11, y10=yo+1=5+1=6 (punc. 5.22). Ockinbkn noxmbka He Big'emHa, TO
ii noTpibHO oHOBUTK: dp1e=dpie-2dx=3-22=-19.

@ 1 2 3 4 5 6 7 8 9 10 11 12 X
-

< O U1 A W N P ©®

Puc. 5.22. likceni Bigpi3ka nicasa itepauii N210

Imepayia Nell. Po3paxoByeMO OHOB/eHY Nomuaky: dpii=dpie+2dy=-19+8=-11.
OCKiNbKM OHOB/IEHa NOMW/IKa MeHLA 3a ©, TO NOTOYHI KOOPAUHATK NiKcens byayTb:
X11=X10+1=11+1=12, Y11=Y10=6 (pI/IC. 5.23).

© 1 2 3 4 5 6 7 8 9 10 11 12 X
>

< O U1 A W N P O®

Puc. 5.23. likceni BigpizKka nicaa itepaii N211
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ANrOpuUTM [OCATHYB KiHLEBOI TOYKM Bigpi3Ka, a TOMy 3akiHYMB cBoto poboTty. Y
NiACYMKY MU OTPMMa/IN NiKceni, Wo YTBOPIOOTb 3a4aHNI Biapi30K.

5.3. Aaroputm BPE3EHXEMMA /151 IOBY AOBHU KOJIA

Y pacTtp noTpibHO po3KNagaTU HE NULLE NiHiKHI, ane W iHWi, 6inbw cKNagHi PyHKL,I.
Po3KknagaHHO KOHiYHMX nepepisiB, To6TO Kin, enincis, napabon, rinepbon, 6yno
NPUCBAYEHO 3HAYHY KiNbKicTb pobiT. OaMH 3 Hanbinbw ePeKTUBHUX i NPOCTUX ANA
PO3YMiIHHA anroputmie nobyaoBu Kona Hanexutb bpesenxermy. OnAa nodvaTky
3ayBaXMMO, WO 3rigHO 3 UMM anropMTMOM, AOCTATHbO 3reHepyBaTWU TiIbKMU OAHY
YeTBEPTY YM HaBiTb OAHY BOCbMY YaCTMHY Kona. |HWIi MOro YaCTUHM MOXKYTb ByTH
OTPMMaHi NOCNIA0BHUMM BigobpaXKeHHAMM.

[NAa NOACHEHHA anropuTMy pPO3rAAHEMO NepLly YBEPTb KOMA 3 LLEHTPOM Yy MOoYaTKy
NiBOCTOPOHHbOI CUCTEMM KOOPAMHAT. 3ayBaXKMMO, WO AKWO poboTa anroputmy
noYymnHaeTbea B Touui (R,0), To nig yac reHepauii Kona 3a roAMHHMKOBOIO CTPINKOIO B
nepwomy KBagpaHTi X € MOHOTOHHO cnagHo PyHKUiE aprymeHTy Y. AHaNorivHo,
AKWO BMXigHOW Touykoto € (O,R), To mig yac reHepauii Kona NPOTU FOAUHHUKOBOI
CTPiINKM Y Byae MOHOTOHHO cnagHoto GyHKUiED aprymeHTy X. Y Hawomy BUNaaKy
BMOMpPAETbCA reHepauis 3a roOAMHHUKOBOK CTPiIKOKO 3 novatkom y Touui (R,0).
MNepenbayaeTbca, WO LEHTP KOMA i NOYATKOBA TOYKA 3HAXOAATbCA TOYHO B TOYKAX
pacTpa.

OTKe, ana byab-aKoi 3a4aHOi TOYKM HA KOAi, Nig Yac reHepauii 3a roAMHHUKOBO
CTPINKOIO, iCHYE TiIbKM TPX BapiaHTU BMOPATM HACTYNMHWUIN NiKCeNb, WO HaMKpaLMm
YMHOM HabnurKae Kono. Lle 34iNCHNTN enemeHTapHUI KPOK B OAHOMY 3 HACTYMHUX
HaNPAMKIB BiAHOCHO A0 NMOTOYHOro i-ro nikcena: ropmMsoHTanbHO niBopyd (Hi), no
AiaroHani (Si) Ta BepTuKanbHo BHU3 (Vi) (puc. 5.24).

PucC. 5.24. YacTuHa Ko/a B nepLluomMy KBagpaHTi (R — pagiyc Koa)
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3rigHO 3 anroputmom bpeseHxenMma Ana Kona, BUMBMpPAETbCA MiKcenb, AN AKOro
KBaApaT BiACTaHi MiXK OAHMM 3 UMX MOJIOXKEHb i KONOM € MiHiManbHUM, TOHTO
min(hi,si,vi), Ae hi= | x21-1+y2i—R2|, Vi= | x21+y21+1—R2| i Si= | X21-1+yzi+1-R2 |

Llo6 edpeKTMBHO BUPIWLMTM 3aAayy BM3HAYEHHA HACTYMHOrO MiKCens, Cno4aTKy
nepeBipAETbCA KBaApaAT BiACTaHi A0 AiaroHanbHoro nikcena (Di). B 3anekHocTi Bifg,
TOrO, UM NEeXUTb BiH BCEpeaMHi UM 30BHI peasibHOro Kona, 404aTKOBO NepeBipAETbCA
Pi3HMUA KBagpaTiB BiACTaHeM Big, Kona A0 MNiKceniB y ropu3oHTasibHOMY i
AiaroHasbHOMY HanpamKax, abo y BepTMKaNbHOMY i AiaroHaNbHOMY HanpsaMKax.
AKWO K BMABUTLCA, WO AiarOHAaNbHMW MNiKCeNb NEeXWUTb Ha KONi, ToAi OAHO3HAYHO
0bupaeTbca BiH. Ane wob6 3MEeHLWKUTHM Ki/IbKiCTb YMOBHUX PO3ra/ly*KeHb LEN BUNAAOK
MOXHa po3rnA4aTtm pa3om i3 O4HUM 3 ABOX NonepegHix.

KBagpaT BiACTaHi [0 AiaroHanbHOro nikcens Big NOTOYHOro 1i-ro  nikcens
BM3HAYAETbCA 32 POPMY/IOHD:

D; = x2, + y#, — R% (5.1)

Hac uikaBuUTb He abCcoNOTHE 3HAYEHHSA, @ AnLLIEe 3HaK Liel BeandynHKU. Axkwo Dio, 1o
AiaroHanbHa TOYKa (Xi-1,Yi+1) 3HAX0AUTbCA BCcepeaunHi Kona. OTKe mn maemo obpatu
MiXK giaroHanbHUMm (Si) Ta BepTMKanbHMM (Vi) nikcenamu. Onsa uboro nepesipnMmo
Pi3HMUIO KBagpaTiB BiACTaHEW BiA4 Kona [0 nNiKceniB y BepTUKaA/NbHOMY i
AiaroHasIbHOMY HanpAMKax:

dy =V; —5; = |x12 + Y — Rzl - |xi2—1 + v — Rzl' (5.2)

AKwo dy<O, To BiacCTaHb Big Kona A0 AiaroHanbHOro nikcena 6inblua, HiX A0
BepTMKanbHoro. | HaBnaku, Akwo dy>0@ — BiACTaHb A0 BepPTUKANbHOrO nikcena
6inbwa. Takum YnHom, y pasi dy<0 Bubupaemo Vi, a 3a dv>0 — Si. Y BMNagKy, Koam
dv=0, To6TO KoM BiACTaHb BiA, Kona A0 060X NiKceniB oAHaKkoBa, BUOMPAEMO
BEPTUKANbHUIA KPOK. KinbKicTb 0buyncneHb, HEObXigHUX ANA OLHKU BeNnYnHU dy,
MOXHa CKOPOTUTU, AKLLO 3aYBaXKUTK, WO X2i+Yy2i+1-R220, a X?i.1+y?%i+1-R?<0 y pasi
KONW AiaroHa/IbHUIM MNiKCeNb IEKUTb BCEPEAUHI KONa, a BEPTUKANIbHUN 332 MeXamu
Kona. Todi MoXHa npubpaTn Moaynb i CNPOCTUTM BUPa3:

dy = %7 + Y —R* +x7y + ¥}y —R* =2yl +x} +xi —2-R?

3aMiHMMO Xi Ha Xi-1+1, ToAj X?i=(Xi-1+1)?=X?i-1+2-Xi-1+1. Nigctasumo y dopmyny
Aans dy i OTPUMAEMO HacTymnHe:

dy=2-(x21+y41—R)+2-x_,+ 1

Tenep B Ay*KKax CTOITb BMpa3 Di i Mn moxkemo cnpoctntn ¢opmyny NoBEPHYBLUN Xi
3aMiCTb Xi-1+1:

d,=2-D;+2-x;_;+14+1-1=2-(D; +x;) — 1.

TakMM YMHOM [NA PO3PAXYHKY 3HAYEHHA dv MU BUMKOPUCTOBYEMO B)KE MOPAxOBaHe
3Ha4yeHHs Di, W0 3HAYHO CNPOLLYE PO3PAXYHKMU.
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AKLLO K BEPTUKANbHMIA MIKCENb TAKOXK NEXKMUTb B cepeanHi Kona, Toai x2i+y2i+1-R%<0
i X2i-1+y%i+1-R?<0. B ubomy BuNaakKy y pasi dv<@ subupaemo Vi, a 3a dv>0 — Si TaK
Camo, AK i paHiwe. OT)Ke Ham JOCTaTHbO NopaxysaTth dv 3a popmynoto:

AKkwo Di>0, To AiaroHanbHa TOYKa (Xi-1,Yi+1) 3HAXOAUTLCA 33 MeXKamm Kona. OTKe mu
MaeEMo 0b6bpaTn MiK giaroHanbHMM (Si) Ta ropusoHTanbHuUM (Hi) nikcenamu. Ona
LbOro MepeBipMMO pPIi3HULIO KBaApaTiB BigCTaHeM Big4 Kona A0 MiKcenis vy
FrOPU30HTA/IbHOMY | ZiarOHaIbHOMY HaMpPAMKaXx:

dp=5s;—h; = |xi2—1 + Yi2+1 - Rzl - |xi2—1 + Yiz - Rzl' (5.4)

Akwo dn<O, TO BiACTaHb Bi4 Kona A0 FOPU3OHTANbHOrO nikcena 6inbwa, HiX A0
AiaroHanbHoro. | HaBnaku, aKkwo dn>0 — BiACTaHb A0 AiaroHanbHOro Nikcena 6inbLua.
Takum 4nmHOM, y pasi dn<O BubUpaemo Si, a 3a dn>0@ — Hi. Y BunagKy, konm dn=0,
TO6TO KO/IM BiACTaHb BiA Kona Ao 06ox nikcenis ogHaKoOBa, BUBMPAEMO AiaroHaIbHUI
KPOK.

3acTocyBaBWM noAibHMIM nigxig, Wo i AnA BepTUKANbHOrO nNiKcena, OTPMMAEMO
cnpoueHy popmyny:

5.3.1. DOoPMAJIbHHUH OITUC AJITOPUTMY

Po3rnaHemo anroputm gna ayrv Kona pagiycom R 3 ueHTpom B Touu,i (0,0), Wo nexuTtb
B NEpPLUi KOOPAWHATHIN YBEPTi NIBOCTOPOHHBLOI CUCTEMU KOOPAUHAT.

3a4aTh NOYaTKOBY TOYKY 3 KoopauHaTamu (R,0): xi=R, yi=0.

2. AKwo Xi<0 3aKiHuMTM nobygosy.

3. 3a dopmynoto (5.1) nopaxysat napametp Di=(xi-1)?+(yi+1)2-R2.

4. Akwo Di<0, To paxyemo napametp d 3a popmynoto (5.3) d=2-(Di+xi)-1, a Toai B
3a1eXKHoCTi Big 3HaKy d paxyemo:

" yi=yi+l, Xi=Xi, AKWo d<0;

» yi=yi+l, Xi=Xi-1, Akwo d>0.

5. Akwo Di>0, To paxyemo napametp d 3a ¢opmynoto (5.5) d=2:(Di-yi)-1, a Toai B

3a/1eXKHOCTI Big 3HaKy d paxyemo:

yi=yi+l, Xi=Xi-1, akwo d<o;
" yi=yi, Xi=Xi-1, AKwo d>0.
6. [NOBTOPIOEMO 3 KPOKY 2.

Michs nobynoBu i€l uBepTi Kona ii MOXKHA BiAA3€pPKaANTU BiAHOCHO OAHIEl 3 ocel
KOOpAMHAT i oTpMmaTh niBKono. MoTim Biga3epKannUTh NiBKOAO i OTPUMATU NOBHE
KoJo.
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5.3.2. IIPHUK/IAJ BHKOHAHHSA AJITOPUTMY

Po3srnaHemo npuknaa nobyanosu YBepTi Kona 3 pagiycom 4. B sKOCTi No4aTKOBOI
BMBUMpPaemo TouKy (4,0) i pyxaemocs 3a rogMHHMUKOBOIO CTPINIKOI. NOTOYHMI NiKcenb
P1(4,0) noro mu To4HO 3adapboByemo. HacTynHUMKM KaHAMAATaMKM € TPU MiKceni:
ropusoHTanbHMn nisopydy Hi(3,0), aiaroHanbHui Si(3,1) Ta BEpPTMKaA/NbHUA BHU3
V1(4,1) (puc. 5.25).

e 1 2 3 4 5 X
-

H

Puc. 5.25. Bubip koopauHart nikcena P,

Imepayisa 1. Ana Toro, wob 3'acyBatu, AKMN 3 UKUX NiKceniB BUH6paTH, Ha nepLiomy
Kpoui, ckopuctaemocb popmynoto (5.1), i, TaKUM YMHOM, OBYUCANMO PI3HULLID MiXK
KBagpaTamu BiACTaHEW Bifg, LEHTpa Koja A0 AiaroHanbHoro nikcena Si(3,1) i Big,
LLeHTPa 40 TOYKM Ha KoAi R2. YHacniAoK OTpMMaEMO:

D, =32+12-42=9+1—-16 = —6.

OckinbKu 3HavyeHHs D1<0O, (aiaroHanbHMI NiKcenb 3HAXOAUTLCA BCepPeaMHi Kona), TO B
AKOCTI HacTynHoro cnig BubpaTtn abo nikcenb Si(3,1) abo nikcenb Vi(4,1). Ana Toro,
Wwob BM3HAYUTM, AKMMA 3 UMX MNIiKCEeNiB HaMKpawMm YMHOM HabaumKae Kono
nepexogMmo A0 KPOKYy HOMep ABa, 3rigHO 3 AKMM, 33 popmynoto (5.3), obumcntoemo
Pi3HMUIO KBagpaTiB BiAcTaHeW BiA Kona A0 NiKCeniB y BepTUKaNbHOMY Ta
AiaroHasIbHOMY HanpAMKax:

d=2-(D,+4)—1=-12+8—1= 5.

OTpuMaHe 3HayeHHA MeHlle 3a O, a OTXe HacTynHMM nikcenem obupaemo
BEPTUKabHWI Nikcenb P2=V1(4,1).

Imepayia 2. Jna BU3HAYE€HHA KOOPAMHAT TOYKM P3, aHANOrYHMM YMHOM, B AKOCTI
KaHANOATIB PO3rNALAEMO MiKCeni, Wo pOo3TallOoBaHIi FOPU3OHTANIbHO NiBOPYY, MO
AiaroHani Ta BepPTUKaNbHO BHM3 BiAHOCHO To4kM P2 (puc. 5.26).
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Puc. 5.26. Bubip koopauHar nikcena P;

3HoBY 3a ¢opmynoto (5.1) paxyemo pisHULIO MixK KBagpaTamu BiaCcTaHeEN Bif, LeHTpa
Ko/1a A0 AiaroHanbHoro nikcens Sx(3,2) i Big ueHTpa A0 TOUYKKM Ha Koni R2. YHacnigok
OTPUMAEMO:

D,=32+22-42=9+4—-16=-3.

Ockinbku 3Ha4yeHHA D2<0, (miaroHanbHMIM NiKceNb 3HAaX0AMUTLCA BCepeanHi Kona), To B
AKOCTi HacTynHoro cnig, Bubpatn abo nikcenb S2(3,2) abo nikcenw Vz(4,2). Ana Toro,
Wob BM3HAYUTM, AKUMA 3 UMX NiKCeNiB HaMKpaWMM YMHOM HabAUXKAE KOO
nepexoaumo A0 KPOKY HOMep ABa, 3riiHO 3 AKMM, 3a dopmyioto (5.3), obumncnroemo
Pi3HMUIO KBagpaTiB BiAcTaHeW BiA KoNa A0 NiKceniB y BepTUKaNbHOMY Ta
AiaroHaNbHOMY HanpAMKaX:

d=2-(D,+4)—1=-6+8—-1=1.

OTpumaHe 3HayeHHA binbwe 3a O, a OTKe HacTynHMM nikcenem obupaemo
AiaroHanbHUI nikcenb P3=Sy(3,2).

Imepayia 3. Ana BU3HAYEHHA KOOPANHAT TOYKM P4, B AKOCTI KAaHANAATIB PO3rNALAEMO
nikceni, Wo po3TaoBaHi FOPM30HTANbLHO NiBOPYY, NO AiaroHani Ta BEPTUKANAbHO BHU3
BigHOCHO TouKM P3 (puc. 5.27).

3HoBY 3a ¢opmynoto (5.1) paxyemo pisHULIO MiX KBagpaTaMu BiACTaHeN Bif, LeHTpa
Kona [0 AjiaroHanbHoro nikcena Ss(2,3) i 8ig ueHTpa A0 TouKM Ha Koni R2. YHacnigok
OTPUMAEMO:

D;=22+32—-42=4+9—16 = -3.

OckKinbKu 3HavyeHHs D3<0, (aiaroHanbHMM NiKcenb 3HAaXOAUTbLCA BCepPeaMHi Kona), TO B
AKOCTI HacTynHoro cnig BubpaTtn abo nikcenb S3(2,3) abo nikcenb Vi(3,3). Ana Toro,
Wwob BM3HAYUTM, AKUMMA 3 UMX MNiKCEeNiB HaMKpaWMm YMHOM HabaumKae Kono
nepexoaMmo A0 KPOKy HOMep ABa, 3rigHo 3 AKMM, 33 popmyoto (5.3), obumcntoemo
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Pi3HMUI KBaapaTiB BiAcTaHeW BiA Kona [0 NiKceniB y BepTUKaNbHOMY Ta
AiaroHafnbHOMY HanpAMKaX:

d=2-(D;+3)—-1=-6+6—1=—1.

Puc. 5.27. Bubip koopguHart nikcena Py

OTpvMaHe 3HauyeHHsi MeHWe 33 O, a OTKe HACTyMHUM nikcenem 06Mpaemo
BEpPTUKaNbHUI nikcenb Pa=V3(3,3).

Imepayis 4. AnA BU3HAYEHHA KOOPAWHAT TOYKU Ps, B AKOCTIi KAaHAMAATIB PO3r/IAAAEMO
nikceni, Wo po3TaloBaHi FOPU30OHTANbHO NiBOPYY, NO AiaroHani Ta BEPTUKA/IbHO BHU3
BiAHOCHO TOYKM P4 (puc. 5.28).

Puc. 5.28. Bubip koopauHar nikcens Ps
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3HoBY 3a dopmynoto (5.1) paxyemo pisHULIO MiXK KBagpaTaMu BiAcCTaHeN Bif, LeHTpa
Kona [0 AjiaroHasnbHoro nikcena Sa(2,4) i 8ig ueHTpa 40 ToYKM Ha Koni R2. YHacnigoK
OTPUMAEMO:

D,=22+42—-42=4+16-16 = 4.

OckKinbku 3HauyeHHA D4>0, (AiaroHanbHUI NiKCeNb 3HAXOANTLCA 3@ MEXKEID KO/a), TO B
AKOCTI HacTynHoro cnig BubpaTtn abo nikcenb Sa(2,4) abo nikcenb Ha(2,3). OAna Toro,
Wob BU3HAUUTWU, AKUMA 3 UUX MNIKCENiB HAMKpPaWMM YMHOM HABAMMKAE KOO
nepexoaumo A0 KPOKY HOMep ABa, 3riiHo 3 AKMM, 3a dopmynoto (5.5), obumncnroemo
Pi3HMUIO KBagpaTiB BiACTaHEM Big, KOMa A0 MiKCeniB y ropuM3oHTa/bHOMY Ta
AiaroHanbHOMY HanpAMKaXx:

d=2-D,—3)-1=8-6—-1=1.
OTpumaHe 3HauyeHHA binbwe 3a O, a OTKe HaCcTynHMM nikcenem obupaemo

ropM3oHTaNbHUM Nikcenb Ps=Ha(2,3).

Imepayia 5. AnA BU3HAYEHHA KOOPANHAT TOUYKU Ps, B AKOCTI KAaHAMAATIB PO3rIAAAEMO
nikceni, Lo po3TawoBaHi FOPM30HTANbLHO NiBOPYY, NO AiaroHani Ta BEPTUKANbHO BHU3
BiZAHOCHO TOYKM Ps (puc. 5.29).

Puc. 5.29. Bubip KoopguHaTt nikcens Ps

3HoBY 3a ¢opmynoto (5.1) paxyemo pisHULIO MiX KBagpaTaMu BiACTaHeN Bif, LeHTpa
Kona [0 AjiaroHanbHoro nikcena Ss(1,4) i Big ueHTpa 40 TouKM Ha Koni R2. YHacnigoK
OTPUMAEMO:

De=12+42-42=1+16-16=1.

OckinbKu 3HayeHHs Ds>0, (aiaroHanbHUI NiKceNb 3HAX0AMUTLCA 32 MEXel Kona), To B
AKOCTI HacTynHoro cnig BubpaTtn abo nikcenb Ss(1,4) abo nikcenb Hs(1,3). Ana Toro,
Wwob BM3HAYUTM, AKUMMA 3 UMX MNiKCEeNiB HaMKpaWMm YMHOM HabaumKae Kono
nepexoaMmo A0 KPOKy HOMep ABa, 3rigHo 3 AKMM, 33 popmynoto (5.5), obumcntoemo
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Pi3HMUIO KBaApaTiB BiACTAaHEM BiA KONAa A0 MIKCEeNiB y ropuM3oHTaNbHOMY Ta
AiaroHafnbHOMY HanpAMKaX:

d=2-Ds—3)—1=2-6—-1=-5.
OTpvMaHe 3HayeHHA MeHlWe 3a O, a OTKe HaCcTynHUM nikcenem obupaemo

AiaroHanbHWI nikcenb Pe=Ss(1,4).

Imepayis 6. AnA BU3HAYEHHA KOOPAWHAT TOUYKM P7, B AKOCTIi KAaHAMAATIB PO3r/IAAAEMO
nikceni, WO po3TawoBaHi FOPM30OHTANbLHO NIBOPYY, NO AiaroHaNi Ta BEPTUKANbHO BHU3
BiAHOCHO TOYKM Ps (puc. 5.30).

Puc. 5.30. Bubip KoopguHar nikcens P,

3HoBY 3a ¢opmynioto (5.1) paxyemo pisHULIO MiXK KBagpaTamMu BigcTaHeEN Bif, LEHTPa
Ko/1a A0 AiaroHanbHoro nikcens Se(0,5) i BiAg, LeHTpa A0 TOUKKM Ha Koni R2. YHacnigok
OTPUMAEMO:

Dg=0%2+52—-42=0+25-16=0.

OckinbKu 3HauyeHHs De>0, (AiaroHanbHUI NikceNb 3HAX0AMUTLCA 32 MEXKetl Kona), To B
AKOCTi HacTynHoro cnig, Bubpatn abo nikcenb Se(0,5) abo nikcenb He(0,4). Ana Toro,
Wwob BM3HAUUTM, AKMK 3 UMX MNiKCeNiB HaMKpawMm YMHOM HabamKae Kono
nepexoaMmo A0 KPOKYy HOMep ABa, 3rigHo 3 AKMM, 3a popmynoto (5.5), obumcnoemo
Pi3HMLIO KBaApaTiB BiACTaHEW Big Kona A0 MiKCeniB y ropu3oHTalbHOMY Ta
AiaroHa/IbHOMY HanpAMKax:

d=2-(Dg—4)—1=18—-8—-1=09.

OTpumaHe 3HayeHHA binblwe 33 O, a OTKe HaCTyNnHUM nikcenem ob6bMpaemo
ropuM3oHTaNbHMI Nikcenb P7=He(0,4).

3Ha4yeHHA KoopauHatK X CTano AOPIBHIOBATM O, a OTXKe aAroputm 3aKiHYMB CBOMO
poboTy i M1 NobyayBanu YBepTb KOJ1a B NepLIOMy KBagpaHTi (puc. 5.31).
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Puc. 5.31. Pe3yabtaT nobya0Bu 4YBepTi KONA

AK BXKe 3a3Havanoca, ansa Nobyf0BM NOBHOMO KOMA AOLiZIbHO BUKOPUCTATM OnepaL,ito
BiAA3epKaseHHA Nobya0BaHOI YBEpPTi Kona.

3ANMATAHHA 119 CAMOKOHTPOJIIO

Hasiwo noTpibHi anropntmun pactepmsad,ii?

AKi anropuTMn NobyaoBM Bigpi3Ka BM 3HAETE?

B yomy nepesara anroputmy bpeseHxeima Hag anroputmom LIJA?

Ana nobynosu akux piryp moxHa moandikysatn anroputm bpesenxenma?

v WD

AKY MiHiMaNbHY YaCTMHY KONa A0CTaTHbO NObyAyBaTH anroputMmom bpeseHxelima
o6 BiATBOPUTM NOBHE KONO?
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6. OnyKJiIl OBOJIOHKH

OnyKna 06010HKa MHOXMHM TOYOK S Lie HaliMeH LA ONyKAa MHOXMHA, WO MiCTUTb S.
o6 HarnagHo yaBUTK cobi Le NOHATTA ANA KiHLEBOI MHOXMHM TOYOK S NpUNyCcTMMO,
LLLO UA MHOXMHA OXON/eHa BE/IMKOK PO3TArHYTOK rYMOBOIO CTPiYKow. Koau cTpivka
3Bi/IbHAETLCA, TO BOHA NpuiMae GopmMy ONyK10i 060IOHKMW.

6.1. AJIrOPMTM IOBY/ZI0BU ONYKJIOI OBOJIOHKU HA IJIOIIHHI

Ana Toro, wo6 3HaWTU Onykay OOO/NIOHKY KiHUEBOI MHOMMHW TOYOK, MOTPIGHO
BMKOHATW HACTYMHi ABa KPOKW.

1. BW3HAUYMTU KpaKHi TOYKW.
2. YnopAagKyBaTy Lii TOYKM TaK, W06 BOHM yTBOPHOBAAN ONYKANIM BAraTOKYTHUK.

Bu3Ha4yeHHA. TOYKa p OMNYKNOT MHOXUHW S HA3MBAETLCA KPAMHbOO, AKLLO He iCHYE
napu TOYOK (a, b) € S TakmMx, WO p NEXNTb Ha BIAKPUTOMY Biapi3Ky ab.

HeobxigHa Teopema, fika A03BO/IUTb HAM MEPEBIPATH, UM € AeAKa TOYKA KPalHbOLO.

Teopema. ToUYKa p He € KPANHLOK NAOCKOI BUNYKAOT MHOXWHM S Auvwwe Togi, Koau
BOHA NE€XNUTb B A€AKOMY TPUKYTHUKY, BEPLUMHAMM AKOrO € TOYKM 3 S, ane cama BOHA
He € BEPLUMHOI LbOro TPMKYTHUKA (puc. 6.1).

P1 p2

Puc. 6.1. latocTpauia 40 BU3HAYEHHSA He KPaMHbOI TOYKU

Lia Teopema nopac iaeto anroputmy BUAANEHHA TOYOK, AKI He € KpanHimu. € O(N3)
TPUKYTHUKIB, WO BM3HAYatoTbCA N TOUKaMU MHOXUHU S. TepeBipKa HAaNeXHOCTi TOYKMU
334aHOMY TPUKYTHUKY MOXKe OyTM BUKOHAHA 3a AeAKe NOCTiHe YNCN0 onepaLin, Tak
wo 3a yac O(N3) MOKHa BM3HAUUTM, UM € TOYKA KpamHbOl. [MOBTOPEHHA Uj€i
npoueaypu ana Bcix N TO4OK MHOXKMHU S Bumarae Yacy O(N%). Xoya TaKkuit anroputm
HeedeKTUBHUIN, BiH NPOCTUIM B iA€MHOMY MNAHI | NOKA3YE, WO BM3HAYEHHA KPaMHiIxX
TOYOK MOKe ByTn BUKOHAHEe 3a KiHLEBY KiNlbKiCTb KPOKIB.

Konn KpalHi TOYKM BM3HaAYeHi, NOTPIiOHO iX AKOCb BNOPAAKYBaTH, W06 oTpumatm
onykny 06010HKy. CeHC LbOro NOPAAKY BU3HAYAETLCA HACTYNMHUMMU TEOPEMAMMU.

Teopema. MNpoMiHb, O BUXOAMTb 3 BHYTPILLHbOT TOYKM 0bMerKkeHOT onykaoi ¢irypu F,
nepeTMHAE KOpAOH F TOYHO B OAHIN TOuL.
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Teopema. [NocnifoBHI BEPLUMH ONYK/I0r0o 6araToKyTHMKA PO3TaLLOBYHOTLCS B MOPAAKY,
O BiAMNOBIAAE 3MiHi KyTa BiAHOCHO OYAb-AKOI BHYTPILUHbOT TOUYKMW.

YABiTb NPOMIiHb, WO BUXOAUTb 3 AEAKOI BHYTPILWHbOI TOYKM  6araTOKyTHMKA P i Wwo
0b6xoauTb BepwnHM BaraTtokyTHMKa P B nopaaKy pyxy NpoTu rogMHHMKOBOI CTPINKMY,
NOYMHAIOYUM 3 NONIOXKEHHA, WO CNiBNajace 3a HANPAMOM 3 NO3UTUBHUM HAaNPAMOM OCi
X cuctemun KoopamHat. MNMpoTArom pyxy Bif, BEPLWMHM A0 BEPLUMHM MOJAPHUA KYT
MPOMEHIO0 MOHOTOHHO 36inblyeTbeA. Came Le Manocsa Ha yBasi, KoM TOBOPU/IOCA NPO
Te, WO BepLKnHM baraToKyTHUKa P «BnopsakoBaHi» (puc. 6.2).

Mopsagok obxoay
NPOTMN TOANHHUKOBOI
CTPINKK

Puc. 6.2. BepwnHm 6aratokyTHMKa P BNOpAAKOBaHI BigHOCHO TOYKM q

AKWoO 3a4aHi KpanHi TOYKN AEAKOT MHOMXUHU, TO MOro BUMNYKAY O0DOIOHKY MOXKHa
3HANTKN, BMOpPABLUM TOYKY (, NPO AKY BiAOMO, WO BOHA € BHYTPILUHbOI TOYKOMD
000/10HKM, | ynopaaKyBaBLIM NOTIM KpaWHi TOYKKW BiANOBIAHO A0 NOAAPHOro KyTa
BIAHOCHO (. Y AKOCTi TOUYKM  MOKHa B3ATU LEHTPOI4 MHOXWHU KPaMHiX TOYOK: Aobpe
BiJOMO, LLLO LEHTPOIA MHOXWUHWN TOYOK € BHYTPILLHbOK TOYKOH ONYK/10i 060/IOHKM.

LeHTpoia MHOXWMHM 3 N TOYOK B ABOBMMIPHOMY NPOCTOPI MOXKe OyTu nerko
obuncneHun 3a O(N*k) apudmeTnyHux onepauiii. Npexem 3anNpPOMNOHYBaB iHLIWM
MeTOoA, 3HAXOAKEHHA BHYTPIWHbOT TOYKN, BIiAMITUBLLN, WO LIIKOM AOCTaTHbO Y3ATU
LEeHTPpOoia byab-AKMX TPbOX HE KOJliHEAaPHMX TOYOK.

6.2. AjsroputMm I'PEXEMA

AnropuTtm 3 yacom BuKoHaHHA O(N?) He A03BONTL 06POBAATU AyKe BenuKi Habopw
AaHUX. AKWO 4YacoBi XapPaKTEPUCTUKM MNOBUHHI OYyTM MOKpaLLEHi, TO Le MOXKHa
3p0buTn, abo yCyHyBWIM HAANMLWIKOBI OBYMCNEHHA B HAsBHOMY anroputmi, abo
BMOPaBLUM iHWKMA TEOPETUYHUI Nigxia. Y ubomy niapo3aini mm AocniaXyemo Hauw
aNIrOPUTM 3 TOYKM 30PYy HAABHOCTI B HbOMY HEMOTPIGHNX ob4YncneHb.

6.2.1. TEOPETHYHI ACIIEKTH AJIFTOPUTMY

Yn TaK HeobxiaHO NepeBipATU BCi TPUKYTHUKK, LLLO BU3HAYEHI MHOXKMHOIO 3 N TOYOK,
o6 Ai3HATUCA, UM NEeXUTb AeAKa TOYKA B SKOMYCb i3 HMX? AKLWLO Hi, TO € HagiA, Wo
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KpalHi TOYKM MOXKHa 3HAWTK 3a Yac, meHWwu Hixk O(N?). Mpexem B 0AHIN 3 nepLumx
pobiT y 1972 poui, cneuianbHO NPUCBAYEHUX MNUTAHHIO PO3POOKN edPeKTUBHUX
reoMeTPUYHUX aNTOPUTMIB, MOKA3aB, WO BUKOHABLUM 3a34aneriab COPTYBaHHA TOYOK,
KPaMHi TOYKU MOXKHA 3HANTU 33 NiHIMHWI Yac. BUKOPUCTAHNIA HUM MEeTOA CTaB AyrKe
NOTY*XHMM 3acobom B obnacTi obuncntoBanbHOI reomeTpil.

MpunNycTMMO, WO BHYTPIWHA TOYKA BXKe 3HaWAEeHa, a KOOPAMHATM iHWWX TOYOK
TPUBiIaIbHUM YNHOM NEePETBOPEHI TaK, W0 3HANAEHA BHYTPILWHA TOYKA BUABMIACA Ha
MOYaTKy KOOpAWHAT. YNopAagKyemo nekcukorpadiyHo N TOYOK BignosigHo A0
3HAYEHHA NONIAPHOro KyTa i BiACTaHi Big NOYaTKy KOOPAWHAT.

Mig 4ac BUKOHAHHA COpPTYBaHHA He MOTpPibHO obuymcnoBaTM AINCHY BiACTaHb MiXK
ABOMa TOYKAMM, OCKIZIbKM MNOTPIOHO Auwe nopiBHATU ABi BeNUYMHU. MOXKHa
npaLtoBaTU 3 KBagpaATOM BiACTaHi, YHMKAOUYM TMM CamMMMm onepauii BngobysaHHA
KBagpaTHOro KOpeHA, afie AaHUM BMMAAOK LWe NPOCTilWni. MNopiBHAHHA BigCTaHeEN
HeobXiAHO BMKOHYBATM /iMWE Y BUNAAKY, AKWO ABi TOYKM MalOTb OOMH i TOM Ke
NONAPHUN KyT. Ane ToAi BOHM NexaTb Ha OAHIM NPAMIA 3 NOYATKOM KOOPAWHAT, i
NOPIBHAHHA B LLbOMY BUMAa4Ky TPUBiIanbHe.

MopaBwKM BNOPAAKOBAHI TOYKU Yy BUrNAAI ABiYI 3B'A3aHOr0 KinbLEBOro CAMUCKY
OTPMMYEMO CUTYaLitO, WO NOKa3aHa Ha puc. 6.3. 3BepHiTb yBary: AKWO TOYKA He €
BEPLWMHOK ONyKNOi OBOSIOHKK, TO BOHA € BHYTPIWHbLOK TOYKOK ANA AEAKOro
TpUKyTHUKa (Opq), 4e p i g — nNoOCnigoBHi BepwUHU OnNyKAoi 06010HKKU. CyTb
anroputmy [pexema nonAarae B OAHOKpPATHOMY nepernagi  BnNOPAAKOBAHOI
NOCAIAOBHOCTI TOYOK, B NPOLECi AKOro BUAANAKTLCA BHYTPIWHI TOYKU. Ti TOUKHK, AKI
3a/IMLLNANCA € BEPLUMHAMM ONYKN0i 060N10HKK, WO NoAaHi B NOTpiObHOMY nopsaakKy.

P1

Mopapok
obxony
TOYOK

Puc. 6.3. I/mocTtpauia go aaroputmy 'pexema

Mepernag NOYMHAETLCA 3 TOYKU, LLO MOMIYEHA AK MOYATOK, B AKOCTI AKOI MOXHa
B3ATW Hahbinbw npaBy 3 HAMMEHLIOK OPAMHATOI TOYKY 3 AAHOI MHOMWHMW, fAKa
3aBig0OMO € BEPLUMHOK ONYKN0i 06010HKK. TPilikKK nocnifoBHMX To4YoK BaraTo pasis
nepeBipaTbCA B NOPAAKY 06xo4y NPOTU FOAMHHMKOBOI CTPINIKM 3 METOH BU3HAUMUTH,
YTBOPIOKOTb YN Hi BOHWU KyT, Binblwimin abo piBHUIN T. AKWO BHYTPILWHIN KyT pip2ps3
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6inblie abo piBHMM T, TO TOBOPATD, L0 P1P2pP3 YTBOPIOKTb «MPaBUii MOBOPOTY, iHAKLIE
BOHMW YTBOPIOKOTb «NiBUIA MOBOPOTY.

3 onyknocTi 6araTokyTHMKa 6e3nocepegHbO BUXOAMTb, WO NpPM MOro obxoai
pOBUTMMYTBLCA ANLLIE NiBi NOBOPOTU. AKLLO p1p2p3 YTBOPHOKOTL NPaBUiM NOBOPOT, TO P2
He MoxKe ByTW KpamHbOK TOYKOM, OCKIJIbKM BOHA € BHYTPIWHbOK AN TPUKYTHUKA
(Op1p3). 3anexHo Bif pe3ynbTaTy NepeBipKM KyTa, WO YTBOPKETLCA MOTOYHOH
TPiINKOK TOYOK, MOX/IMBI ABA BAapiaHTU NPOLOBXKEHHA Nepernaay:

= p1p2pP3 YTBOPKOKOTb NPaBUIM NOBOPOT. BUaanntn BepLlunHy p2 i NepeBipuTH TPINKY
Pep1ps.

= pip2p3 YTBOPIOKOTbL NiBUIN NOBOPOT. [pOoJoBKUTM nepernag, nepemwoslwmn Ao
nepeBipKu TPINKKU P2p3pPa.

Mepernazg 3aBepLlyeTbCA TOAI, KON 0BINWOBLUN BCi BEPLUMHKN, 3HOBY NPUXOAMMO Y
BEPWMHY MNOYATOK. BiamiTmmo, wo BepwmnHa MOYATOK HIKON HE BUAANAETLCA,
OCKiNNbKM BOHA € KPaMHbOIO TOYKO | TOMY NPM BiAX0Ai Ha3aA nicna BUAANEHHA TOYOK,
MM HEe 3MOXKeMO MiTU Aasi 33 TOYKY, nonepeaHto Touui NoYaToK. MpocTMn aHani3
MOKA3yeE, WO TaKUM Nepernag BUKOHYETbCA NMLIe 3a NiHiIMHKMM 4Yac. lNepeBipKa KyTa
MoOre OyTM BMKOHAHA 3a ¢iKkcoBaHe (MOCTiMHE) yncno onepauint. MNicna KoXKHOI
nepesipkM BiabyBaeTbcA abo npocyBaHHA Ha OAHY TOYKYy (BMmagok 2), abo
BMAANAETLCA TOYKA (BMNagokK 1).

OCKiNbKM MHOXMHA MicTUTb Anwe N TOYOK, TO NMPOCYBaHHA Bnepes He MoXKe
BiabyBatmuca binbw N pasiB, AK He moxe byTn BuaaneHo i Hinbwe, Hix N TOYOK.
Po3rnaHyTMin meton obxony KOHTYpy 6araTOKyTHMKA € HACTiIIbKM KOPUCHUM, LLO
Hagani MM Ha3MBAaTUMEMO MOro anroputmom obxoay pexema (aHr. Graham Scan).
Onykna obonoHKa N TOYOK Ha NAOWMHI moxe 6yTn 3HalaeHa 3a Yyac O(N log N) 3
npocTtopoBoto cKAaaHicTio O(N) Ta BUKOPUCTAHHAM Auve apudMeTUYHUX onepau,ii i
NOPIBHAHb.

6.2.2. MoauoIkALld EHaPIO

B anroputmi Mpexema BUKOPUCTOBYIOTbLCA NONSPHI KOOPAMHATH, LLO MOXKe byTU He
3pYy4YHO B AEAKMX cUCcTEMaX. EHApIo 3anponoHyBaB aIrOPUTM, LLLO 4,03BOJIAE 3an0birtu
LboMy.

Hexal Ha nnowmHi 3agaHa MHOXMHA 3 N TOYOK. BU3HAUMMO crnoyaTky Moro nisy i
npaBy KpakHi Toukn 1 i r (puc. 6.4) Ta nobyayemo npamy, WO NpoxoauTb Yepes Ui
TOYKU. TOYKM, WO 33aAUWKNAUCA, PO3OMBAIOTLCA HA ABi MIAMHOMUHU (HUMKHIO i
BEPXHIO) 3aN€XKHO Big, TOro, NO AKY CTOPOHY Big, NPAMOI BOHM PO3TALLOBYHOTbCA —
HUX4ye abo Buwe npAMoi. HWKHA NiAMHOXMHA NOPOAKYE NaMaHy (HWXKHIO
060/10HKY, abo H-060M10HKY), MOHOTOHHY BiAHOCHO oci X. Tak camo BepxHSA
NiAMHOXMHA NOPOAKYE aHANOTIYHY NamaHy (BepxHt0 060/10HKY, abo B-060/10HKY), a
06'eAHAHHA LMX ABOX TAMAHUX JA€E ONYyKAy 06010HKY 3a4aHOI MHOXUHM.
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BepxHa
NiAMHOXWNHA

o HuKHA
o NiAMHOXMHA

Puc. 6.4. lnroctpauia go aaroputmy EHapto

Po3rnaHemo nobyaoBy BepxHbOi 06010HKK. TOYKM BNOPAAKOBYOTHCA BigMNOBIAHO A0
3pocTaHHA abcuucn i 40 OTPUMaHOI NOCNIAOBHOCTI 3aCTOCOBYETbCA MeToa obxoay
lpexema. 3a TaKoro niaxoay Bianaaae HeobXiAHICTb B TPUTOHOMETPUYHUX onepaLiax.
BiamiTMMO, WO NPOMOHOBAaHWM NiAxia € He WO iHWe, AK OKpeMuh BUNAAOK
BMKOPMUCTAHHA MOYaTKOBOro metody [pexema, Konm TovKa (, WO cniBnaga€ 3
MOYaTKOM KOOPAMHAT, BUOUPAETbCA HECKIHYEHHO BigganeHow Yy Big'emHomMy
HanpAMKY (-o0) no oci Y, Tak Wo B LUbOMY BMMNaZKYy BMOPSAAKOBaHICTb 33 abcumncoto
36ira€eTbcA 3 BNOPAAKOBAHICTIO 33 NONAPHUM KyTOM. He anBnaymce Ha Te Wwo, AK byno
NMOKa3aHo, aAroputm Fpexema € onNnTUMasbHUM, fIK i paHiwe € 6arato NpUYKH AnA
NPOAOBXKEHHA [OCNIAKEHHA 3a4a4i NP0 ONyKAy 0O60N0HKY.

1. Po3rnaHyTMit anroputm € ONTMMA/IbHUM B HaMWriplwomy BWUMNaAKy, ane MU He
BMBYM/IM MO0 NOBEAIHKY B CEPEeAHbOMY.

2. Anroputm 3acTOCOBHMW Aulle A[na  ABOBMMIPHONO MNPOCTOPY i He Mae
y3ara/JibHEeHHA Ha BUMaA0K NPOCTOPIB BULLOT PO3MIiPHOCTI.

3. ANroputm He € BIAKPUTMM anropuTMOM, OCKiIbKM BCi TOYKM MHOMKUHW MalOTb
6yTH BigOMI A0 NoYaTKy poboTH anroputTmy.

4. 3a MOXAMBOCTI NapanenbHoi 06pobKM 6inbll ePeKTUBHUM € PEeKYPCUBHUIM
anropuTm, WO AO0MYCKAE pPO3bUTTA NOYATKOBOro 3aBAAHHA i JAHMX HA MeHLWi
nig3anaui.

6.2.3. DOPMAJIbHUH OIIUC AJITOPUTMY

lpexem y cBOiN pobOTi BMKNAB TEOPETMYHI ACMEKTU aNropuTMy, a Tenep Mwu
PO3rNAHEMO AKMM YNHOM MOro peanizyBatv NPaKTUYHO. [leAKi KPOKN OpPUTiHANbHOTO
aNropuTMy MOMKHa ONYCTUTM Mif Yac peanisaLii, a COpTyBaHHA 3a NONAAPHUMU KyTamm
MOXKHa BUKOHATK 6€e3 3HaX0AKEHHSA CaMMX KyTiB. BUKOHaHHA aNIrOpUTMY CKNafa€eTbCA
3 TAKUX N'ATU KPOKIB.

1. Cepepn 3a4aHOi MHOXXMHM TOYOK 3HANTU TOUKY Po, 3 HaMMeEHLWOO KoopauHaToto Y.
AKLWO TaKMX TOYOK AeKiNbka, TO 06paTu cepen, HUX Ty, WO MAE HaMMeEHLy
KoopauHaty X. Llei KpoK mae yacoBy cknagHictb O(N).

2. BiacopTyBaTM BCi TOYKM 33 MNONAPHUM KYTOM BIiAHOCHO MOYATKOBOI TOYKMW.
3Ha4yeHHA KyTiB He NOTPIbHO paxyBaTW — HAC LiKaBUTb /iNlLIE OPIiEHTALA TOYOK
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oAHa BiAHOCHO OAHOI, TOBTO AKA 3 ABOX TOYOK, LLO PO3rNAAaOTbCA, YTBOPHOE
Ginbwnii KyT 3 Biccto X. TYT MM MOXKEMO BUKOPUCTATU OyAb-AKMA anroputm
COpPTYBaAHHA 3 YacoBoto ckaagHicTio O(N 1og N).

3. lNepeBipAEMO BiACOPTOBAHMMA CMUCOK HA HAABHICTb KONIHEAPHWUX TOYOK. AKLLO
3HANAEHI KONHeapPHi TOYKK, TO 3a/IMLLIAEMO B CMINUCKY /IMLLE TOYKY, WO € HaNbiNbL
BiZL4aNEHO0 Bif, NOYaTKOBOI TOYKM Po. Lleit Kpok mae yacosy cknagHictb O(N).

4. TMepuwiABi TOYKK Y BifCOPTOBAHOMY CNIMUCKY 3aBXKAN € TOYKaMM ONYKI0i 06ONOHKN.
CTBOPIOEMO CTEK AN1A TOYOK OMNyKA0i 060/IOHKK | AOAAEMO B HbOro nepui Agi
TOYKM 3i CMUCKY.

5. [nA KOXKHOT HAaCTYNHOT TOYKM B CMUCKY NEPEBIPAEMO AKMIA NOBOPOT BOHA YTBOPHOE
3 4BOMA TOYKAMW HA BEPLUMHI CTEKY. AKL,0 NOBOPOT NiBMN, TO AOLAEMO NOTOYHY
TOYKY B CTEK, AKWO NPaBUi — BUAANAEMO TOYKY 3i CTeKy. [1poaoBKYEMO L0
nepeBipKy ANA BCiX TOYOK Y CNUCKY. Llel Kpok mae yacosy cknagHictb O(N).

CTpYKTypu Q[aHuX, AKi HeobxigHi ANnA BWMKOHAHHA aNropuTMy Ue CIUCOK ANs
Bi,COPTOBAHUX BEPLUMH i CTEK AN1A BEPLUMH ONYK/I0i 06O0NOHKMW.

[OnAa CcOpTyBaHHA TOYOK 3@ MNONAAPHMM KYTOM i 3HaXO4XKEeHHA MNOBOpPOTIB
BMKOPMUCTOBYETHLCA OAMNH | TOW e meToga, Wwo byB po3rnAHyTui B naparpacdi 1.4 yboro
Nigpy4YHUKA.

[OnA 3Haxo4KeHHA HaMBiA4ANEHIWOI 3 KONIHEAPHMX TOHOK BUKOPUCTOBYETLCA MPOCTA
dopmyna EBkimoBOI BiacTaHi mixk Toukamm: (x; — x,)% + (y; — y,)2.

6.3. AJTOPUTM [)KAPBICA

BaraToKyTHMK 3 04HAKOBMM YCMiXOM MOKHa 3a4aTh BNOPAAKOBAHO MHOXMHOI fK
Moro pebep TaK i Moro BeplmMH. B 3aBgaHHi Npo onykny 060/0HKY MU 40 UMX Nip
3BepTan yBary rol0BHMM YNHOM Ha i30/1bOBaHi KpalHi TOYKK. A WO KOAW 3aMiCTb
LbOro cnpobyBaTh BU3HAUYMTU pebpa onyKnoi 060N10HKK, UM NpuBeae TakUi nigxig Ao
CTBOPEHHS MPAKTUYHO NPUAATHOrO anroputTMy? AKLLO 3aaHa MHOXUHA TOYOK, TO
[OCUTb BaXKKO LIBUAKO BU3HAYUTU UM € AeAKa TOYKa KpaliHboto. MpoTe AKWo 3a4aHi
ABi TOUYKM, TO 6e3nocepesHbO MOXHA NEPEBIPUTH, YN € BiAPI30K, LLO iX CMOAYYaE,
pebpom onyKknoi 06010HKMN.

6.3.1. TEOPETHYHI ACIIEKTH AJIFTOPUTMY

Teopema. Binpi3oK 1, 10 BU3HaYEHU BOMaA TOYKaMK, € peB6POM ONyKN0i 060/TOHKK
TOoAi i AMLWe ToAi, AKLWO BCi iHLWI TOYKM 3a4aHOI MHOXUHU nexkatb Ha 1 abo 3 oaHiei
CTOPOHM BiA, HbOrO (puc. 6.5).
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Puc. 6.5. Pebpo onyk10i 060/10HKM

Pebpo onyK/0i 060/10HKM HE MOXKe PO3AiATY MHOXUHY TOYOK Ha YaCTUHU:

" pqg € pebpom onyKnoi 060/IOHKK, OCKINbKM BCi TOUKM MHOMKMHWN PO3TALLOBYHOTHCS
Nno o4HY CTOPOHY Bif, HbOTO;

" p'q' He € pebpom onyKnoi 060N0HKKN, TOMY WO NO 0O6UABI CTOPOHM Bif, HHOTO €
TOUKMW.

[KapBic BiAMITMB, LLO LLEM aNTOPUTM MOXKHA NONINWNTK, AKLLO BPaxyBaTU HACTYNHUMA
daKT. AKLLO BCTAHOBNEHO, WO BiAPi30OK pg € pebpom 06010HKM, TO NOBUHHE iCHYBATH
iHWe pebpo 3 KiHuem B Touui . B noro po6oTi 1973 poKy NOKa3aHo, AK BUKOPUCTATH
uen ¢pakr, wob smeHWnTM HeobxigHmit yac o O(N?).

Anroputm [rKapsica 06xoaMTb onykay 06010HKY Mo Koay (3Biacu i HasBa — obxia,
metogom [Ixkapsica), NOPOAKYE B MOTPIOHOMY MOPAAKY NOCNIAOBHICTb KpanHix
TOYOK, MO OAHIM TOYLi Ha KOXKHOMY KpoLi (puc. 6.6). Takum ynHom byay€eTbCs YacTMHA
onyknoi 060/I0HKM (lamaHa NiHiA) Big HAMMEHLLOI B IeKCnKorpadiyHOMY Nopsaaky
TOYKM (p1 Ha puc. 6.6) o0 Halbinblwoi B NeKcMKorpadiyHOMY NOpPAAKY TOUYKM (pa Ha
TOMY X PUCYHKY). MobyaoBa onykn0i 060/1I0HKN 3aBepPLUYETLCA 3HAXOAKEHHAM iHLWOT
NlaMaHoi, TaKoi, Wo nae 3 Hanbinbwoi B nNeKcukorpadpiyHomy nopaaKy TOYKM B
HaNMeHLWYy B IeKCUKOorpadiyHOMY NOPAAKY TOYKY. 3BarKatoum Ha CUMMETPUYHICTb LMX
ABOX eTaniB HeobXiAHO 3MIHWUTK Ha NPOTUNEKHI HANPAMKK OCel KoopAUHAT i MaTh
cnpasy Tenep 3 NOAAPHMMU KyTaMn, HAMMEHLLUMMW BiAHOCHO HEraTUBHOIO HaNpPAMY
oci X.
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Puc. 6.6. latocTpauia 4o aaroputmy Axapsica

Anroputm  [)KapBica 3HaxoAuTb MNOCNIAOBHI BepwWMHU OOONOHKM  LLIAXOM
H6araTtoKkpaTHOro obumncieHHA Kyta noBopoTy. KoXKHa HOBa BepLUMHA BU3HAYaETbCA 3a
yac O(N).

HarmeHWwuWn Kyt moxke O6yTW 3HANAEHWUIA 3 BUKOPUCTAHHAM nuvlie apuPpmeTUdyHmUx
onepawin Ta NOPiBHAHb, HE BAAKYUCb A0 ABHONO 06YMC/NEHHA 3HAYEHb MOASPHUX
KyTiB. OCKiZIbKK BCi N TOYOK MHOXMHU MOXYTb JIEXKAaTU HA MOro onyKAnin 060NoHLi
(byTn ii BEpLUMHAMMK), @ anropuTm [)KapBica BUTPAYa€E Ha 3HAXOAKEHHA KOXKHOI TOUKHK
060/10HKM NiHIMHWIA Yac, TO YaC BUKOHAHHA aATOPUTMY B HaMripLoMmy BUNaaKy PiBHUM
O(N?), wo ripwe, Hix B anroputmy Fpexema. AKLLLO B AiINCHOCTI YNC/IO BEPLUMH ONYKAOT
06010HKM piBHe h, To Yyac BMKOHaHHA anroputmy Oxkapsica 6yae O(hN), i BiH ayxe
epeKTUBHUI, KONW 3a3ganeriap BiAOMO, WO 3HavyeHHA h mane. Hanpuknag, AKwo
060/10HKa 334aHOi MHOMUHU € BAraTOKYTHUKOM 3 AOBiIZIBHUM MNOCTIMHUM YUCAOM
CTOPiH, TO Ti MOXHa 3HANTK 3a NiHIMHKUN Yac BiAHOCHO YMCNA TOYOK.

I[HWe popeyHe TyT 3ayBa*KeHHA NOAArae B TOMY, LLO igeA MNOLWYKY MNOCAIAO0BHUX
BEPWNH OBONIOHKM 33 AonNomoroto 6araTOKpPaTHOro BMKOPUCTAHHA Npoueaypu
BU3HAYEHHA MIHIMAaNbHOrO KyTa IHTYITUBHO QaCOLIOETbCA i3  3aropTaHHAM
OBOBMMIpHOro npegmeTty. Hacnpasgi anroputm [JyKapsica MOXHa po3rnagaty Ak
ABOBMMIPHWUIA BapiaHT niaxoAdy, 3aCHOBAHOrO Ha iAel «3aropTaHHA MNOAAPYHKY»
3anponoHoBaHoro YaHgom i Kanypom we go nossu pobotu [rKapsica. Metop
«3aropTaHHA NOAAPYHKY» 3aCTOCOBHMM TAaKOX Y BMUMNALKY NPOCTOPIB, A€ PO3MIPHICTb
6inblwa 3a aBa.

6.3.2. DOPMAJIbHUH OITUC AJITOPUTMY

BMKOHAHHA anroputmy [)KapBica CXOXe Ha BMKOHAHHA anroputMmy COpPTyBaHHA
«bynbbawKoo» — B 060X BUNagKax M1 3HAXOANMO HaMMEHLUUIA eNeMEHT | A04AEMO
MOro Yy BiACOPTOBAHMIN CAMCOK. AKLWO MW BUKOHYEMO 0bOXxia meTtogom [Kapsica 3a
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rOAMHHUKOBOK CTPINIKOK, TO WOpPa3y WYKAEMO Hanbinblw NiBy TOYKY cepepn BCiX i
A0A3EMO i B CMMCOK BEPLUMH ONYKA0i 060N0HKMN.

MNocnifoBHICTb BUKOHAHHA anroputmy [Ixapsica BK/IHOYAE YOTUPU KPOKMU, WO NOAAHI
HUXKYe.

1. B 3agaHihi MHOMWHi TOYOK 3HAXOAMMO TOYKY 3 HAaMMEHLIOK KoopAuHaTol X
(nosHaummo i p). OCKiNbKM U TOYKa 6yae rapaHTOBaHO TOYKOK OMyKAOi
060/10HKU, TO AOAAEMO i B CMMCOK TOYOK OMYKN0T 060N0OHKM.

2. 3HaxoAMMO HarbinbLl NiBy TOUYKY BiAHOCHO TOYKM P. 114 LLbOro 3HAXO04MMO TOYKY,
WO po3milteHa nicna p (HazBemo ii ) Ta NepeBipAEMO UM YTBOPIOE MpPaBUi
noBOpOT 3'€AHaHHA Bigpi3KiB pq Ta qJj (e j ue 6yab-AKa iHWa TOYKA MHOXMUHN).
AKLW,0 YyTBOPEHMI MOBOPOT € NPaBUM, TOAI TOYKA J CTAE TOUYKOI (. TaKUM YMHOM
TOYKA g PYXAETbCA AOKU He CTaHe B HalbinbL nisoto. MNicna nepernagy BCix TOYOK,
A0A3EMO TOYKY ( B CMUCOK BEPLUMH ONYKA0i 0OONOHKMN.

3. Tenep TOYKa ( CTAE TOUYKOIO P i MOBTOPHOETLCA KPOK 2.
4. T1OBTOPHOEMO KPOKMU 2 i 3 NMOKMN HE AOCATHEMO NOYATKOBOI TOUYKMW.

CTpPYKTYypM Q[OaHuUX, fKi HeobxigHi ANs BUKOHAHHA anropuTtMy Le CAUCKU ANs
BiZLICOPTOBAHUX BEPLLMH i BEPLUNH ONYK/I0i 060N0HKMN.

[nA 3Haxo4KeHHA NOBOPOTIB BUKOPUCTOBYETLCA TOM CaMMN METOA, WO i B a/ITOPUTMI
pexema.

6.4. IIBUAKWII METOZ IIOBY/]OBH ONYKJIOi OBOJIOHKH

LBnaKnin meton po3bmeae MHOXKUHY S 3 N TOYOK Ha ABi NiIAMHOMXWUHU, KOXKHA 3 AKUX
MIiCTUTUME OAHY 3 ABOX JlaMaHWX, 3'€AHAaHHA AKUX A3€ OAraTOKyTHUMK OMyKOi
06010HKK. MNoYyaTKkoBe PO3OUTTA MHOMKMHM BM3HAYAETLCA MPAMOIO, WO MNPOXOAUTb
yepes ABi To4kKu 1 Ta r, WO MatoTb BiANOBIAHO HaMMeEHLLY i HanbBinbLuy abcuncu (puc.
6.7), TaK camo, K i y BapiaHTi anroputmy pexema, 3anponoHoBaHomy EHAptO.

S(1)

Puc. 6.7. laocTpauia 40 WBMAKOro metoay nobys0BM ONyK/10i 060/N10HKM
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No3Haunmo uepes S nigMHOXMHY TOYOK, po3TalloBaHMX BuLLe abo Ha NPAMIN, Lo
npoxoauTb yepes 1 Ta r, a yepes S? cumeTpUYHMM YMHOM BU3HAYEHA MiAMHOMMHA
TOYOK, PO3TALLOBaHUX HMXKYe abo Ha Til XKe camin npamiin.

Ha KoXXHOMY noganbliomy Kpoui 06pobka MHOMH, nogibHmx SV i S BukoHyeTbCA
HaCTYNHUM YMHOM (ONA KOHKPETHOCTI MU po3rnaHemo mHoxuHy S Ha puc. 6.7).
BusHaummo Touky h, ans akoi TpukyTHUK (h1r) mae makcMmanbHy naoLly cepea BCix
TpukyTHUKIB {(plr): peSW)}, a AKLLO TaKkMX TOUOK Binblue HiX 04Ha, TO BUBMPAEMO Ty
3 HuX, B AKoi KyT (hlr) 6inbwmin. BigmiTmo, Wo Toyka h rapaHTOBAHO HaneXxuTb
onyknin obonoHui. [iNcHO, AKLWO NPOBEeCTU 4yepe3 TOYKY h npamy, napanenbHy
Bigpi3Ky 1r, TO BMLE L€l NPAMOI He BUABUTLCA }KOLHOI TOUKM MHOXUHU S. MOXKNMBO,
OKPiM TOYKKM h Ha L NpAMIN BUABAATLCA iHWI TOYKM 3 MHOXMWHM S, ane, 3rigHo i3
3pobneHnm Hamum Bubopom, h € Hanbinbw niBoto 3 HUX. OTKe TouKa h He moxe ByTH
noAaHa y BUrnaai onyknoi KombiHauii ABOX iHWWX TOYOK MHOMKUHM S.

MoTim 6yaytoTbea ABi npami: oaHa L1, HanpasneHa 3 18 h, iHwa L, — 3 h s r. ns
KOXHOT TOUKM MHOXKMHM S BU3HauaeTbCA i NON0XEHHA BifHOCHO LMX npammx. AcHo,
LLLO XOZHA 3 TOYOK He 3HAX0AMUTbCA OA4HOYACHO NiBOPYM AK Big L1, TaK i Big L2, Kpim
TOro, BCi TOYKK, pO3TalLlOBaHi NpaBopyy Big, 060X NPAMMUX, € BHYTPIWLHIMM TOYKaMU
TPUKYTHUKA (1rh) i Tomy moxyTb 6yTK BuaaneHi 3 nogansoi o6pobkn. Touku, wo
po3TaloBaHi 3niBa Big L1 abo Ha Hil (i po3TawoBaHi NnpaBopyd Big L2), yTBOpIOOTH
MHoXxuHY SV ananoriyHo yTeOploeTbca MHOMMHa ST, YTBOpeHi MHOXMHKM ST T3
S12) nepepaloTbcA Ha HaCTyMHWI piBeHb pPeKypcuBHOi 06pobku. Lleir metop
BMKOPUCTOBYE npoueaypn obYMCneHHs naowi TPUKYTHUKA Ta BU3HAYEHHA
NONOXEHHA TOYKM BIAHOCHO NpAMOI. KOXHa 3 uMx npouenyp BUMAra€e AeKinbKox
onepaui CKNaAaHHA | MHOXKEHHS.

Anroputm B cepeaHbomy mae yac pobotn O(N 1og N), a B Haripomy — O(N?).

6.5. AJITOPUTM AIIPOKCUMALIi ONYKJ/IOi OBOJIOHKH

3amictb BMBOpY anroputmy nobyaoBu onyknoi 0H6ONOHKM Ha niacTtaBi Moro
CK/IaAHOCTI B cepeaHboMY, MOXHa MiTM NO a/ibTEPHATUBHOMY LLAIAXY, PO3P06AAIOUM
anroputmMmn, WO OyayloTb anpoKcumauii ans  peanbHoi onyknoi 06010HKM,
PO3MiHIOKYM TUM CAMMM TOYHICTb HA NPOCTOTY Ta ePEKTUBHICTb aNropmuTmy. Takmnn
anNropuTm mir 61, 3o0Kkpema, byTn AyrKe KOPUCHUM ONA 3aCTOCYHKIB, Ae HeobxigHo
WBUAKO OTPMMATU PpillEeHHA, XepTBYHUYM 3apagMm LbOro HaBiTb TOYHICTIO. Tak,
HanpuKknag, Uue € MNPUAHATHUM B NPUKNAAHIN CTAaTUCTULi, A€ pe3ynbTaTu
cnocrtepeXXeHb He € TOYHUMM, a BiJOMI 3 AeAKOK TOYHICTIO.

Po3rnAHemo oguH 3 TakKMX aNrOpUTMIB 4N NAOCKOro sMnaaky. OCHOBHa igea uboro
aNropuTMy MNpPOCTa i NOMATAE B TOMY, WOO BUOKPEMMUTU 3 MHOMKMHU TOUYOK OEAKY
NiAMHOXMHY, OMNyKna 000/IOHKA AKOi i cayryBaTMMe anpOKCMMALED OMNyKANOoi
000/10HKM 334aHOi MHOXMHM TOYOK. [1poTe KOHKPEeTHa CXema BUOKPEMIEHHSN
anpPOKCUMYIYOT NiIAMHOXMHM TOYOK, AKa byae obpaHa Aani, FPYHTYETbCS HA MoAeni
obuuncneHb, BiAMIHHIM Big TUX, WO PO3rnAganmca paHiwe. A came, B LbOMYy po3Aifi
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byae nepeabavaTnca, Wo GyHKLiA B3ATTA LiN0T YaCTUHM BXOANTb 40 CKAAAY MHOXMHM
NPUMITUBHMX OnepaLii.
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Puc. 6.8. I10CTpaLis 40 aAroputMmy anpoKcumalii BUnyK/a10i 060/10HKu: (a) —
334aHa MHOXMHA TOYOK Ha M/IOLLMHI, B AKiM BUOKPEM/IIOIOTb Hanbi/bLL AiBi Ta
Halbi/bLW npasi TO4YKK; (6) — pO3OUTTA MHOKUHM TOHOK Ha YAaCTUHU B 33/1€XKHOCTI
Bi, Ha/1I€XKHOCTI TX 40 OAHI€l 3 K CMYr Ta BU3HAYEHHA B KOXKHIi CMY3i TOYOK 3
EKCTPEMa/IbHOK OpAMHaTOM; (B) — Hab/MKeHa onyK/1a 060/10HKa.

Ha nepwomy Kpoui anroputmy LWYKaTb MiHIManbHE i MaKCMMasibHe 3Ha4YeHHA
KOOpAMHATN X TOHOK MHOXMHMK (pUc. 6.8, a), a NOTiIM BEPTUKAZIbHA CMYTra MiX HUMM
PO36MBAETLCA Ha CMYrM piBHOI wWupuHK. Ui k cmyr yTBOptOlOTH NOCNIAOBHICTb
«AWMKIBY, B AKNX ByayTb po3nogineHi N TO4OK 3a4aHOi MHOXUHK S (A15 UbOoro AKpas
i 3HaA06UTbCA DYHKLiS B3ATTA LiN0T YacTUHMK). [Ticna Uboro B KOXKHIM i3 CMYT LWYKatOTb
ABi TOYKM, WO MaAIOTb MiHiMasIbHe i MaKCMMa/ibHE 3HAYeHHA KoopanHaTh Y (puc. 6.8,
6). Kpim Toro, BMbmnpatoTbCA TOUKN 3 EKCTPEMANIbHUMM 3HAYEHHAMN KOOPANHATHK X.
AKLW,0 0gHe N Te K eKCTpemMasibHe 3HaYeHHA Mo KoopAMHaTI X MatoTb Bigpasy AeKiNbKa
TOYOK, TO 3 HMX BMOMPAOTbCA TOYKU NMWE 3 MIHIMANbHOK | MaKCMMaNbHOO
KoopanHaTamu Y. TaKUM UMHOM, Pe3y/IbTyroua MHOXMHA (S7), MiCTUTb He Binblue Hix
2k+4 Toyok. Hapewri, 6yayeTtbca onykna o06ONOHKA MHOMMHM S*, AKka €
anpoKcumauieto 060N0HKM 3a4aHOi MHOXMHM (puc. 6.8, B). BigzHaummo, wo
060/I0HKa AKa BUILLNG, HACNPABAI € NIMLIE anPOKCUMMALLIED: Y NPUKNagi Ha puc. 6.8
(B) oAHa 3 TOYOK 334aHOT MHOXXWHU NeXKUTb N03a NobyaoBaHO 06010HKOIO.

OnucaHW TYT KOPOTKO METOoJ, HaA3BMYaNHO NPOCTUMA B peanisauii. BkasaHi k cmyr
nogatotbca macneom 3 (k+2) enemeHTiB (HynboBui i (k+1)-1 enemeHTH MicTATb ABI
TOYKM 3 EKCTPEMAIbHUMM 3HAYEHHAMMN KOOPANHATU X BignoBiAHO Xnin Ta Xnax). LLLO6
BM3HAUYUTU CMYTy, B fAKY MOTPANAfA€E AeAKa TO4YKa p, HeobxigHo BigHATM Big Xp
MiHiManbHe 3Ha4YeHHA KoopauHaTU X (Xmin) i pO3AIAMTKA pi3HULLO, WO BUMLWAAG, Ha
(1/Kk)-y 4acTUHY pi3HULI 3HaYeHb KoOpAMHAT X eKCTpeManbHUX TOYOK. B3sswn uiny
YaCTMHY Bif, OTPMMAHOrO pe3y/ibTaTy, OTPUMAEMO HOMEP CMYTU, AKA MIiCTUTb TOYKY.
MorKHa napanenbHO LWYKAaTU MiHIMYM i MAaKCMMYM B KOMHill CMy3i, OCKiNIbKM AnA
KOXHOI TOYKM NEepeBipAETbCA, UM BUXOOUTb BOHA 3@ MEXi MOTOYHWUX 3HAYEHb
MaKCMMyMy Ta MiHIiMymy. AKWO ue Mae micue, BiabyBaeTbcA HeobxigHa 3miHa B
MacuBi. | HapewTi, MOXXHa BUOpPaATH 3pY4YHMI B LbOMY BMNAAKY aAroputm nobyaosu
ONYyKN0i 060/I0HKM: O4EBUAHO, LLLO HaMbBINbL 3py4HMM € BapiaHT anropmutmy Fpexema,
3anponoHoBaHMi EHAPIo. BiAMITUMO, O TOYKM MHOXMUHM S* Maiixe BNopsAAKOBaHi
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MO 3HaYeHH KoopauHath X. LLlo6 oTpumaTh NOBHICTIO BNOPAAKOBAHY MHOMMUHY,
HeobXiAHO NuLe NOPIBHATU B KOMKHiM CMy3i 3HAYEHHA KoopAMHaTM X ABOX TOYOK
MHOMMHM S™, WO HanexaTb Ui cMys3i.

3ANMATAHHA /191 CAMOKOHTPOJIIO

AK BU po3ymieTe NOHATTA «onyKkna 06010HKa»?

AKi OCHOBHI KPOKM Byab-AKOro anroputmy nobyaosm onyKioi 06010HKK?
Onuwitb anropntm NobyaoBM onyknoi 060N10HKKU 32 meTogom [pexema.
Onuwitb anropntm NobyaoBu onyknoi 060N10HKKU 32 meToaoM [Kapsica.
Ha yomy rpyHTyeTbCA NobyA0Ba ONYKI0i 060NIOHKM LWBUAKMM METOL0M?

o vk wnNneE

OnuwiTte anroputm Nobyao0BM anpPoKCMMAaLLii ONYK10i 060NOHKM.
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7.  TPIAHTYJIALII

TpiaHrynayia — nnaHapHUi rpad, BCi BHYTPIiLWHI 061aCTi AKOrO € TPUKYTHUKAMMU.

3aodaua. Ha nnowmHi 3aaaHo N Toyok. 3'egHaTH iX BiApi3Kamm, WO He NepeTnHaTbCA
TAaKUM YMHOM, WOH KOXKHa 3 obnacten ycepeanHi onyknoi 060/10HKM LLIET MHOXUHMU
TOYOK Oyna TPMKYTHUKOM.

lpad TpiaHrynauii MHOXXWHM 3 N TOYOK, € NNaHAaPHMUM, Ma€E He binbw 3*N-6 pebep.
Pe3synbTaTtom po3B'A3KY CHOPMYNbOBAHOI BULLE 3a4a4vi NOBUHEH OYTU MiHIMym —
CNUCOK LnX pebep.

BiAMITMMO Ba)KNMBICTb TpiaHrynAuil ANA YMCENbHUX 3aCTOCYHKIB, WO MNOB'A3aHi 3
iHTEepPNONALED NOBEPXOHb, AIK B 3a4a4ax rpadiyHoro BifobpaKeHHA AaHUX, TaK i B
334a4ax 4YMCenbHoro adanisy. [puKnag BUKOPUCTAHHA: anroputm nobyaosu
nepeTtuHy 6aratorpaHHUKIB NOTPebye BUKOHAHHA NonepeaHboi TPiaHTy AL NOBEPXHI
H6araTorpaHHUKIB.

7.1. MKAJIBHA TPIAHTYJIALIA

«agibHMn» metoa — Ue TaKMI MeToa, Nif, Yac AKOro HiKO/IM He CKAacoBYHOTLCS Te,
o BXe 6yno 3pobneHo paHiwe. TaKMM YMHOM, XaaibHu meTon TpiaHrynauii
NOCNiAOBHO MOPOAXKYE pebpa TpiaHrynaauii (no ogHomy 3a pa3) i 3aBepliye uen
npouec nicna Toro, AK NopoAKeHa HeobxiaHa KinbkicTb pebep, AKa MOBHICTIO
BM3HAYAETbCA PO3MIPOM MHOXMHM TOYOK Ta MOro OMyKAoi 060/0HKM. AKWO meTa
NonAra€e y MiHimisauii cymapHoi goBXuHU pebep, TO BCe, WO MOXHa 3pobuTH,
BUKOPMUCTABLUM XaAibHUN meToa, Lie 3aCTOCYBaTU NOKANIbHUIN KpUTEpii, AoAatoun Ha
KOXXHOMY €eTani HalMeHLLe 3 MOXXAMBUX pebep, CymicHe 3 paHile NOopoaAKeHUMU
pebpamu, TO6TO TaKe, WO HE NEPETUHAE XKOLHE 3 HUX.

ANroOpUTM «KagibHOoi TpiaHrynALii» BUKOHYETLCA B TaKi NOCNiAOBHOCTI:
1. [OnA KOXHOT TOYKM BU3HAYAETbCA BiACTaHb (KBaApaT BifCTaHi) A0 iHWNX TOYOK.

2. CnunCoK YyTBOPEHUX TaKUM YMHOM pebep (RO) copTyeETbCA 3a 3POCTAHHAM A0BXKUHM
pebep.

3. Nepuwe pebpo (3 mMiHiManbHOI AOBXMHOW) 3aNUCYETbCA B CnMCOK pebep TIN-
moaeni (RT).

4. [na KOXKHOro pebpa MHOXMHM RO npoBoauTbCA TECT NepeTuHy 3 pebpamu
MHOXWHM RT. AKWO pebpo He NepeTMHAETbCA 3 pebpamm MHOXUHKU RT, TO BOHO
A00a€ETbCA A0 MHOXUHM RT. [InAa N TOYOK npouec 3aBepLllyeETbCA KON KisIbKICTb
pebep B MHOXUHI RT gocarHyna uncna (3*N-6) abo nicns 3aBeplueHHA TECTYBaHHA
BCiX pebep MHOXMHU RO.

5. Ha mHoOXMUHi pebep RT PopmyloTbCs TPUKYTHUKU BY3NO0BUM METOAOM, AKUM
3BOAMTbCA A0 NOLWYKY pebep iHUMAEHTHUX KOXKHIM TOYLi 3a4aHOi MHOMXWHMU Ta
CYMiXKHUX pebep A0 HUX, AKi 1 YTBOPIOKOTb NiAMHOMKUHY TPUKYTHUKIB BiANOBIAHOI
TOYKM By3na. KOXKHUIN TPUKYTHUK B LK mogeni nogaeTtbea y surnagi (i, j, k) —
IHOEKCIB MOYAaTKOBUX TOYOK, AKi € BEPLUMHAMWU TPUKYTHUKA.
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YacoBa ckiagHicTb KagibHoro anroputmy cknagae O(N2 1og N). Y 38'A3Ky 3 uym Ha
NPaKTULi LEN aifOPUTM MalKe He 3aCTOCOBYETHCS.

7.2.  TPIAHTYJIALIA JEJIOHE

LLInpoke 3acTocyBaHHA B KOMN'IOTEPHIM rpadiui oTpMmana TpiaHrynauia, Wo Ha3BaHa
Ha YecTb PagAHCbKOro MaTtemaTuka bopuca Mukonatiosu4a enoHe. BiH B 1934 poui
y npaui, npuceBAYeHin nam'ati matematuka . . BopoHoro, cpopmyntoBas Teopemy
NPO NOPOXKHUCTY KY/tO, AKA CTOCOBHO ABOBUMIPHOrO NpoCTopy GPOPMYNHOETLCA TaK:
cucmema B83AEMO3B8'A3QHUX MPUKYMHUKIB, WO He [epexkpusaromecsa, MaAE
HalmeHwulU diamemp, AKUW,0 HOOHQ i3 8epWUH He rnornadae 8 cepeduHy #OOH020 3
Kisl, 0NUCAHUX HaBKO/10 yMBOPEHUX MPUKYMHUKIB.

TpiaHrynauia lenoHe — e BMNyKAa TPiaHTyAALiA, WO 3340BOIbHAE YyMOBI [lenoHe,
cbopMy/IbOBaHIN B TEOPEMi MPO NOPOXKHUCTY Kyto (puc. 7.1).

Puc. 7.1. Tpianryasauia [lenoxHe

Tpianrynauia [enoHe pobpe 36anaHcoBaHa — i TPUKYTHUKM NpAMYOTb A0
PIBHOCTOPOHHIX, @ CUCTEMA TPUKYTHUKIB 3aBKAM MAE OMYKNY FPaHULLIO.

TpiaHrynauia JenoHe € ABoOICcTOO A0 Aiarpam BOpoOHOro — AKWO MU Bi3bMEMO
LLEHTPU OMUCAHUX KiN HAaBKONO TPUKYTHUKIB [leNioHe i 3'e4HAaEMO iX, TO OTPMMAEMO
diazpamy BopoH020, AKa CKNAAa€eTbCA 3 6a2amoKymHukie BopoHo20.

baraToKyTHUK BOPOHOro — reomeTpmyHe micue TOYOK Ha NAOLLMHI, LLO 3HAaXo4ATbCA
6anKye A0 3a4aHOi TOYKM P, HiXK A0 6yab-aKoi iHWOI To4YkM Pi. CyKymHICTb UMX
6araToKyTHUKIB YTBOPIOE Aiarpamy BopoHoro (puc. 7.2).

Puc. 7.2. liarpama BopoHoro

7.2.1. IIEPEBIPKA YMOBH /IEJIOHE

Ona nobyaosu TpiaHrynauii [enoHe HeobxigHO NepeBipATU OTPUMaHI napu
TPUKYTHUKIB HAa BUKOHAHHA ymoBU [lenoHe. Ha npaKTuui BUKOPUCTOBYETLCA AEKiNbKa
cnocobiB Takoi NepeBipKu:
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" nepesipKa Yyepes pPiBHAHHA ONMCAHOro KOANa;

" nepeBipKa 3 ONMCAHUM KOJIOM, WO BUPaAXyBaHe paHille;
" nepeBipKa CyMM MPOTUNEKHUX KYTIB;

" MmoaumdikoBaHa NepeBipKa CYMU NPOTUNEIKHUX KYTIB.

Po3rnaHemo AeTanbHO NepeBipKy Yepes pPiBHAHHA ONUCAHOro Kosa. PiBHAHHA Kona,
L0 NPOXOAUTb Yepes TPU TOUKK @, b, C MOXKHa 3anucaTh y BUrNA4i BUSHaAYHUKa:

[Xa Yo x5+yi 1]
EA Yo X+ Vi 1]
Xe Yo xe+yi 1
x oy x*+y? 1
o6 BM3HAYMTM pO3TallyBaHHA A0BiINIbHOI TOYKM d BiIAHOCHO 33a4aHOro Kona,
HeobxiaHO NiaAcTaBUTH iT KOOPANHATU B PIBHAHHA KOa:
2 2
Xag Yo Xotyvi 1
‘ “ Czl C; Xq — Xq Ya_Yd(xa_xczl) ya_y(%
A= |*p Vb xp +yp 1| _ 2 2
= 2 |— Xp —Xa Yp —Ya(Xp —%3) ¥Yp — Vil

lxc Ye xetye 17 Ve — ya(ts —x3) . — y2
Xg Vg xczl_l_yé 1 c d c d\Ac d c d

AKWoO A=0, Uue 03Ha4ae, WO To4YKa d NexuTb Ha Koni, yTBOPEeHOMY TOYKamu a, b, c.
AKWO A>0, TouKa d HaNeXXnUTb Kony, AKWO A<O — He HaNeXUTb.

7.2.2. AJITOPHUTMH MMOBY/]0OBH TPIAHTY/IA1LII /IE/IOHE

ICHy€e [OCUTb BENWKA KiNbKicTb anroputmis nobyaosu TpiaHrynauii JenoHe. barato 3
HWUX BUKOPUCTOBYOTb OnepaLito giny.

®nin — nepebynoBa ABOX TPUKYTHMKIB MO HAaMMEHLIOMY CyMiKHOMY pebpy (puc.
7.3).

E—

Puc. 7.3. ®ain pebpa CymixKHUX TPUKYTHUKIB
Bci anroputmu nobyposu TpiaHrynAuii [lenoHe MOMKHA pPO34INNTM HA YOTUpPU
KaTeropii:
1. ITepaTMBHI aAropMTMM — 3aCHOBAHI HA MOKPOKOBOMY A04aBaHHI TOYOK B YXKe
nobyaoBaHy TpiaHrynauito.
2. ANroputTmMm 3AUTTA — 3aCHOBAHi Ha pPO36UTTI 3a4aHOI MHOMWMHW TOYOK Ha
NiAMHOXWHU, 3 HACTYMHOO TPIAHIYNALIEID KOXKHOI 3 HUX Ta 3IMTTAM pe3y/bTaTiB.

75



3. Anroputmn  npaAmoi nobygoBu — OyayloTb TiNbKU  Ti TPUKYTHUKWK, AKi
3340BOIbHAOTbL YMOBI [lenoHe i Tomy He noTpebytoTb nepebynosu.

4. [BonpoxigHi anroputmm — Oyab-AKMM aNrOpPUTMOM CNoYaTKy bOyayeTtbea
TPiaHIyNALiA, @ HA HACTYNMHOMY NPOXOAi 34IMCHIOETLCA NepeBipKa TPUKYTHUKIB.

KoXHa 3 BKa3aHMX KaTeropin po3ainAaeTbCA Ha AeKinbKa nigkaTeropin, Aki B CBOMO
yepry MOXyTb NoAINATUCA Aani.

Po3rnsaHemo oAuH 3 aNropuTMiB NpaAmMoi NobyaoBU, WO HA3UBAETLCA NOKPOKOBUM,
abo iHKpemeHManbHUM.

[na cnpolweHHA anropuTMmy TpiaHryaauii 3pobMmo KifibKa npunyuweHb CTOCOBHO
Habopy TOYOK S:

" ANA iCHYBaHHA TpiaHrynauii HeobxiaHo, wobwu Habip S mictMB MiHimym 3
HEeKONiHeapHi TOYKW;

"  Hiaki 4 TOYKM He NOBWUHHI 3HAXOAUTUCb HAa OAHOMY KOJi, AKLLO Le TBepaXKeHHA
HeiCTUHHE, TO MOXKHa NobyAyBaTU AEKiNbKa Pi3HMX TpiaHryaauin enoHe;

= pebpa 3HAXoAATbLCA NO NpPaBMAY ANiBOI OpieHTAUii (BCi TOYKM 3HaxoAATbCA
npaBopyY, NOPOXKHA MHOXXWHA NiBOPYY).

ANropuTM NpPAaLIOE LWAAXOM MOCTIMHOTO HAPOLWYBaHHA MOTOYHOI TPiaHryaaujii no
O4HOMY TPUKYTHUKY 332 OAMH KPOK. CnovaTKy NOTOYHA TPIiaHIyAALiA CKNALQETbCA 3
€AVMHOro pebpa 000/IOHKKU, MicNa 3aKiHYeHHA pPobOTM aNropuTmMy MOTOYHA
TpiaHrynAuia ctae TpiaHrynauieto [lenoHe. Ha KOXHilM iTepauii anroputm LWYKa€ HOBUM
TPUKYTHUK, AKUIN NiAKAIOYAETLCA A0 rPaHULL NOTOYHOI TPiaHryAaL;i.

BM3Ha4eHHA rpaHunLi 3a/1€KUTb Big, HACTYNHOT CXeMU KnacudiKauii pebep Tpianrynauii
[enoHe WoA0 NOTOYHOI TpiaHryauii. KoxHe pebpo moxe 6yTun crniasyum, xcueum abo
Mepmeum:

= cnas4ye — pebpo TpiaHrynAauii enoHe, Wo uwe He 6yno BUABNEHO aATOPUTMOM;

® )xuse — pebpo, WO BUABMEHO, aNe ANA HbOro BiAOMa NuWe oAHa npwunerna
obnactb;

= mepmee — pebpo, Wo BUABAEHO i BigoMi 0buasi ob6nacTi, WO NpuaaraTs 40
HbOTO.

CrnoyaTKy XMBMM € €AMHe pebpo, WO HaANeXWUTb ONyKAiK 060NOHLI — A0 HbOro
npunarae HeobmexxeHa NOLWMHA, a BCi iHWIi pebpa cnaaui. MNigyac pobotn anroputmy
pebpa 3i cnaAYMX CTalOTb XMBUMM, @ NOTIM MepPTBUMU. [PaHULA HA KOXHOMY eTani
CKNagaeTbeA 3 Habopy XKuBuMx pebep.

Ha KoHiln iTepauii Bubmpaetrbca byab-ake oaHe 3 pebep rpaHuui Ta NigaaeTbea
06pobui, Wo nonArae B NOWYyKy HeBiAOMOI 061acCTi, A0 AKOI HanexuTb pebdbpo. AKLWOo
LA 061aCTb BUABUTLCA TPUKYTHUKOM, LLLO BU3HAYAETLCA KiHLEBUMM TOYKamn pebpa Ta
AEeAKOK TpeTboto BepwnHoto (V), To pebpo cTae mepTBUM, OCKiIbKM Tenep Bigomi
obunaBgi 0b6nacTi, WO NpuAAraloTb A0 HbOro. KoXKHe 3 ABOX iHWKX pebep TPMKYTHUKA
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nepeBoAATLCA B HACTYMHUIA CTaH: i3 CNAYOro B *KMBe abo 3 MBoro B meptse. Togi
BeplmHa (V) byae HasuBaTUCA CripAXeHow 3 pebpom. B npoTuneKHOMYy BMMAAKY,
AKLLO HeBiZoma 061acTb BUABNAETLCA HECKIHYEHHOI NIOWMHOK, TO pebpo NpocTo
BMMPAE. Y UboMy BUNAAKY PEOPO HE MA€E CNPAXKEHOT BEPLUNHM.

MowyK cnpAXeHoi BepLWMHM MOXKHA MOPIBHATKU 3 HaZyBaHHAM NIOCKOI bynbballky Ha
pebpi (puc. 7.4).

Puc. 7.4. 3HaxogKeHHA CnpAXKeHOoi BepLurHu aaAa pebpa
[nA peanisauii iHKpEMEHTANbHOrO aNrOPUTMY HEOBXiAHO BUKOPMUCTOBYBATM HACTYMHiI
bYHKLUT:
" MOWYK KpanHboro pebpa (nobyaosBa onyknoi 06010HKK);
" nobyaoBa nepneHAMKynaApa 40 Bigpi3Ka;
" TecT KONa;
" TecT NepeBipPKW HAsIBHOCTI TOUOK 3/1iBa Bia pebpa (TecT opieHTau,i);

" TecT cTaHy pebpa TpiaHrynauii (BM3Ha4YeHHA CKiNbKM pa3iB BUKOPUCTOBYBA/OCH
pebpo);
" nobyaoBa Kona Ha XopAi;

" nobyaoBa TPUKYTHUKA 3 N1iIBOIO OPIEHTALLELD.

HaBeaeHuit anropuTm Mae 4ac BMKOHaHHA O(N?), Wo Aaneko He HalKpawui B
NOPIBHAHHI 3 IHLWXMMW ANITOPUTMAMM.

7.3.  TPIAHrYIALIA BATATOKYTHHUKIB

B nonepeaHix nigpo3ainax po3rnaganaca TpiaHrynauia Ha MHOXKUHI TOYOK. Ane 4acTo
BUHWKAE 3a4a4a TPiaHTyAAaLiT NOBEPXOHb, LLLO 3a4aHi 6araToKyTHUKamu.

3apauy TpiaHrynauii 6araToKyTHUKIB MOXKHa po3bUTK Ha TpW KaTeropii:

1. TpiaHrynauia onyknmx 6araToKyTHUKIB.

2. TpiaHrynauia Heonykanx 6araToKyTHUKIB.

3. TpiaHrynauia 6araToKyTHUKIB 3 OTBOPaMMU.

OnucaHa KnacuodiKkauia BKAOYAE BCi aNroputmm TpiaHrynauii 6araToOKyTHUKIB Big,

HAMNPOCTIWOro A0 HaWCKnagHiworo. Po3rnaHemo peAki HaAMMPOCTiWi anropuTmm
TpiaHrynAuUii 6araToKyTHUKIB.
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7.3.1. TPIAHTYJIALI4 OIIYK/IHX BATATOKY THHKIB
AKWo BiaOMO, WO 6araToKyTHMK OMNYKAWKA, TO € [ABa OCHOBHMX METOAM MHOro
TpiaHrynauii:

" pO3LLEN/IEHHA XOpAot Ha ABa 6araTOKyTHWKa, i nNofanblle pPeKypcUBHe
PO3LLENJIEHHA KOXHOro yTBOPEHOro 6araToKyTHUKA AOKW HE 3a/MULaTbCA nuLle
TPUKYTHUKY;

" MOCNig0BHE «Bigpi3aHHA» TPUKYTHUKIB XOpAaMU 3 OAHIEI BEPLUNHW.

IntocTpauis obox meToaiB nogaHa Ha puc. 7.5.

s

Puc. 7.5. TpiaHryaauia onykamx 6araToKyTHUKIB

ObunaBa onucaHUX MeToAM A0BOAI NPOCTi B peanilauii, ane npautooTb aAuwe 3
ONyKIMMM BaraToKyTHUKAMMU.

7.3.2. TPIAHTYJIALIA HEOIIYK/INX FATATOKY THHKIB

AKWo 6araToKyTHMK HEONYKAUM, TO ANA NOro TpiaHrynauii MoXHa 3acTocyBaTh ABa
nigxoau:

" po36UTK MOro Ha OnNyKAi 6GaraToOKYTHWKK i TpiaHryAtOBaTU OAHMM 3 aNTOPUTMIB

onncaHmx paHiLue;

®  33CTOCYBATW aNrOPUTM TPiIaHTYAALIT 40 3a4aHOr0 HeoNnyKaAoro 6araTokyTHUKa 6e3
pPo36UTTA Ha ONyKAi.

HannpocTtiwmm metogom po3butra Heonyknoro 6araTOKyTHWUKA Ha ONyKAi €
8i0CiKaHHA. VIoro anropmutm HacTynHuiA.
1. lMepeHecTn cucTemy KOOPAMHAT B NepLUy BePLUMHY BaraTOKYTHUKA.

2. [MoBepHYTU cUCTEMY KOOPAMHAT TaKMM YMHOM, WWob Bicb X cniBnagana 3 pebpom
6araToKyTHUKa.

3. 3HanTn cTOpoHM BaraToOKYTHUKA, AKi NeXKaTb HUXKYe oci X, Ta BiACIKTH iX.
MepenTn A0 HACTYNHOI BEPLIMHM i NOBTOPHOBATU aNrOPUTM PEKYPCUBHO AOTH,
AOKM He 3a/INLWATbCA NnLe ONyKAi 6araTOKyTHUKM.

OaHuM 3 meTogaiB TpiaHrynAuii Heonykioro 6araToKyTHUKa € anrOPUTM NOCAIA0BHOI
nobyaoBM TPUKYTHUKIB HA TPbOX CYCiAHIX BEPLUMHAX 3 MEPEBIPKO OTPUMAHOrO
pesynbTaTy (puc. 7.6).

78



Puc. 7.6. TpiaHryaauia Heonyk/10ro 6araToKyTHUKA

CnoyaTky BCi BepwunHM BaraToKyTHMKA BMNOPAAKOBYEMO 3a FOANHHUKOBOK CTPINKOLO.
Toai ansa nobyaoBu TpiaHTyAALiT MOXKHA BUKOPUCTATM HACTYMHUMA a/ITOPUTM.

1.
2.

Bepemo nocnigosHo Tpu BepwmnHU A;, Air1, Aisa.

MepeBipsemo, UM yTBOPIOOTb BEKTOPU AjAiv1 Ta Air1Air2 NpaBuit nosopoT. Pobrumo
Le 32 MeToAoM, Lo onnucaHui B naparpadi 1.4.

MepeBipaeEMO, YM He NOTpannAe B cepeauHy TPUKYTHUKA AiAi1Ai2 Byab-sika i3
BEPLUMH, WO 3a/INLININCA.

AKWO yMmoBM 2 i 3 BMKOHYIOTbCA, TO ByAYEMO TPUKYTHUK NO TouKam AiAi1Ain.

BepwuHy Aii1 BUKAKOYAEMO i3 po3raagy. HacTynHMM poO3rnAfaemMo TPUKYTHUK
AiAi+2Ai+3-

AKWO Xo4 of4Ha 3 yMOB 2 4M 3 He BMKOHA/NACb, TO MEPEXOAUMO 4O PO3rnaay
BepwuH Aii1, Air2, Aisa.

MOBTOPIOEMO 3 KPOKY 1, AOKM He 3a/MUWaTbCA Aulie 3 BepLUMHWU, fAKi YyTBOPATb
OCTAHHIN TPUKYTHUK.

ANropuTMu TpiaHrynauii 6araToKyTHMKIB 3 0OTBOpamMu HabaraTo cKAagHiWi i B Lbomy
NigPYYHUKY HE PO3rNa[atoTbCA.

3ANATAHHA 1191 CAMOKOHTPOJIIO

1.

2.
3.
4

LLlo Take TpiaHrynauia?

AKi BUAW TpiaHrynauii Bu 3HaeTe?

B yomy nepesara TpiaHrynauii Jenone?

AKi meToAN BMKOPUCTOBYHOTHCA ANA NEpeBIPKU TPUKYTHUKIB HA BiANOBIAHICTb iX
ymosi lenoHe?

AKi KaTeropii 3agadvi TpiaHrynAuii 6araToKyTHUKIB BN 3HAETE?
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8. MOJEJIIOBAHHA KPUBHUX

MogaentoBaHHA KPUBOI — NpoLec BigTBoOpeHHA GopMU KPUBOI 3a4aHOK MHOXKMHOIO
ANCKPETHUX TOYOK.

Ana nobynoBy KpMBMX BUKOPUCTOBYIOTb ABa OCHOBHMX CNOCOBM MOAENtOBaHHA:
IHMepnonayito Ta anpoKcumMauyiro.

IHTepnonauia — nobyaosa KPMBOI, WO NPOXOAMUTb KPisb KOHTPOIbHI TOUKMW.

AnpoKkcumauia — HabAMXKeHHA KPUBOI, rapaHTYE MPOXOAMKEHHS CUHTE30BaHOI
dopmun yepes 3aaaHi TOYKKU (KpMBa HEOHOB'A3KOBO NPOXOAMUTbL KPi3b 3a4aHi TOUKM,
afie 3a40BO/IbHAE AeAKY 3a4aHYy B/IAaCTUBICTb BiAHOCHO LMX TOYOK).

HenepepBHa KpuBa — KpMBa, AKAa He Ma€E po3puBiB. TaKi KpMBI BIiAHOCATb 40 Knacy
C®. B 3aranbHOMy BUMNaaKy HenepepsHicTb C" 03Hauae, Wo HenepepsHi GyHKUisA, Ta i
nepwi N noxigHi.

8.1. IHTEPHoALIA

3a0daua. 3apaHo f(Xi)=yi, Xi<Xi+1, 1€[1,n] (puc. 8.1). Nobyaysatn dyHKujto (X),
O 33a40BO/IbHAE HAaBeAEeHIM yMOBi. byaemo BUKOPUCTOBYBATM TaKi TEPMIHU: Xi —
BY3/M iHTepnonAy,ii, napu (Xi,yi) — 6a30Bi TOUKK, PISHULA MiXK «CYCIAHIMM» TOUKAMM
(Xi-Xi-1) — KpOK.

Y y1
A ° ys
i °
| y2 |
o oo ' e
T : : : Yya
: | | ’
-— é é é é > X
Xeo X1 X2 X3 Xa

Puc. 8.1. lNoctaHoBKa 3aga4i AaAa iHTepnoaau,ii

IcHye 6araTo pi3Hux cnocobis iHTepnonauii. Bubip Hanbinbw NpMAaTHOrO aNropPUTMy
3aN1eXunTb Bif BiANOBiAen Ha NUTAHHA: HAaCKiINIbKM TOYHUI 0O6paHMit MeTo/, AKi 3aTpaTH
Ha NOro BUKOPUCTAHHA, HACKI/IbKW TNaAKO0 € iHTepnonAuiMHa PyHKLiA, AKY KibKiCTb
TOYOK AaHMX BOHA BUMArae i 1.4,

Ha npakTtuui HanyacTilwe 3aCTOCOBYHOTb IHTEPNOAALID MHOrouneHamu. Lle 38'a3aHo
nepw 3a BCe 3 TMM, LLLO MHOFOYJIEHM NErko PO3pPaxoBYyBaTM Ta JIErKO aHANITUYHO
3HAX04MTU IX NOXIiAHI.
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8.1.1. JIIHIHHA IHTEPIOJALIA

Po3rnAaHemo QyHKLUiO iHTepnonALji, AKa 3a43dETbCA OKPEMO Ha KOXKHOMY BiApi3Ky
[xi,xi+1], i€[0,n-1], WO A03BONAE KpalLle BPaxoByBaTW JIOKA/IbHY NOBeAiHKY HEOBXiAHOI
OYHKUiT Ta YHUKHYTU TPOMI3AKMX 0bUYMCNeHb (OCKiNIbKM Ha KOXXHOMY 3 Bigpi3KiB
bYHKLIA IHTePNONALIT Ma€ NO MOXKANBOCTI NPOCTUN BUMIAL).

NininHa iHTepnonauia — ue iHTepnonauia ¢yHKUii anrebpaiyHMm aBoyneHom
P1(x)=kXx+C y ToOuKax Xe Ta X1, AKi HanexaTtb BiApi3ky [a,b] (puc. 8.2).

Y fi
A '
i1 i
': i 'Fi+1
5 é é 6 > X
Xi-1 Xi Xi+1

Puc. 8.2. /liHiMHa iHTepnoaAuia

3 reoMeTpUYHOT TOUYKWN 30pYy Lie 03Ha4Ya€e 3amiHy PyHKLUiT ¥ npamoto, Wo npoxoauTb
yepes ToukM (Xi,F(Xi)) Ta (Xir1,F(Xi+1)).

PiBHAHHA TaKol NpAMOI Ma€ BUMNAA;:
y—fx)  x—x
flig) = f(x) X1 — 7

3BiACK ANA X €[Xi,Xi+1] MAaEMO:

Fo) ~y = fa) + L) IO Ly

Xi+1 — Xj

NiHiMHa iHTepnonALiA BAKOHYETbCA Ha KOXHOMY MPOMIXKKY MiX BOMA TOYKAMMU BCi€i
MHOMHU. Pe3ynbTytoya iHTepnoaaLia KpMBoi € 06'egHaHHA OKPEMUX YAaCTUHOK, TOMY
iHOAI TaAKOX HA3MBAETbCA AiHIMHA [HTepnoAaAuia 4acTMHamKu. TaKa KpuBa €
HenepepsHo, TobTO BigHOCUTbCA A0 Knacy C°. OCHOBHMM HeAONIKOM NiHINHOI
iHTepnonAyii € HU3bKa rNaAKICTb OTPUMAHOI KPUBOI.

8.1.2. IHTEPNOJALIMHHUNI MHOIOYJIEH J/IATPAH)KA

IHTepnonAuiMHM MHoroyneH JlarpaH»ka — MHOroO4Y/JIeH MiHIMaNbHOI CTeneHi, Lo
NPUMMAE 3afaHi 3HaA4yeHHA y 3agaHomy Habopi Touok. [Ana n+l nap uucen
(Xe,¥e0),(X1,Y1)...(Xn,¥n), A€ BCi Xi Pi3Hi, icCHye eanMHMII MmHorouneH L(X) cTeneHi He
6inbwoi 3a n, ana akoro L(Xi)=Yi.

Y HamnpocTiwomy BMnagKky h=1 — ue niHinH1MM MHOorouneH, rpadik AKOro — nNpAma,
LLLO NPOXOAMUTb Yepes ABi 3a4aHi TOUKM.

JlarpaH»K 3anponoHyBaB cnocib o64ncAeHHs TaKUX MHOTOYNEHIB:
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L@ = )y,
j=0

Ae 6a3ncHi NoniHOMM BU3HAYaoTbCA 38 GOPMYNOL0:
n
(x — x;)

x. —x ’
i:O,j;ti( i = %)

L (x) =

ba3ncHi NONIHOMM MatoTb HAaCTYNHI BJIACTUBOCTI:
" e noNiHOMM CTeneHi n;

= Lj(xi)=1;

»  14(xi)=0 Konum i#j.

3Bigcy Bunameaeg, wo L(X), Ak niHiMHa KombiHauia 14(X), moxe maTu cTeniHb He
6inbwy 3a n, Ta L(x;j)=y; (puc. 8.3).

12

folx)
f10x)
— f2(x)

10 4

— Kix)
— ()

Puc. 8.3. lpukaag mHoro4vseHa /larpaH»ka

Hedoniku BUKOPUCTAHHSA MHOroYneHa JlarpaHyka HacTynHi:

® noTpebye 3HAYHOro ob'emy obUMCNEHb ANA 3HAXOAXKEHHA 3HavyeHb QYHKUii Y
AOBINbHIN ToYLi (rPOMi3AKIiCTb PO3pPaxyHKiB);

" HeBM3Ha4yeHa noBeiHKa NobyaoBaHOi GYHKLUIT MiXK By3namu;

" HeobXigHiCTb MOBHOro NepepaxyHKy y pasi 404aBaHHA HOBOI TOUKM.

8.1.3. IHTEPNOJIALIHHHI MHOIOYJIEH HBIOTOHA

IHTepnonAyiMHWUA  MHOrouneH HblOTOHa — 3acTOCOBYETbCA An1a nobyaoswm
MHOTroY/1IeHa n-i cTeneHi, skMN cniBnagae B8 (N+1) Toyui 3i 3HaYEHHAMM HEBiAOMOI
wyKaHoi GyHKUiT y=T(X) (puc. 8.4).

82



Newton Polynomial Interpolation

— Oiginal funciion i[x)
— Newion interpolafion N(x)
-1 R

M

15| N1 .
M)

-2 1 1 1 1 1
-1 -0.5 0 05 1 15 2

Puc. 8.4. lNpukaag mHoroysneHa HotoToHa

MobypoBa MHoroyneHa HbIOTOHA 3acHOBaHA HaA NOHATTI pPO30ineHuUX Pi3HUUb.
Po3gineHnmm pisHMUAMKM NepLIoro NopsaaKy Ha3nMBatOTb BUPA3X TaKOro BUAY:

f(x0,x1) = f) = f(XO); flxy,xy)) = fO2) = f(xl).

X1 — X X2 — X1

Po3aineHnmm pisHUUSAMM APYroro NopsAAKY HasnBaTb BUPA3U TaKoro BUAY:

f(x1,%3) — f (%0, x1) f(x2,x3) — f(x1,x72)

X, X1, X = ; X1,X9,X =
f( 0,41 2) xz_xo ;f( 1,42 3) x3_x1

AKLLO NPOoAOBXKUTU aHanorivyHi nobynosu, To ans (N+1)-ro NopsaAKy MU OTPUMAEMO
HacTynHy GopMyny PO3AiNIeHUX Pi3HULb:

f Q1 ooy Xni1) = f (X0, s Xn)

Xn+1 — Xo

f (X0, X1, o) Xy Xpg1) =
AKWoO nepeTBOPUTM BiAHOLWEHHA Pi3HULDb Yepe3 3HAYEeHHA PYHKLi(, TO OTPMMAEMO
HacTynHy dopmyny:

B - f(x:)
f (o X1, e Xn) = ; O = x0) o (= 2i-1) (X = Xi41) - (6 — %)

Tenep 3anuwemo iHTepnoNAUiMHMN MHOTro4Y1eH HbtOTOHA BUKOPUCTOBYHOUYM OTPMMAHI
dbopmynu:
Ly (x) = f(xo) + (x — x0) f (%0, %1) + (x — x0) (x — x1) f (%0, %1, %2) + -
+ (x —x0)(x — x1) oo (x = xp—1) f (X0, X1, ovs X))
Ha BigmiHy Big MHOrouneHa JlarpaHxa, mHoroudneH HotoToHa He noTpebye NOBHOro
nepepaxyHKy y BUNagKy 4o4aBaHHA HOBOI TOYKU, OCKIJIbKM nonepeaHi pe3ynbTaTu Big

LbOro He 3MiHIOKTbCA. BCi iHLWI HeaoNIKM MHOTroYNeHa JlarpaHKa MOXKHa 3acTocyBaTu
i 4O MHOro4YseHa HbloTOHa.
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8.1.4. CrA¥HH

CnnailH — YacTUHHWMI NoniHOM cTeneHi K 3 HenepepBHOO MoxigHow cteneHi K-1y
TOYKax 3'eaHaHHA cermeHTiB (puc. 8.5).

Y3

o
X

Puc. 8.5. CnsaliH

TepMiH cnaiiH NOXO4MTb Bif, aHMNIACbKOro €NoBa spline, W0 03HAYAE FTHYYKY CMYKKY
CTani, AKYy 3aCTOCOBYBA/IN Kpecnapi ONA NpoBeAeHHA MIaBHUX KPUBUX Nifg, 4ac
nobyanosu o6BoAaiB Kopabnis abo niTakis.

B noganbwomy 6yaemo po3srnsaatv KybiuHi cnnaiiHu, To6TO cnaaHuM popma AKKX
3302€TbCA KYBIYHMM NoniHOMOM.

Po3srnaHemo Kyb6i4yHWI cnnaiH gna nobyaoBu ¢yHKUIT oAHiel 3miHHOI. Hexal Ha
NNOWMHI 33agaHa NOCNIAOBHICTb TOYOK (Xi,Yi), 1€[0,n], npnyomy Xe<Xi<..<Xn.
BusHaunmo PpyHKLUito y=S(X), AKa NOBMHHA 334,0BO/IbHATM HACTYNMHUM YMOBAM:

*  (DYHKLiA NOBMHHA NPOXOAUTM Yepes BCi 3aAaHi Toukn S(xi)=yi, 1€[0Q,n];

®  YHKLiA NOBMHHA MATK HENepPEepBHY NepLuy Ta APyry NoXiaAHy Ha BCbOMY Bigpi3Ky
[Xean];

" Ha KOXHOMY Bifpi3Ky [Xi-1,Xi] GYHKLIiA € MHOrOY4/IEHOM TPETbLOI CTEMNEHI.

[OnA OAHO3HAYHOrO BM3HAYEHHA CMJaMHY MepepaxoBaHUX YMOB HeLOCTATHbLO,
NOTPIOHO HaknacTM pAeAki AoaaTKoBi ymoBW. [IpupoOHiMm KybBiYHMM cnnaiiHoOM
Ha31BaOTb CNNANH, WO 3340B0/IbHAE TPAHUYHUM YMOBAM BMAY:

S"(a) = S"(b) = 0.

Teopema. Ansa 6yab-akoi GyHKUii T i 6yab-akoro po3butrta Bigpiska [a,b] icHye piBHO
OAMH NPUPOAHIN cniaiH S(X), Wo 3a40BONbHAE NepPepaxoBaHMM BULLLE YMOBaM.

MpuKknag KybiyHOro cniaHy NogaHo Ha puc. 8.6.
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»x Data points
—— Cubic spline interpolation

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Puc. 8.6. Mpukaag kKybivHOro cnaarHy

3anuwemo GyHKLito KybiYHOro cnnamHy Ansa Bigpiska [Xi,Xi+1] y BUrna4i MHOro4neHa
TPeTboi CTeneHi:

C; d;
S;(x) = q +bl-(x—xl-)+El(x—xi)2 +€l(x—xi)3. (8.1)
Toai nepwi Tpyn KoediuieHTH ByayTb BiANOBIAATU 3HAYEHHAM QYHKUIT B ToYui Ta
nepwmm ABOM NOXigAHMM BiANOBIAHO:
Si(x) = a;; Si(x;) = by; S{'(x;) = c;.

Mu MaeEMO 4YOTUPU HeBiAOMUX KoedilliEHTH, TOMYy HeobXiAHO CKNacTu cuctemy 3
YOTMPbOX PiBHAHb i PO3B'A3aTH ii.

3anuwemo yMOBW HenepepBHOCTI KybiuHOro cnnaiHy B 1-n Touu;:

Si(xi—1) = Si—a(i-1); Si(xi-1) = Si1 (xi—1); Si'(xi-1) = S5 (x-1). (8.2)
TakKum YMHOM MW OTpUMANM TPWU PIBHAHHA. YeTBepTMM 3anuWwemo YMOBY
iHTepnonAayii y surnaai:

Si(xi—1) = f(xi—1). (8.3)

Ob6'eaHaBLM piBHAHHA (8.2) Ta (8.3) B cucTemy Ta no3HaumBLmM Yepe3 hi pisHULO (Xi-
Xi-1), OTPMMAEMO HACTYMNHi GOPMYNU AN 3HAXOAKEHHA KOedilLiEHTIB cnaanHy:

a; = f(x;);
hiCi—l + Z(hl + hi+1)Ci + hi+1Ci+1 =6 (fl-;ll f" _ fl hfi—l);
o — C-i+11 i
d, = —+—"*"".
i hi ;
1 1 fi — fiq
b; = _Ehici _ghizdi 4 hil )
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AK 6a4MMo 3 piBHAHb, HAMNPOCTiWIE 3HANUTM KoediliEHTU ai — BOHWU OOPIBHIOKOTL
3Ha4yeHHAM ¢YHKUji y By3nax iHTepnonauyii. KoediuieHT bi Ta di BMpaxoBytoTbCs
yepes KoedilieHTH Ci, AKi 1 NOTPIOHO 3HANTW. BpaxoByrouu, WO Co=Cn=0, KoedilieHTH
Ci MOXHa 3HANTK 3@ AOMNOMOro Memoody MPO20HKU ANA TPUAIAaroHaNbHOI MaTpuUL,i
(maTpuui Akobi).
MeToZ NPOroHKM BUKOPWUCTOBYETbCA A/1A BUPILLEHHA CUCTEM JiHIMHUX PiIBHAHb
HACTYMHOro BMAy:
Aixi_l + Cixi + Bl-xi+1 = Fi'
Topai po3B'A30K TaKOi CUCTEMU MOXKHA OTPMMATK 33 GOPMYNOLD:
Xi = 0j41Xi41 + Pisp,Aei=n—1,n-2,..,1.
KoediuieHTN aLi+1 Ta Bi+1 3HAXOAATLCA 3@ HACTYNMHUMKU GOpMyNamMu:
S —B; B _ Fi—Aip;
iy =——; B = ——
t Aial- + Ci SR Al-al- + Ci
KoHKpeTHO ana KybivyHOro cnnamHy oTPUMYEMO Xi=Ci, a KoediuieHTn Ai, Bi, Ci Ta Fi
BiAMNOBIAAOTb HACTYNMHUM 3HAYEHHAM:
Ai = hi,'
B; = hiyq;
Ci = 2(hi + hiyq);
firn—=fi fi—fima
Fi ES 6 - .
hitq h;
3HAMWOBLWM 33 METOAOM TMPOroHKU KoediluieHTU Ci Nerko 3HaxoAUMO iHLWi

KoedilieHTN Ta NiACTaBUBLUM iX Yy PIBHAHHA (8.1) OTPUMYEMO 3HayeHHA OYHKLi B
LUYKaHIiN ToYu,.

8.2. ANPOKCUMALIA

B nonepegHbomy nigpo34ini My po3rnAHYAN IHTEPNOAALID PiISHMMU METO4aMMW,
3aKiHUMBLUW PO3rAAA iIHTEPNONALIED KYBIYHMM cnanaHOM. A anpoKcumau,ii Takox
BMKOPUCTOBYIOTbCA CNAAMHKW, ane y BIiANOBIAHOCTI [0 BWU3HAYEHHA, BOHWU He
060B'A3KOBO NPOXOAATb Yepes BCi 3a4aHi TOYKU. Hanbinbll po3noBCloAKeHi meToau
anpoKCMMaLLT Le BUKOPUCTAHHA KpuBux bes'e Ta B-cnnaliHis.

8.2.1. KpruBI BE3b€E

Mpun BUpiWEHHA 3a4a4i anPOKCMMALLii TMMOBMM € BUKOPUCTAaHHA KpuBux besbe. Le
NOB'A3aHO 3 iIX 3PYYHICTIO AIK 417 aHANITUYHOIO ONKUCY, TaK i A1 HAOYHOT FrEOMETPUYHOI
nobynoBu (CTOCOBHO KOMM'tOTEPHOI rpadikM Le 03Haya€, WO KOPUCTYBaAY MOXKeE
3a4aBatv GOpPMy KPUBOT iHTEPAKTUBHO).

KpuBi be3be 6ynun 3anpoBaakeHi B 1962 poui 1'epom be3be 3 aBTOMObGiNebyaiBHOI
KomnaHii «PeHo», xoua we B 1959 poui BuKopuctosyBanuco losem 0e Kacmerneoe 3
KomnaHii «CiTpoeH», ane Moro AocniaXeHHA He nybnikyBanaucb i NpPMXOBYBaNUCH
KOMMNAHIE Ik KOMepLinHa TaEMHULUA A0 KiHuAa 1960-x.
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HaouHuin meToa nobyaosu Lmnx KpuBmx Byio 3anponoHoBaHo came 0e Kacmenobe (de
Casteljau) B 1959 poui. Mobyayemo Kpuy no 3 onopHMM TouKam (puc. 8.7). Metoa
Ae Kactenbe 3acHoOBaHWUI Ha po36bMBaHHI Bigpi3KiB, WO 3'€AHYIOTb 3a4aHi NOYaTKOBI
TOYKM BiAHOCHO t (3HauYeHHA NnapameTpa), a NoTiM B PEKYPCUBHOMY NOBTOPEHHI LIbOTrO
npouecy Ana OTPMMaHMUX BigPi3KiB.

Po®
Puc. 8.7. KpmnBa be3sbe nobyaoBaHa 3a TpbOMa OMOPHUMM TOUYKAMMU

Mo3HauYnMMo onopHi Toukn Yyepes Pi, 1€[0,2], noyaToK KPUBOI PO3MICTUMO Yy TouLi Po
(t=0), a KiHeub y TouLi P2 (t=1), ana KoxHoro t€[0,1] 3Haaemo Touky Pe?.

P =(1—1t)Py + tPy;
Pl = (1—t)P, +tP,; (8.4)
P} = (1= O)PF + P} = (1— )Py + 2t(1 — P, + £2P,.

Taknum 4nHom, i3 popmyn (8.4) BUNAUBAE, WO MU OTPUMANM KPUBY APYrOro NOPsAKY.

Tenep aHanoriyHMM YMHOM nobyayemo Kpusy bes'e 3a HOTUPMaA ONOPHUMU TOYKAMU
(pwnc. 8.8).

Pl =1 —-t)Py+ tPy;

Pl = (1 —=1t)P; + tPy;

Pl =1 —-t)P, + tPs;

P2 =1 —-t)P} +tP} = (1 —t)?Py + 2t(1 — t)P; + t2P,;

PP =1 —-t)P} +tP] = (1 —t)?P, +2t(1 — t)P, + t?Ps;

P§ = (1 —t)P¢ +tPE = (1 —t)*Py + 3t(1 — £)?P; + 3t%(1 — t)P, + t3P;.

Puc. 8.8. KpmBa be3be nobygoBaHa 3a HOTMPMA OMOPHUMM TOYKAMMU
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[NAa YOTMPLOX TOYOK MU OTPUMAUN KPMBY TPETLOro NOPAAKY. MOXKHa NPOAOBXKYBaATH
nodibHi nobyposu | ana 6GinblWOi  KiNbKOCTI BY3/iB, OTPUMYKOYM aHANOFIYHI
pe3ynbTatn. MaTtpuyHa ¢opma 3anmcy Kpueoi besbe TpeTboro NopAAKy HaACTyNHa:

Py
Py
B(t)=1[t3 t2 t 1]Mg P |
2
P
ae MB HA3MUBAETbLCA 6a3MCHO}O maTtpuuetro besbe.
-1 3 =3 1
13 -6 3 0
Mp = -3 3 0 of
1 0 0 0

3arasibHe aHaNiTUYHe NoAaHHA KpUBOI be3be 3 N+1 0NOpHOIO TOYKOIO:

P(t) = Z P;BI*(t),
i=0

Ae Pi — onopHi BepwmnHu, Bi"(t) — 6a3ncHi MHorouneHun bepHwTeliHa h-ro cteneHsa
(BaroBi ¢yHKUji Be3be/bepHwTeliHa). BOHM pPO3pPaxoByHOTbCA 3@ HACTYMHOM
dopmynoto:
B'(t) = CM'ti(1 — )™,
ae Ci" — 6iHomianbHi KoediuieHTN. BoHM po3paxoByoTbCcA 3a pOPMYNoto:
n!
C'(t) = ——.
40 i'(n—1i)!
TakoX icHye peKkypcmBHa dopmyna nobyaoBu Kpmemx besbe:
Bp,p,..p,(t) = (1 = t)Bpp,.p, ,(t) +tBp p, p ().

KpuBi be3be matoTb HAaCTyNHi BN1AaCTUBOCTI:

1. IHBapiaHTHICTb BIiAHOCHO adiHHMX NEPETBOPEHD.

2. IHBapiaHTHICTb BiAHOCHO NiHiMHUX 3amiH NapameTpu3auii t=(x-a)/(b-a)*b.

3. KpuBa be3be Hanexutb onyknin o060M0HLI OMOPHUX TOYOK (BUXOAUTb 3
reomeTpuyHoro crnocoby nobyaosu). BucHOBOK: FAKWO BCi OMOPHI TOYKM
3HAaX04ATbCA Ha OAHINM NpPAMIN, TO KpuBa be3be BMPOLNKYETLCA Yy BiAPI3OK, WO
3'€AHYE Ui TOYKM.

4. Kpwusa be3sbe npoxognTb yepes Pp Ta Phn.

5. CMMEeTPUYHICTb: AKWO PO3rnAaaTh KOHTPObHI TOUKU Y NPOTUNEKHOMY NOPAAKY,
TO KpMBa HE 3MIHUTbCA.

6. CTreniHb MHOro4ysneHa, WO MOAAE KPUBY B aHANITUYHOMY BUrnAAi Ha 1 meHwe
4YMcNa ONOPHUX TOYOK.

7. BekTopu AO0TUYHUX Y TOYKax Pe Ta Py KoniHeapHi PoP1 Ta Pn-1Py, BignosigHo.
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8.2.2. B-CJIAHHH

3 MaTeMaTM4yHOi TOYKM 30py KPMBaA, WO 33aJaHa BeplwMHaMKM HaraToKYyTHUKa,
3aN1eXnTb Bif, iIHTEPNOAALIi Y1 aNPOKCMMaLLii, L0 BCTAHOB/OE 3B'A30K MiXK KpMBOLO Ta
6aratoKyTHMKOM. TyT OCHOBOW € BUOIp 6a3nMcHUX PyHKUiN. ba3nc bepHwTenHa
NOPOAXKYE KpuBi be3be, ane BiH Ma€e ABi BNACTMBOCTI, AKi OOMEXKYIOTb THYYKICTb
KpuBux. Mo-neplie, KiNbKiCTb BepwmnH HaraTOKyTHMKA *KOPCTKO 3a4atoTb NOPALOK
MHoOro4yseHa. Hanpuknag, 6araTOKyTHMK 3 LWECTM TOYOK 3aBXAN NOPOANKYE KPUBY
N'ATOro NOPAAKY.

Apyre obmerkeHHA BUTIKAE 3 rnobanbHOi Nnpupoamn 6asuncy bepHwTenHa. byab-aka
TOYKQ, WO NIEeKNTb HA KPMBI Be3be 3aneXnTb Bif, BCiX BU3HAYA/IbHUX BEPLUNH, TOMY
3MiHa Oyab-AKOi OAHIET BEPLUMHMN YNHUTD BNAMB HA BCIO KPMBY. JIOKanbHi BNAMBM Ha
KPMBY HEMOXK/NBI.

IcHye HernobanbHUM 6a3uc, Wo mae Ha3By 6asuc B-cnnailHy, BiH BKAtOYae 6asuc
BepHLwWwTeNHa AK YacTKOBUIM BUNAAOK. B-cnnaHn HernobanbHi, OCKiNIbKM 3 KOXHOLO
BEpLWMHOLO Bi 3B'A3aHa cBOA 6a3ncHa yHKuiA.

Hexai P(t) Bu3Hauae KpuBy aK ¢yHKUit0 Big napameTpa t, Toai B-cnnaliH mae surnaa;
n+1

P(t) = z B; NX(t), tpmin <t <tmaw 2<k<n+1,
i=1

ne Bi € n+1 BepwwuHa 6aratokyTHUKa, a NikK — HopmanisosaHi dyHKuji 6asucy B-
cnnavHy. BiamitTumo, wWwo Ha BigMiHy Bia, KpuBuX be3be BeplMHM BU3HAYAOYOro
H6araToKyTHMKA HyMepytoTbeA Big 1 go n+1.

[Ona i-i HopmanisoBaHoi yHKLUiT 6a3mcy nopsagky k (cteneni k-1) dyHKuji 6asucy
Ni*(t) Bu3HauatoTbea pekypcnsHummn dopmynamm Kokca-ge bypa:

1, x; <t<gx;
Nl t — { ) ’ P — —_ 1+1 ,
i () 0, i”akie (8.5)
k—1 k-1 .
" (t—x)N; () (Xipr — DN (0)
Xitk—-1 — X Xi+k — Xi+1
BennumHn Xi — Ue enemeHTM BY3/I0BOrO BEKTOPa, fAKi 33a40BOJIbHAIOTH

cniBBigHOWEHHIO Xi<Xi+1. [MapameTp t 3miHIOETLCA Bif, tmin A0 tmax B340BX KPUBOI
P(t). BeaxaeTbcs, Wwo 0/0=0.

®opmanbHO B-cnnaliH BU3HAYa€ETbCA IK NONIHOMIaNbHUI cnNAaiiH Nnopsaaky k (cteneHi
k-1), ocKinbKu BiH 3a40BO/IbHAE HACTYMHUM YMOBaM:

*  ¢dyHKUia P(t) e noniHomom cTeneHi k-1 Ha KOXKHOMY iHTepBani Xi<t<Xi+i;
= P(t)TaiinoxigHi nopsagky 1,2,..., k-2 HenepepBHi B340B BCIET KPMBOI.
Tak, HanpuKknag, B-cnnaH 4eTBepTOro NOPAAKY — L& YacTKoBa KybiuHa KpuBa.

I3 Toro, wo B-cnnanH 3apaetbca 6asvcom B-cnnailiHy, oApasy BM3HAYAETLCA Lie
AeKinbKa BN1acCTUBOCTEN:
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= cyma 6a3ncHux PpyHKUi B-cnnanHy ana byab-aKoro 3HayeHHa t:

n+1
z NE() = 1;
i=1

* KoXXHa 6a3ncHa PYHKLiA AoaaTHaA abo piBHA HYAIO ANA BCiX 3HAYEHb NapameTpa,
10670 Ni¥>0;

= okpim k=1, BCi 6a3nCHI PyHKLii MatOTb PiIBHO OANH MaKCUMYM;

"  MaKCMMaNbHWUIA MOPALOK KPWBOI [OPIBHIOE KiJIbKOCTI BEPLIMH BU3HAYaA/bHOTO
6araToKyTHUKa;

" KpuBa BOJ/IOAIE BNACTMBICTIO 3MeHLWeHHA Bapiauii. KpuBa nepetnHae byab-aky
NPAMY He YacTile, HiXK il BU3HaYaNbHUIM BAraToOKyTHUK;

® 3arasbHa $opma KpnBOi NOBTOPIOE GOPMY BU3HAYAIbHOIO BAraTOKyTHUKA;

= wob 3actocyBaTM A0 KpuBOi bOyab-Ake adiHHE nepeTBOpPeHHA, HeobxigHo
3aCTOCYBaTH MOro 40 BEPLUMH BM3HA4Yar4Y0oro 6araTtokyTHUKa;

" KpWBA NEXUTb BCEPEANHI BUNYKIOT 060N0HKM BU3HAYatoyoro 6araTokyTHMKa.

Bnbip BYy310BOro BEKTOPY YMHUTb iCTOTHUI BNAMB Ha 6a3ucHi ¢yHKUii B-cnnaiHy
Ni%(t) Ta, BignosigHo, Ha cam B-cnnaitH. EaMHa BMMOra A0 BY3/10BOrO BEKTOpa:
Xi<Xi+1, TOOTO LE MOHOTOHHO 3pOCTatoyda NOCAIAOBHICTb AIMCHUX Yncen. 3a3BMyai
BMKOPUCTOBYHOTLCS TPU TUMM BY3/10BUX BEKTOPIB: PIBHOMIPHI, BiAKPUTI piBHOMIpHI (4
BiAAKPWUTi) Ta HepiBHOMIpHI. Po3mip By3noBoro sektopy n+k+1.

B piBHOMiIpHOMY BY310BOMY BEKTOpPiI OKpPEMi 3HAUYeHHs PO3MnoAineHi Ha OAHAKOBIN
BiACTaHi. Hanpuknag;

[0 12 3 4]abo[-0.2 -0.1 0 0.1 0.2].
B 3aranbHOMYy BMNAAKy PIiBHOMIPHI BY310Bi BEKTOPU MNOYMHAKOTLCA B HyAi Ta

36inblWwylOTbCA Ha 1 A0 AeAKOro MaKCMMasbHOro 3HayeHHA abo HOpMyHTbCA B
Aiana3oHi Big © 4o 1 piBHUMM AECATKOBUMM 3HAYEHHAMWU. HanpuKknaa:

[0 0.25 0.5 0.75 1].

[Ona 3apaHoro nopaaky k piBHOMipHI By3/710Bi BEKTOPM MOPOANKYIOTb MepioAnyHi
PiIBHOMIPHI PYHKUiT 6a3uncy, ana akmx

NF(t) = NEL(E—1) = Nf, (£ + 1),
TobTo KoXHa ¢yYHKUia 6a3ncy — uUe napanenbHe nNepemileHHs iHWoi 6a3ucHoi
byHKUIT (puc. 8.9).
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1.0

0 ] | !
0 2 4 6

Puc. 8.9. basucHi PyHKLiT nepiognyHOro piBHomMmipHoro B-cnaaliHy, n+1=4, k=3,
[X]=[0 12345 6]

Y BIAKPWUTOro pPiBHOMIPHOroO BY3/10BOr0 BEKTOPA KiNbKiCTb OAHAKOBUX BY3/10BUX
3Ha4YeHb Ha KiHUAX piBHe nopsaaKky k 6a3ncHoi dyHKUii B-cnnanHy. BHYTpilWHI BY310Bi
TOYKM po3nogineHi piBHOMIpHO. [leKinbKa NpMKNaais 3 LiAMM NPUPOCTOM:

k=2[0 0 1 2 3 4 4]
k=3[0 0 0 1 2 3 3 3]
k=40 0 0 0 1 2 2 2 2]

dopManbHO BIAKPUTUI BY310BUIA BEKTOP BU3HAYAETLCA AK:

x; = 0; 1<i<k;
x;=1—k; k+1<i<n+1;
xi=n—k+2;, n+2<i<n+k+1.

OTpumyBaHi 6a3nCcHi PyHKLUIT NnoBoAATbCA NPUBAN3HO TakK camo, AK i KpuBi be3sbe.
®PaKTUYHO, AKLWLO KiNbKicTb BepwWH HaraToKyTHMKA [OpPIBHIOE NopagKy 6asucy B-
CNNANHY Ta BUKOPUCTOBYETLCA BiAKPUTUI PIBHOMIPHMI BY3/10BUIA BeKkTop, H6a3nc B-
cnnanHy 3Boantbca Ao 6asuncy bepHwTeirHa. 3Biacn B-cnnaiH € Kpusoto besbe. B
LbOMY BMMAZKYy BY3/10BUIN BEKTOP — L& NpocTo K HyAiB, 32 AKMMKM MayTb K oanHuupb.
Hanpuknag, 4na 4oTMPbOX BEPLUMH BIAKPUTUIN PIBHOMIPHUI BY3/10BUI BEKTOP:

[00001111].

B pesynbtaTi oTpMmMyemMo KpuBy besabe — B-cnnaiiH. BignosigHi 6a3ucHi pyHKUIT
306parkeHi Ha puc. 8.10.
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Puc. 8.10. basucHi GyHKLiT BigKpUTOro piBHoMipHOro B-cnsainy, n+1=4, k=3,
[X]=[@0 06012 2 2]

HepiBHOMIpHI BY3/10Bi BEKTOPM BIiPI3HAIOTbCA TUM, WO IX BHYTPIWHI BY310BI
BE/IMYMHWN PO3TALLOBYIOTLCA Ha Pi3Hil BiACTaHI oAHa BiA oaHOT Ta/abo cymillatoTbCes.
BeKkTopn moxyTb 6yT nepiognyHMmm abo BigKPUTUMMK, HANPUKNAA,:

[00011222]a6o[0 1223 4]abo[0 0.28 0.5 0.72 1].

Ha puc. 8.11 nokasaHi NpuKknaau HepiBHOMIpPHUX 6asmcHux ¢yHKUiM B-cnnanHy
nopaaky k=3. Y BignoBiaHMX BYy3/10BMX BEKTOPIB Ha KiHUAX 3HaxoauTbca no K
CYMiLLLEHNX OAHAKOBUX 3HaYeHb. BiamiTumo, Wwo y HepiBHOMIpHMX 6a3ucis cumeTpis
nopywyetbcA. OKpim TOro, y CymileHUX BYy3N10BMX 3HAYEHHAX B OAHIEI 3 dYHKUIN
3'ABNAETLCA 3/1aM. Ha pUCYHKY BMAHO, WO MNONOXMEHHA 3/71aMy 3aneXuTb Big,
PO3TalyBaHHA CYMILLLEHOrO 3HAYEHHA Y BY3/I0BOMY BEKTOPI.

10 10

Ns3 N, Ny,
N ‘ 13. Ny,
Ny, 43 - -
y) - Ny, Nes /[
Ny, i i
0 L 1 1 L t O 1 1 t
0 1 2 3 0 1 2 3
10 m 10 ~
N, 33 3
13 Nys /| AV 3 Nq,
"\ Maa Nys 7 i N3 Nes [ 7
0 1 1 t 0 1 1 h 1 t
0 1 2 3 0 1 2 3

Puc. 8.11. ®yHKUil HepiBHOMIpHOro 6asucy asa n+1=5, k=3,
[X]=[0 © © 04 2.6 3 3 3],[X]=[0 0 0 1.8 2.2 3 3 3]
[X]=[6 @0 1133 3], [X]=[060602233 3]
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Bnbip By3n0oBOro BeKTOpa BN/IMBAE Ha BUrnag 6asmvcHux ¢yHKUiM B-cnnanHy, a
3Ha4uTb | Ha popmy B-cnnaiiHy.

lHy4ykKicTb B-cnnaliHy [03BONAE BNAMBATM HA GOPMY KPMBOI PiSHOMAHITHUMM
cnocobamu:

" 3MiHIOYM TUMN BY3/IOBOMO BEKTOPaA: MNEPIOANYHUIN PIBHOMIPHUN, BiAKPUTUN
PiIBHOMIPHWI | HEPIBHOMIPHWI;

" 3MiHIOYM NOPAAOK K 6a3NCHUX QYHKLIN;

" 3MiHIOKYM KiNbKICTb i PO3TalLlyBaHHA BEPLUMH BU3HAYAOHOro 6araTokyTHUKa;
"  BMKOPWUCTOBYHOYM MNOBTOPIOBAHI BEPLUNHW;

"  BMKOPWUCTOBYHOYM MNOBTOPIOBAHI BY3/10Bi 3HAYEHHA Y BY3/10BMX BEKTOpPAX.

KopoTko po3rnAaHemo Ui cnocobu ana BCix Tpbox BMAiB B-cnnaiHie. MNMoyHemo 3
BIAKPUTUX NepioanYHNX B-cnnaiHiB, OCKiNIbKM BOHM 3@ CBOIMM BIaCTUBOCTAMM HaraTo
B YOMY CXOXKi 3 KpuBMMMU be3be.

AK y)Ke 3a3Hayanocs, AKWO nopsaok B-cnnalHy AOPIBHIOE KiIbKOCTI BEpPLUWH
BM3HAyatouoro 6araToKyTHUKa, TO 6asuc B-cnnaHy 3BoauTbCcA A0 6Hasucy
BepHwTenHa, a cam B-cnnaliH cTtae Kpueoto besbe. Y BigKkputoro B-cnnaiiHy 6yab-
AKOro nopaaky (K=2) nepwa i ocmaHHA TOYKMU KPUBOI 36iearombcs 3 BiaNOBIAHUMMU
BepWMHamn 6araToKyTHMKA, a Haxun KPUBOI B MNePLWin i OCTaHHIM BepLIMHAX
H6araToKyTHMKaA AOPIBHIOE HAXUNY BiANOBIAHMX CTOPiIH BaraToOKyTHUKa.

Ha puc. 8.12 306parkeHi Tpn BigKpUTMX B-cnnaHu pisHOro nopsaaky, 3agaHi ogHUM
HabopoMm 3 YOTUPbOX BEPLLMH. KpmnBa YeTBEPTOro NopaAKy — Le Kpuea besbe — oanH
Kybi4HMIM noniHOMiaNbHUM cermeHT. KpuBa TpeTboro nopaaKy CKAaAa€TbCs 3 ABOX
napaboniyHnUx cermeHTiB, WO 3'€QHYOTbCA B LUEHTPi Apyroro Biapi3ka 3
HenepepsHicTio CY. KpuBa Apyroro nopAaKy cniBnagae 3 BM3Ha4Ya/ibHUM
6araToOKyTHMKOM. BOHa CKMIaZa€TbCA 3 TPbOX NiHIMHUX CErMEeHTIB, WO 3'€AHYIOTbCA B
ApYri Ta TpeTin BepwmnHax 3 HenepepsHicTio C°. KyT Haxmny Ha KiHUAX, 3a4aHWUi
HaXMNOM CTOPiH 6araToOKyTHWKa, OAHAKOBWM ANS BCiX TPbOX KpuBMX. Biamitmmo
TAKOXK, L0 B Mipy 3pOCTaHHA NOPAAKY KPUBOI, BOHA BCE MEHLUE Haraaye No4aTKkoBUM
6araToKyTHUK i cTa€e binbl rnagkoto.

y B,

Bll 1 1 i 1 1 i 1 1

08 2 4 6 8 x

Puc. 8.12. 3anexHicTb popmu BigKpUTOro B-cnaaiHy Big MOro nopaaky
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LLlo6 cermeHTM KpUBOI «NPUTATYBaANCA» A0 BEPLUMH BU3HAYaAbHOro 6araTokyTHUKa,
HeobXxiAHO MOBTOPIOBATM BEPLLUMHY AEKiNbKa pa3iB Nig Yac po3paxyHKy B-cnnarHy.
Yum Ginblie pa3iB NOBTOPHETHCA BEPLUMHA, TUM BAMXKYe A0 HEl «KNPUTATYETbCAY
KpuBa, i, 3a KpaTtHocTi k-1, BOHa cniBnaga€e 3 BEPLWMHOW BW3HAYa/IbHOrO
H6araToKyTHMKa.

yYi

oo
=y

0 2 4 B 6

Puc. 8.13. /lokazibHa KopekKLia B-cnaannHy

Ha puc. 8.13 nokasaHni Tpu B-cnnaHm yetBepToro nopaaky. KoxkeH BM3HaYabHUMN
6araToOKyTHMK CKNafa€eTbCA 3 BOCbMU BePLUNH. KpmBi BiApi3HAIOTLCA TUM, LLO TOYKaA Bs
nepecyBaeTbcA B B's i B''s. [epecyBaHHA TOUYKM Bs BNAMBAE Ha KPUBY Ti/IbKU IOKANbHO:
3MIHIOKOTbCA NMLLIE CErMEHTHU, LLO BiANOBIAAIOTb BigpisKam B3Ba, BaBs Ta BsBe, BeBy.

y

Puc. 8.14. 3anexHictb popmu nepiognyHoro B-cnaarHy Big Moro nopaaKy
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Tenep po3rnaHemo nepioanyHi B-cnnamHu. Ha puc. 8.14 nokasaHi Tpu nepiognyHmx
B-cnnaitHm pisHoro nopAaaky. Bci KpuBi BU3HAYEHI TUMW CaMMMM BEPLUMHAMM, WO i
Ans BigKputnx B-cnnannis (ame. puc. 8.12). Ana k=2 B-cnnaiiH 3HOBY 36iraetbca 3
BM3HAYaNbHMM DaraTOKyTHMKOM. Big3HauMmo, ogHak, Wwo y nepiognyHoro B-cnnanHy
ana k>2 nepwa i ocmaHHA TOYKM Ha KPUBIN He 36i2catombca 3 NEPLUOKD | OCTaHHbOK
TOYKamn 6araTokyTHMKA. Haxmn B nepwin i OCTAHHIM TOYKAx TaAKOX MOXKe
BiAPI3HATUCA Big, Haxuny BiANOBIAHMX CTOpPiH 6araTokyTHMKa. OnAa k=3 B-cnnanH
NMOYNHAETLCA B CepeanHi neplioro pebpa i 3aKiHYYETbCA B CEpeAUHi OCTaHHbOTO, fK
3a3HAYeHO cTpinkamu. Le BiabyBa€eTbCA Yepe3 CKOPOYEHHSA Aiana3oHy napameTpa
Ana 6asncHux GpyHKUiM nepiogmnyHoro B-cnnaiiny. Ans k=2 nepiognyHunii By3n0oBui
BekTop — [0 1 2 3 4 5] 3 gianasoHom napameTpa 1<t<4. Ana k=3 nepiognyHui
By3noBun Bektop — [@ 1 2 3 4 5 6] 3 gianasoHom napameTpa 2<t<4. na k=4
nepioanyHmii Byanosuii Bektop — [0 1 2 3 4 5 6 7] 3 aianasoHom napameTpa
3<t<4.

MopiBHAHHA OTPMMAHMX Pe3yNbTaTIB | pe3ynbTaTiB ANA BiAKPUTUX BY3/I0BUX BEKTOPIB
(auB. puc. 8.12) NoKasye, WO KPUBY MOXHa BM3HAYUTM Ha MOBHOMY AianasoHi
napameTpa, 3a4at0umM KpaTHI BY3/10Bi 3HAaYEHHA HA KiHLAX BeKTOpiB. BogHo4ac KpmBa
PO3TArYETbCA A0 KiHLiB 6araToKyTHUKa.

B po3rnAHyTOMY BMNAAKY, KpMBaA YETBEPTOro NopAaaKYy 3HOBY CKNALAAETLCA 3 EANHOIO
Kybi4HOro cermeHTa; TPeTbOro MopAgKy — 3 ABOX MapaboniyHUX cermeHTis, WO
3'eiHaHI B cepeanHi gpyroro pebpa 3 HenepepsHicTio C1; apyroro nopaaxky — 3 TPbOX
NiHIMHUX cermeHTiB, 3'€AHaHMX B ApPYril Ta TpeTi Bepliax 3 HenepepsHicTio CO.
36inblIeHHA NOPAAKY 3HOBY 3rNaAXKYE KPUBY, ane B TOM e Yac i BKOPOYYE .

BMKOpUCTaHHA KpaTHUX BepLUUH Nif, Yac po3paxyHKy nepiogmMyHoro B-cnnalHy Aae
TOW cCamui ePeKT, Wo i 4Nna BigkpuTnx B-cnnanHis.

y

6+ B,
(a) 38+
4r MosToptoBaHe ()
®) By3/10Be
B, 3Ha4YeHHA B B3
3t n
2+ =
28}
1 1 [} 1 1 1
\ 4 4.4 43
0 Bl 1 i 1 1 1 i )
0 2 4 6 x

Puc. 8.15. HepiBHOMipHi B-cnaaiinu, k=3
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Tenep po3rnsHeMo HepiBHOMIpHi B-cnnaitHn. Ha puc. 8.15 KpuBa 3MiHIOETbCA Mif,
BMN/IMBOM KPaTHUX BHYTPILIHIX BY310BUX 3HA4YeHb. BepxHA KpuBa TPeTbOoro nopaaKy
(k=3) po3spaxoBaHa AnAa BiAKPUTOro By3/10BOro BeKTopa [0 © © 1 2 3 3 3].
basucHi PyHKUii anAa uiei KpmBoi 306paxKeHi Ha puc. 8.10. HMXKHA KpuBa TPETLOrO
nopaaky nobyaosaHa 3 HEPIBHOMIpHMM By310BUM BeKTopom [0 © © 1 1 3 3 3].
Ii 6a3mncHi pyHKLiT — Ha puc. 8.11.

3 puc. 8.15 BMAHO, WO KpaTHi BHYTPIWHI BY310Bi 3HAaYE€HHA NOPOANKYIOTb 3/71aM Yy
BepWUHi Bs. KpaTHe 3HauyeHHA noOpogXKye pebpo HyNbOBOI [AOBKWHM, TOMY
3MEHLUYETbCA Aiana3oH NiATPUMKKM 6a3ucHUx PyHKUiKM. [ani, KpaTHi BHYTPILHI
BY3/10Bi 3HAYeHHA, Ha BiAMiIHY Big, KPaTHMX BeplKUH OaAraTOKYTHUKA, 3HMKYHOTb
andepeHuinoBaHicTb 6asncHoi GyHKLUii B Xi o CK™1 ae m<k-1 pisHe KpaTHOCTI
BHYTPILLHbOrO BY3/10BOro 3Ha4YeHHA. J/TokanbHO HepiBHOMIpHa KpuBa Ha (puc. 8.15) C°
(k-m-1=3-2-1=0) HenepepBHa B oKoAuLi B3, Wwo i npnu3BogMTb 40 NOABU KyTa.

B uinomy HepiBHOMIpHiI B-cnnaHu He Ayke Bigpi3HAOTLCA Big, PIBHOMIPHUX Y pas3i
HEeBEe/IMKOI 3MiHU BIAHOCHOT BiACTaHi MiXK BepLUMHAMMN.

8.2.3. PAILIIOHAJ/IbHI B-C/1A¥IHH

Bnepwe B Komn'toTepHi rpadiui onuc pauioHaNbHUX KPUBUX i NOBEpPXOHb OyB
3anponoHoBaHui B poboTi KyHca B 1967 poui. B nitepaTypi WKMPOKO BigoMmi
paLioHanbHi GopmmM KyBiYHUX CNNAMHIB | KpMBMX be3be, @ TAaKOXK KOHIYHMX NEPETUHIB.
TyT MK po3raaHemo Auwe pauioHanbHi B-cnnalHW, OCKINbKM BOHM CKNajaloTb
3araJibHONPUNHATY OCHOBY. PauioHanbHi B-cnnanHu — ue egmMHe TO4HE MaTeMaTUyHe
NOAAHHSA, WO OXOMN/IOE BCi aHANITUYHI pOopMM — NpPsAMI, NAOWMHU, KOHIYHI Nepepi3n,
LLLO BK/IHOYAIOTb KOJa, KPUBI A0BINIbHOT POPMU, KBAAPUKK Ta TPUBUMIPHI MOBEPXHI, LLLO
BMKOPUCTOBYHOTbCS B 06YMCNIOBaNbHIN reomeTpii Ta KOMmn'toTepHil rpadidi.

Mepwwum pauioHanbHi B-cnnanHu BuBuMB Becnpinn. Bapto Big3Hauuth, WO
HepiBHOMIipHi pauioHanbHi B-cnnaHmn (NURBS) 3 1983 p. € ctaHgapTtom IGES. IGES
— ue cTaHAapT 0bMiHY NPOEKTHOI IHHOPMALLIEID MiXK CUCTEMAMM KOMM'IOTEPHOrO
NPOEKTYBAHHA, @ TAKOXK MiXK HUMU | cUCTEMAMM aBTOMATMU3aLIT BUPOOHULTBA.

PaujioHanbHUI B-cnnaiiH Le NpoeKLia HepaLuioHanbHOro (NoAiHOMianbHOro) cnnanHa,
BM3HAYE€HOro B YoTupmBMMipHomy (4D) ogHOpiAHOMY KOOpAMHATHOMY MPOCTOPI, Ha
TpuBUMIipHUIA (3D) PpisnuHUiM npocTip. 3o0Kpema:

n+1
P(t) = z BN (1), (8.6)
i=1
ne Bi" — BepwwuHM 6araTokyTHMKA Ana HepauioHanbHo 4D B-cnnaiiHa B

yoTupusumipHomy npoctopi, Ni¥(t) — PyHKuia 6asuncy HepauioHanbHOro B-cnnaiHy
3 piBHAHHA (8.5).

PauioHanbHUI B-cnnalH OTPUMYETbCA MicNA NPOEKTYBaHHA, TOOTO AiNeHHA Ha
OAHOPIAHY KOOPAUHATY:
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n+1

1B .h;NF(t)
P(r) =221 0! =ZB-RM, 8.7
NS VIO PR 7

Ae Bi —— BeplwnHM TpUBMMIpHOTro HaraToKyTHMKA 4NA pauioHanbHoro B-cnnakiHy, a
Rik — 6a3ncHi dyHKUji pauioHanbHOro B-cniaiHy:

hNF(t
RF(D) = == : k) . (8.8)
TyT hi20 ans Beix 1.
AK BMAHO 3 piBHAHb (8.6)-(8.8), pauioHanbHi B-cnnaiiHn Ta ix 6asncn — ue

y3ara/JibHeHHA HepaLioHanbHUX B-cnnanHis Ta 6a3ucis. BoHn ycnaakoByoTb Manke
BCi @HANITUYHI Ta reOMeTPUYHI BNACTUBOCTI OCTaHHIX. 30Kpema:

=  KOXHa PYHKLLA paLjioHanbHoro 6asncy JoaatHa abo piBHa HYO ANA BCiX 3HAYEHb
napametpis, To670 Ri*>0;

» ans 6yab-aKoro 3HayeHHs napametpa t cyma 6asmcHMx GyHKLUIN pauioHanbHOro
B-cnnaiHy aopiBHIOE oanHULi, TO6TO:

n+1

z RE(D) = 1; (8.9)
i=1

" oKpim k=1 KoxHa pauioHanbHa 6a3ncHa PyHKLiA Ma€E PiBHO OAMH MaKCUMYM:
" pauioHanbHui B-cnnaitH nopaaky k (cteneni k-1) ckpisb CX°2 HenepepBHUIA;

" MaKCMMa/ZbHUIN NOPSAAOK paLioHanbHOro B-cnialiHy A0piBHIOE KiNbKOCTI BEPLUMH
BM3Ha4a/IbHOro 6araToKyTHUKA;

" pauioHanbHMW B-cnnanH BoNOAIE BNACTMBICTIO 3MEHLEHHS Bapiau,ii;

" 3arasibHa ¢opma pauioHanbHOro B-cnnaiHy NOBTOPKE KOHTYPWU BU3HAYa/bHOTO
6araToKyTHUKa;

" Oyab-AKe MPOEKTUBHE NEPEeTBOPEHHA palioHanbHOro B-cnnaliHy BMKOHYETbCA
BIANOBIAHMM NEpPeTBOPEHHAM BepLMH BWM3HAYa/NbHOrO 6araToKkyTHMKa, TO6TO
KpMBa iHBapiaHTa Bi4HOCHO NPOEKTHOrO NepeTBopeHHsA. Lie 6inbl cnabHa ymosa,
HiXX ONA HepauioHanbHOro B-cnnaiHy, AKWI iHBApPiaHTHMM TiNbKM BiAHOCHO
apiHHOro NnepeTBOPEHHA.

HepauioHanbHi B-cnnaHu € 4aCTKOBMM BMMNAAKOM pauioHasnbHUX. PauioHanbHi B-
CNIaHN — Ue YOTUPUBMMIPHE Yy3ara/ibHEHHA HepauioHanbHUX B-cnnamHie, a ix
6a3ncM MoXKHa OTPMMATM 33 AO0MOMOFOH BiAKPUTUX PIBHOMIPHMX, MEPioAUYHUX
PIBHOMIPHUX | HEPIBHOMIPHMX BY3/10BUX BEKTOPIB.

OpHopigHi koopanHaTh hi (W0 TaKoXK Ha3MBalOTbCA BaraMu) B pPiBHAHHAX (8.7) i (8.8)
HafJaloTb O0A43aTKOBI MOMAMBOCTI BUIMHY KpuBoi; h=1 Ha3uBaeTbca adiHHUM

97



npocTopom i Bignosigae ¢ismyHomy npoctopy. Ana h=1 Kpmusa pauioHanbHoro B-
CnAakHy cniBNaaa€e 3 KPUBO HePaL,iOHANbHOrO.

y

O
g
n
<
X

0.25

10

0 ‘BI | ¥ 1 1 '
0 2 B, 4 By, *

Puc. 8.16. PauioHasbHi B-cnaaHu ana n+1=5, k=3 3 BigKpUTUM BY3/10BUM
BekTopom [X]=[@ © © 1 2 3 3 3],[H]=[1 1 hs3 1 1]

PauioHanbHun B-cnnaiH gna hi=1 (puc. 8.16) 36iraetbca 3 BiANOBIgHUM
HepauioHanbHUM. BigzHaummo, wo ana hs;=0 Rs® ckpi3b AOpPIBHIOE HyMO; TOBTO
BiANOBigHA BepwMHA B3 HE YNHUTL HiAKOro BNAMBY Ha GOpMy BigMNOBIAHOI KPUBOI.
Tomy BeplwMHM BU3HAYaNbHOro 6araTtokyTHWKa B. i Ba 3'egHaHi npamoto. [ig yac
36inbweHHA hs Takox 3poctae Rs3® i, BHacnigmok piBHAHHA (8.9), R2® ta R43
3MmeHWwytoTbcA. Ha puc. 8.16 306parkeHO BNAMB Ha BigNOBiAHI pauioHanbHi B-
cnnarHKU. 30Kkpema 3a3Haunmmo, Wo 3i 36inbleHHAM hs KpuBa HabaMKaeTbea A0 Bs.
3BiAcK, AK YyXe 3a3Hayanocda, BUMNIMBAE, WO OAHOPIAHI KOOpPAMHATU AatloTb
MOXMBICTb 36iNbWIMTU THYYKICTb KpuBOi. OaHaK gnAa B-cnnaiiHie 6inbw BUMCOKOTO
nopAaKy Kpua Ans h3=0 He BUPOANKYETLCA Y BiAPI30K NPAMOI MiXK To4Kamu B, i Ba.

AK i ana HepauioHanbHUX KpuBMX, k-1 KpaTHa BepliMHA NPU3BOAUTbL A0 MOSBU
roctporo Kyta abo niky. KpatHa BeplwinHa nopoaKye pebpa Hy/IbOBOi A0OBXMHU, TOMY
iCHYBaHHA KyTa He 3aN1eXuTb Big 3HayeHb h3>0, 1o BiAnoBigatoTh ii.

3ANUTAHHA A1 CAMOKOHTPOJIIO

AKi cnocobn moaentoBaHHA KPUBUX BM 3HAETE?
[anTe BU3HAYEHHSA NOHATTIO KiHTepnonALia».
[aniTe BU3HAYEHHA NOHATTA KaNpPOKCUMaLLif».
Ha3BiTb OCHOBHI meToAM iHTepnoAaauii.

LLlo Take cnnann?

Ha3BiTb OCHOBHI meToAM anpoKcumauii.

No uvuhswnNe

Ha3BiTb pi3HOBMAWN BY3/10BUX BEKTOPIB AnA B-cnnanHie. AKi 3 HMX BigNOBiAalOTbL
KpnBMM be3be i 3a AKOro nopAaaKy?

8. Lo Take pauioHanbHMi B-cnnanH? AKi Moro nepesarn?
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9. MOJEJIIOBAHHA MTOBEPXOHb

B obumcnioBanbHin reomeTpii iCHYE AeKinbka MeToAdiB MOAEeNtoBaHHA MOBEPXOHb.
Mepwwnin meton — obepTaHHA NAOCKMX Piryp HABKOJIO OCi. B pe3ynbTaTi OTpMMYETbLCA
nosepxHA obepTaHHA. [dpyrni metog — nepemiweHHA 06'eKTa B3AOBXK AeAKOI
KpuBOI. TaKi NOBEPXHi Ha3MBAKOTbLCA NOBEPXHAMMU NepeHeceHHA. TpeTa rpyna metoais
3aCHOBaHa Ha NobyaoBi NOBEPXOHb HA 3a4aHii MHOXUHI TOYOK. MeToam i€l rpynu
PO3rNSiHEMO B LbOMY po3Aaini 6inblw aetanbHoO.

9.1. BUIIHIAHI NOBEPXHI

OpHi€eo 3 HaMnpocTiwmx € 6iniHiMHA noBepxHA. BoHa KOHCTPYLETLCA i3 YOTUPLOX
KYTOBMX TOYOK OAMHMYHOIO KBagpaTa B NapaMeTpuyHOMY NpPOCTopi, TO6TO 3 TOYOK
P(9,0), P(0,1), P(1,1) i P(1,0). Byab-AKa ToYKa Ha NOBEPXHi BU3HAYAETLCA NiHINHOO
IHTEPMNONALIEID MiXK NPOTUNENKHUMM FPAHULAMN OANHUYHOTO KBagpaTa (puc. 9.1).

"]

o
P(1,0) P(1,1)

Q(u,w)

P(0,0) P(0,1)
)\ S

e

Puc. 9.1. BiiHiliHa iHTepNoO/ALiA B NTapaMeTpUYHOMY NpOCTOPI
Byapb-AKa TouKa BcepeAnHi NnapameTpUYHOro KBagpaTta 3aJa€TbCA PiIBHAHHAM:
Qlu,w)=P0O,01-uw)(@-w)+P0,1)A—-ww+PA,0)u(l —w) + P(1,1)uw.

B MAaTPpU4YHOMY BVII'/'IFl,EI,i MOro MO’KHa 3anncaTu Tak:

P(0,0) P(O,l)] [1—w]
P(1,0) PADIL w [

Jlerko nepesipuTh, WO KYTOBI TOYKN HaNexXaTb NOBEpPXHi, OCcKinbku Q(0,0)=P(0,0).

Qlu,w)=[1—-u u] (9.1)

PiBHAHHA (9.1) 3apaHe B y3ara/ibHEHOMY MaTPUYHOMY BWUINAAI iHTEPNO/IbOBAHOI
NoBepPXHi, TOBTO CKNA[AETHCA 3 TPbOX MATPULb: MATPULI GYHKLIA 3MillyBaHHA MO
OAHINM 3 BinapamMeTPUUYHMUX 3MIHHUX; TEOMETPUYHOI MaTPUL, LLO MICTUTb NOYATKOBI
AaHi; MaTpuui PYHKLUiM 3MillyBaHHA NO iHWIN 6inapaMeTpPUYHIN 3MiHHIN.
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AKLWO KOOpAMHATHI BEKTOPM TOYOK, WO BU3HA4YatloTb BiniHiMHY NOBEpPXHIO, 3a4aHi B
TPMBMMIPHOMY OO'EKTHOMY MPOCTOpPI, TO i Cama NOBEepXHA, NicnA BigoOpaXKeHHs
NapaMeTpMyHOro npocTopy B O06'eKTHMI, Oyae TpuBMMIpPHOK. AKWO 4YoTUPMU
BM3HAYAOUYMX TOYKM He fexaTb B OAHIM naowmHi, To i b6iniHiMHA noBepxHA He
NeXKaTUMe B XKOAHINM 3 NNOWMH. [liNCHO, B 3araibHOMY BUMAaAKYy BOHA CUIbHO BUTHYTA
(pnc. 9.2). Ha pucCyHKY BM3Ha4yasbHi TOYKM JiexKaTb Ha KiHUAX MPOTUNENKHUX
AiaroHanen oauHuMyHoro Kyba. B pesynbtati mm  oTpumanum rinepboniyHmMmn
napabonoia.

P(L,1)

P(0,0) P(1,0)

Puc. 9.2. biniHiMHa nOBepXHA 3 BU3HAYa/IbHMMM TOHKAMM HA KiHLAX MPOTUAEKHMUX
AiaroHasen 0AMHUYHOrO Kyba

KorkHa i3onapameTpuyHa niHia Ha biniHiMHIN noBepxHi € Bigpi3kom npamoi. Taka
NOBEPXHA HAa3UBAETbCA ABOIHIMYACTOlO.

9.2. II0BEPXHI BE3b€E

JloriyHMm po3WwMnpeHHAM KpuBux besbe ana ABOX napameTpiB € noBepxHi besbe.
[lekapToBe abo TeH30pHe NoAaHHA NoBepxHi be3be 3aAa€TbCA Y BUMNAL:

n m
Q@ w) = > N By IRk (W) 92)
i=0 j=0
Ae Ji"(u) i Ks™(w) — 6a3ucHi GyHKLiT bepHWTeNHA B NapameTpUUYHMX HAaNpPAMKaX U Ta
W. AK i Ana kpmBux besbe, po3nuwemo 6a3ncHi GyHKLii bepHWwTENHA ANA NOBEPXHI:

JEW) = CMut (1 —w)™ Y K (w) = ¢"w/ (1 —w)™,
Ae Ci"1a C3™ — 6iHOMianbHi KoediuieHTN y BiANOBIAHMX NAapaMeTPUYHUX HAaNPAMKaX.
BOHM po3paxoBytoTbcA 3a dopmynamm:

I I

Cl'(w) = n—’ C"(w) = L

i'(n—0!" jt(m—j)!
EnemeHt Bi,j B popmyni (9.2) € BepwMHAMM NONITOHANBHOI CiTKM, LLO BM3HAYAE
KpuBy (puc. 9.3). IHAEKCcH N i m Ha OAMHMLIO MEeHLWi KiNbKOCTi BeplwKnH 6aratorpaHHUKa
y HanpAmMKax U Ta W BignosigHo. [nsa 4oTUPMBIYHMX YAcTUH NOBEPXHi BU3HAYa/bHa
NOANIrOHa/IbHA CiTKAa NOBMHHA BYTU TONONOrIYHO NPAMOKYTHOI, TOOTO MOBMHHA MaTH

O4HAKOBY KiNbKiCTb BEPLUMH Y KOXKHOMY «pAgi».
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Puc. 9.3. [loBepxHA be3be Ta BepLUMHU XapaKTepPUCTUYHOrO HaraTorpaHHuMKa

AK i gna Kpmemx besbe Tak i ANA NOBEPXOHb ANA 3MillYBAHHA BUKOPUCTOBYIOTHCA
byHKLUIT bepHwWwTeHa, Tomy 6araTo BNacTMBOCTEN NOBEPXHI Bigomi. Hanpuknag;

" CcTeniHb MOBEPXHIi Y KOXKHOMY NapaMeTPUYHOMY HAaMPAMKY Ha OANHULLIO MeHLLE 33
Ki/IbKiCTb BEPLUWH BM3HA4YaNbHOro 6aratorpaHHMKa y LLbOMY HanpsmKy;

" [NafKiCTb NOBEPXHi Yy KOXHOMY NapaMeTpUYHOMY HanpAMKy Ha ABi OAWHML
MEHLLIE KiIbKOCTi BePLUNH BU3HAYaIbHOro 6araTorpaHHMKa y LLbOMY HanpsaMKy;

"y 3ara/ibHOMy BUI/IA4iI NOBEPXHA BiATBOPHOE GOPMY BM3HAYA/IbHOI NOAIrOHA/IbHOI
CITKK;

"  CnNiBNaAatoTb TiIbKM KYTOBI TOYKM BU3HAYaA/IbHOI NOAIFOHANIbHOI CiTKM Ta NOBEPXHI;
" MOBEPXHA MICTUTbCA ycepeanHi OnyKnoi 060N10HKN BU3HAYaNbHOI CiTKY;
" MOBEPXHA iHBapiaHTHA NO BiAHOLWEHHIO A0 apiHHOrO NEPEeTBOPEHHA.

Po3rnAaHemo BM3Ha4yasbHy MOAIFOHANbHI CiTKY Ana 6iKyb6iyHOI noBepxHi besbe
po3mipom 4x4 (puc. 9.4).

W A
B Bi1,3 B3
9,3 ¢ O O OB33
D C
Bo,2 ¢ C O 0B3 2
B12 B2,2
Bo1 o O B 1
B1,1 Bo,1
A B u
C = Ve e ;
Bo,o Bio B2,e Bse

Puc. 9.4. Cxema BM3Ha4aro401 NO/IrOHa/IbHOI CiTKK 4x4 anA noBepxHi be3be
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KOXHa 3 rpaHUYHUX KpMBUX NoBepxHi be3sbe € KpnBoto besbe. HanpAMOK i BennymHa
BEKTOPIB AOTUYHUX Y KYTOBMX TOYKAX YACTUH MOBEPXHI KepyrtoTbCA MONOMKEHHAM
CYCiOHiX TOYOK B340BX CTOPIH CITKM. BEKTOpM AOTUYHUX Yy HAaNpAMKax U, W B TouLi A
KepyrTbCA BepWMHAMM MNOAIFOHANbHOI CiTKM Bej1Ta Bie BignoBigHO. AHANOrMYHUM
YMHOM, BEPLIMHM TMONIrOHANIbHOI CiTKM Bze B3i B3z B3 Ta Bi3 Be2 KepyloTb
OOTUYHUMKU BEeKTOpaMu y KyToBux Toukax B, C, D BignosigHO. YoTWUpKU BHYTPILWHI
BEPLUMHM NONIrOHaNIbHOI CiITKN B1,1 B2,1 B2,2 B1,2BN/IMBalOTb Ha HaNPAMOK i BE/IMUUHY
BEKTOpPIB Kpy4YyeHHA y KyToBux Toukax A, B, C Ta D yactuH nosepxHi. BignosigHo,
KOPUCTYBay MOXe KepyBaTM POPMOI0 YACTUHM MOBEPXHI, HE 3HAKOUYM KOHKPETHMUX
3HaYeHb BEKTOPIB AOTUYHMX Ta BEKTOPIB KPYYEHHA.

MoBepxHs be3be He 060B'A3KOBO NOBUHHA BYTK KBagpaTHO. Hanpuknag nosepxHa
po3mMipoMm 5x3 CKNnaga€etbcA 3 MOAIHOMIANIbHUX KPUBUX YETBEPTOi CTeneHi B
NapameTpMYHOMY HaMNPAMKY U Ta i3 KBAaAPATUYHUX MOAIHOMIA/SIbHUX KPUBUX B
HanpAMKY W.

9.3. B-CIUIAVH NOBEPXHI

MpUpoaHIM PO3LWMPEHHAM MNOHATTA B-cnnaHy € gekapToBuMi A06yTOK B-cnnaiH
NOBEPXHI, LLLO BU3HAYAETLCA 33 GOPMYOHO:

n+1m+1

— k l
Q(u,w) = Z Z B; jN; (u)M]- (w), (9.3)

i=1 j=1
ne Nik(u) Ta Mji(w) — 6a3ucHi dyHKLii B-cnnaitHy B 6inapameTpuyHMX HanpamMKax U Ta
W. BOHM BM3HaA4atoTbCA 3a aHanoriyHMmmn popmynamm Kokca-ge bypa, wo i gha B-
CNIanHYy:

t 0, i”akie ’
k-1 k-1
K (w—2x)N; (W) (X —wWN5 7 (W)
Xitk—-1 — Xi Xitk — Xi+1
Ml(w) — {1' Vi Sw<s Yi+1
J 0, i”akme ’
-1 -1
I w —y)M; W) YV — w)M;i g (w)
Vit+i-1 —Yj Vi+l — Vj+1
e Xi Ta Yj € eNemMeHTamMM BY3/10BMX BEKTOPIB, AK i Ans B-cnnaliHis. B popmyni (9.3)
Bi,j — BepWWHM BM3HAYANbHOI NONIrOHANIbHOI CiTKWU. ONA YOTUPUKYTHUX YaCTWH

NOBEPXHi BU3HAYA/IbHA CiTKa NOBMHHA BYTM TONO/IOTIYHO NPAMOKYTHOLO. [HAEKCcM nim
Ha OAMHWULIO MEHLWIi KinbKOCTi BepwKnH HaraTorpaHHMKA y HanpsiMKax U Ta W
BiANOBIAHO.

AK i gns B-cnnaiiH Kpmeux Ha dopmy B-cnnaliH noBepxHi CyTTEBO BN/IMBAIOTb BY3/10BI
BekTopn [X] Ta [Y], npuyomy BMKOPUCTOBYIOTbCA HE3aMKHymi (8idkpumi),
rnepioOuYHi Ta HEOOHOPIOHi BY3N110Bi BEKTOPWU. 3a3BMYal Ana 060X napameTpUyHKUX
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HaNPAMKIB MPUIMMalOTb BY3/10Bi BEKTOPW OAHOIMO W TOrO X TUMy, ane ue He
0608B'A3K0BO.

OCKiNlbKK ANA onucy rpaHUYHMX KPUBUX Ta ANA iHTeprpeTalii BHYTPIWHbOT YaCTUHU
NOBEpPXHi BUKOPUCTOBYETbCA 6a3nc B-cnnaiHy, TO Bigpasy MOXKHA nepepaxyBaTtu
AeAKi BNacTMBOCTI B-cnnaliH noBepxHi:

"  MAKCMMA/ZIbHUIM MOPALOK MOBEPXHiI Y KOXHOMY MapaMeTPUYHOMY HAMPAMKY
AOPIBHIOE YNC/TY BEPLUMH BM3HAYa/IbHOTO HaraTorpaHHMKa y LlbOMYy HaMNpPsAMKY;

" [NaAKICTb MOBEpPXHi Yy KOXXHOMY MapameTpUYHOMY HanpAMKY Ha ABi O0AUMHUU
MEHLLE KiNbKOCTi BEPLMH BM3HAYa/ibHOro HaraTorpaHHMKa y LbOMY HaMpAMKY,
T06TO CX"2 Ta C1-2 B HAaNpAMKax U i W BiANOBIAHO;

" OBEepXHA iHBApiaHTHA BIAHOCHO adiHHOro nepeTBopeHHA, TOOTO noOBepxHA
CTBOPIOETHLCA 33 AOMNOMOTrOH0 NepeTBOPEHHA BU3HAYANbHOT NOMIFOHAAbHOI CiTKK;

" AKWO Ki/IbKICTb BEpLWWH MNONIFOHANIbHOI CITKM AOPIBHIOE NOPAAKY Y KOXHOMY
napameTpUYHOMY HanpsIMKY Ta BHYTPiLIHi By3/10Bi BepLWMHM BiACYTHI, TO B-cnaanH
NOBEPXHA NePETBOPIOETLCA Y NOBEPXHIO be3be;

" nig 4ac TpiaHryaauii BM3HAya/NbHA MNOAIrOHAaNbHA CiTKA CTBOPKOE MAOCKY
anpPOKCMMaLLitO NOBEPXHI;

" MOBEPXHA MiCTUTbCA BCEPEeANHi ONYKI0i 060/10HKM, WO 3a4a€ NONITOHANbHY CIiTKY,
AKa CTBOPHETbCA 06'€AHAHHAM YCix onyknmMx obonoHok K, 1 cycigHix BepLlumH
NONIrOHANbHOI CITKU.

3 BnactuBocTelt 06010HKM B-cnnaitH KpuBKUX cnigye, Wwo B-cnnaiH NnoBepxHi MOXYTb
MIiCTUTM NAOCKi 061aCTi Ta NiHii pi3KOro nopyLeHHA rnagKocTi.

9.4. PAILIOHAJIbHI B-CIVIAMH TIOBEPXHI

[JekapToBuin A0OYTOK pauioHanbHOI B-cnnalH NOBEpXHi Yy YOTUPUBUMIPHOMY
NPOCTOpPi OAHOPIAHMX KOOPAMHAT 3a43€TbCA POpPMYNOoLo:

n+1m+1

Quw) = > > BENF@M W)

i=1 j=1
ne B"i 5 — € 4D oaHOPiAHMMM BepLIMHAMKM BU3HaYanbHoro 6aratorpaHHuka, a Nik(u)
Ta Mji(w) — HepauioHanbHi 6asucHi dyHKUii B-cnnaiiHy B 6inapameTpuyHMX
HaNpPAMKax U Ta W.

MPOEKTYBAHHA Y TPUBUMIPHMA MPOCTIP 33 AOMNOMOrOH AiNIEHHA HA OAHOPIAHY
KOOpAMHATY AAa€ pauioHanbHy B-cnaaliH noBepxHio:

n+1im+i1

n+1ym+1 k l

=1 je1 NijBiiNi W)Mj(w)

0(u,w) = 2L 2= B — Z Z By ;S (u,w), 9.4
nrlymilp NEMH(w) 0,jS4,j (9.4)

i=1 j=1
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Ae Bij — € 3D-To4YKkamMuM BM3HAYaANbHOI MOANIrOHANbHOI CiTKM, hij — opHopigHi

KoopAaMHaTH, a Si,5(u,w) — 6a3uncHi GyHKLi Big, ABOX 3MiIHHMX paLioHanbHOT B-cnaaiH

nosepxHi. basucHi GyHKLii po3paxoByOTbLCA 33 HACTYNHUMM GOopMyNamu:
k l

hy ;NE M} (w)

k 1 y
?1111 711211 hi1,j1Ni1 (u)Mjl (w)

Si'j(u, W) = (95)

3pyyHo npuitHATK hi >0 ana Beix 1, j.

TyT Bas»kKAMBO BiAMITUTU, WO Sij(u,w) He € gobytkom Ri%(u) Ta Ril(w). Tum nave,
Sij(u,w) matoTb dopMy Ta aHanNiITMYHI BNACTMBOCTI CXOXi Ha QyHKLUilO A06YTKY
Ni*(u)*M;i(w). BisnosiaHo paujioHanbHi B-cnnaiiH NoBepxHi maloTb aHaNiTUYHI Ta
reoMeTpUYHI BNIaCTUBOCTI CXOXKi Ha HepaLiOHaNbHI:

= cyma 6a3nMcHMX OYHKLIN pauioHaNbHOI NoBepxHi Ana byab-AKMX 3HayeHb U, W
piBHa:

n+1vm+1 — 4.
i-1 uj=1 S j(ww) =1

"  KOXHa 6a3ncHa QyHKLUiA pauioHanbHOI NOBEpPXHi AoAaTHa abo A0PiBHIOE HYtO ANA
BCiX 3Ha4YeHb NapameTpiB U, W, To6T0 Si,;=0;

= okpim BMNagKy k=0 abo 1=0, KoxHa 6a3ncHa PyHKLIA Ma€ PiBHO OAMH MaKCUMYM;

"  MaKCMMaNbHUW MNOPAAOK pPauioHanbHOI B-cnnaH MNOBEPXHI B KOXHOMY
napameTpMyHOMY HaMNpPAMKY pPiBHUM  KibKOCTIi  BepWwWH  BWM3HAYANIbHOIO
H6araTOKyTHMKA B LLbOMY HanpAMKY;

® pauioHanbHa B-cnnaiiH nosepxHs nopaaky k, 1 (creneni k-1, 1-1) rnagka y Bcix
Toukax C*-2, C1-2;

® pauioHanbHa B-cnnalH noBepxHA iHBapiaHTHA BIAHOCHO MPOEKTMBHOIO
nepeTBOpeHHA, TO6TO Oyab-fAKe MPOEKTUBHE NEPEeTBOPEHHA MOXKe 6yTu
3aCTOCOBaHe A0 MOBEpPXHi LW/AAXOM WMOro 3acTOCyBaHHA [0 BW3HA4Ya/bHOI
NONiroHanbHOI CiTKKU. LiAa ymoBa binblu cTpora, HiX Ana HepauioHanbHOI B-cnnanH
NOBEPXHi;

" OBEPXHA JIEXUTb BCEPeAUHI ONyKN0i 060/I0OHKM BM3HAYaNbHOI MOAIrOHAaNbHOI
CiTKM, LLO YTBOPIETbCA 0O'€AHAHHAM BCiX onyknmx obonoHok Kk, 1 cyciaHix
BEPLUMH MNONIrOHANbHOI CiTKK;

" nig 4ac TpiaHrynAauii BM3HA4YasibHA MNOAIrOHANAbHA CiTKA CTBOPKOE MIOCKY
aNPOKCMMaALLitO NOBEPXHI;

" AKWO KiNbKICTb BepWwMH BWM3HAYaA/IbHOI MOMIFrOHANAbHOI CiTKM piBHa NOPAAKY B
KOXHOMY MapaMeTpPUYHOMY HanpAMKY i Ayb6itoBaHHA BHYTPILWHIX BY3/10BUX
BE/INYMH HEMA, TO paLioHanbHa B-cnnanH noBepxHA € paLioHaNbHOK NOBEPXHED
be3sbe.
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3 dopmyn (9.4) i (9.5) AcHo, wo Konm hi =1, 10 Si,5(u,w)=Ni*(u)M;(w). Takum ynHom
6a3ncHi  GYHKUii  pauioHanbHUX B-cnnalH  NoOBEepXOHb | cami  NOBEpPXHI
NnepeTBOPIOOTLCA B IX HEPALOHANbHI €KBIBaIeHTW.

Ona reHepauyii pauyioHanbHUX B-cnnaliH NOBEpPXOHb MOXKYTb BUKOPUCTOBYBATUCA
He3aMKHymuul 00HOpiOHuU, nepioOudyHUli O0OHOPIOHUU Ta HEOOHOPIOHUU BY3NOBI
BEKTOPU. TUNN BY3N0BUX BEKTOPIB MOXKYTb 3MiLLlyBaTUCA.

Mpuknag 6iky6iuHOI (k=1=4) pauioHanbHOi B-cnialiH noBepxHi Ta ii BU3HAYaNbHOI
noniroHanbHOI CiTkn ana hi3=h,3=0,1,5 nogaHui Ha puc. 9.5.

(© )

Puc. 9.5. PaljioHanbHi B-cnzaliH noBepxHi 3 n+1=5, m+1=4, k=1=4. (a) —
BM3HAYa/ibHUIA 6araTtorpaHHuk; (b) — h13=h23=0; (c) — h13=h33=1; (d) —
h1,3=h,3=5

3ANATAHHA 1191 CAMOKOHTPOJIIO

Ha3BiTb 0OCHOBHI meToAM NO6YA0BM NOBEPXOHb.

AKa noBepxHA € HaMnpocTiwa? Ak cnocib ii nobyaosun?
Ha3BiTb OCHOBHiI BNAcTMBOCTI NOBepXHi be3be.

Ha3BiTb OCHOBHI B/1aCcTMBOCTI B-cnaalH noBepxHi.

AKMM YNHOM OTPUMYIOTLCA PaLLiOHaNbHI B-cnialiH noBepxHi.

o v s wN

Ha3BiTb OCHOBHI BNaCcTMBOCTI paLiOHaNbHUX B-cnialiH NOBEPXOHD.
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10. CrHOCOBY MOJAHHSA MOJITOHAJIbHUX MOJIEJEN

Mip yac KoMN'toTEPHOIro MOAENOBAHHA CYLLIIbHUX 06'EKTIB BUHMKAE NUTAHHS CNOCObY
NoAaHHA iX moaenen. ICHylOTb pi3Hi nigxoauM A0 peani3auii uUi€i 3agadvi ane mu
3YMMHMMOCSA Ha rpaHnYHKUX moaenax (Boundary Representation — B-rep). 3a Takoro
nigxoay cyuinbHUM 06'eKT NOJAETLCA Y BUMNALI NOBEPXOHb, WO MOro 0bmeXytoTb.
3a3BMYa nNoBepxHA HabAMKyeTbca Habopom rpaHen (face). paHuui rpaHen
nopatoTbea pebpamu (edge). YacTMHU KpuBOIi, WO PopmytoTb pebpo 3aKiHYyTbCA
gepwuHamu (vertex). lpaHMYHa Moaenb, WO Ma€E AuWe NOCKI rpaHi Ha3MBaETbCA
nonieoHansHoro(puc. 10.1). HuKYe pPoO3rAAHYTI MOXKAMBI  cnocobu noaaHHA
NONIrOHANbHUX MOAENen.

V2

Puc. 10.1. lMosiroHazsbHa mogeb napaneneninesa

10.1. SIBHE NOJAHHA

B ABHOMY noaaHHi 06'eKT cKnaaaeTbca 3 Habopy rpaHen, KOXKHa 3 AKUX € NOJIITOHOM,
LLLO CKNAJQETLCA 3 NOCAIAOBHOCTI KOOPAUHAT BEPLWKH. HanpuKknaa:

lpaHi KoopauHatu
f1 X1Y1Z1, X2Y2Z2, XeYe6Z6, Xs5YsZs5
2 X2Y22Z2, X3Y3Z3, X7¥727, XeY6Z6

HeOdosiku Takoro nogaHHA B TOMY, W0 NO-NepLle, B3aEMOBIAHOLWEHHA rpaHen 3a4aHi
HEeABHO, a NO-Apyre, KOOPAMHATU KOXHOI BEPLUMHM 3'ABAAIOTLCA CTiIbKK pasiB,
CKiNNbKM rpaHen MatoTb L0 BEPLUMHY.
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10.2. CHHCOK BEPIIUH

o6 06inTm noBTOPIOBAHICTb KOOPAMHAT BEPLIMH, MOXHA BMOKPEMUTM iX B
CaMOCTiIHY CTPYKTypy. B Takomy BMNAAKy 3 rpaHAMM acoLilolOTbCA HE KOOPAMHATH
BEPLUMH, SIK B NonepeaHbOMY BMMaAKy, a iX iHAEKCU B MacMBi KOOPAMHAT BEPLUUH.
Hanpuknag:

BepwunHu KoopauHatu lpaHi BepwunHu
Vi X1Y1Z1 f1 V1V2V3Va
V2 X2Y22Z2 2 V6V2V1Vs
V3 X3Y3Z3 f3 V7V3V2Ve
Vg X4Y4Z4 fa VgV4V3V7y
Vs XsYs5Zs fs VsV1V4Vsg
Ve XeYe6Z6 fe VgV7VeVs
V7 X7Y72Z7
Vs XgysZsg

BiamiTMMO, WO CNNUCOK BEPLUNH BNOPAAKOBAHMIM 33 TOAMHHUKOBO CTPINKOD, AKLLO
AVBUTUCA 330BHI Napanenenineaa. Take nogaHHA KOPUCHO B HaraTbox anroputmax,
TaKUX AK BUOANEHHA HEBUMAMMWUX NOBEPXOHb | PO3PAXYHOK OCBITAEHOCTI
NoNiroHanbHUX rpaHen. OgHak B TaKOMYy NOAaHHI 3a/MWaloTbcs 6arato HeaoNikiB
ABHOro. Hanpuknag, 3aaa4a NowykKy pebep iHUMAEHTHUX 3a4aHil BEPLUMHI BCE OAHO
BMMarae nosHoro nepebopy.

10.3. CHIHCOK PEBEP

B Takin moaeni rpaHb nogaetbca Habopom pebep i BEPWMHU rpaHi BU3HAYaOTbCA
yepes pebpa. Hanpuknaga;:

Pe6bpa BepwuHu | BepwwuHu | KoopguHatu | FpaHi Pebpa
e1 ViV2 V1 X1Y1Z1 f1 ei1eresey
e V2V3 V2 X2Y22Z2 ) €9€6€1€65
es V3Va V3 X3Y3Z3 f3 €10€7€2€6
€4 V4V1 Va X4Y4Z4 f4 €11€5€7€3
€5 ViVs Vs XsYsZs fs €12€5€4€3
es V2Vs Vs X6Y6Z6 fs | e12€11€10€9
ey V3V7 V7 X7Y7Z7
es VaVs Vg XgysZs
€9 VsVeg
€10 VeV7
€11 V7Vsg
€12 VgVs

TakMM YMHOM ANA KOXKHOro pebpa mu 3agaemo HanpamoK. Hanpuknag pebpo e:
HanpaBaeHO (Ma€ NO3UTUBHWUIA HAMPAMOK) Bif, TOYKM V1 4O TOYKM V2. [paHi TakoX
opieHTOBaHi, TO6TO pebpa 3aAaHi 3a rOAMHHUKOBOI CTPINKOK, AKLWO AUBUTUCA Ha
napanenenineg 330BHi.
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10.4. WINGED-EDGE REPRESENTATION

Lla moaens € po3BUTKOM NonepeaHboi moaeni y Burnsaai cnucky pebep. Winged-Edge
Representation — «Kpunate nNOAAHHA», PO3LWMPIOE CNUCOK pebep wWaAXoMm
AoAaBaHHA iHbopMaL,ii Npo B3aEMHe po3TallyBaHHA rpaHen (puc. 10.2).

few
Vend < Vstart
€nccw @ €pccw

cCcw

Puc. 10.2. «<Kpunate» nogaHHsA

OCKiNnbKN KoxHe pebpo 3'ABNAETbCA TOYHO B ABOX FpaHAX, TO piBHO ABa pebpa
3'ABNAIOTLCA NICNA HbOTO B LUMX rpaHAx. Jo Toro » oauH pa3 pebpo 3'aBnAeTbca B
NO3MUTMBHIN OPiEHTAL,i, @ OAMH pa3 — B HEraTUBHIN.

B «Kpunatomy» nogaHHi BUKOPMUCTOBYETLCA acoLiauia pebpa 3 HaCTynHUMM 4BOMA
pebpamu B rpaHax. BoHM nosHavawTbca AK NCw (next clockwise) i nccw (next
counterclockwise). B ubomy BMNaaKy NCW O3HA4Ya€ HacTynHe pebpo, Lo 3HaX0ANTbCS
B Tili rpaHi, ae pebpo 3'ABNAETbCA B NO3UTUBHOMY HAMNPAMKY, @ NCCW — HacCTynHe
pebpo B iHWIN rpaHi. TaKUM YMHOM, NOYMHAKOUM 3 pebpa, Wo npamo 3B'A3aHe 3
FPAHHIO, MW MOXEeMO OTPUMATK BCi iHLWI IHUMAEHTHI Lin rpaHi pebpa, cnigyroum 3a
NOCMIAHHAMM NCW i NCCW. B HabinbLw 3aranbHOMY BUNAAKY B CTPYKTYPY BKIOYAOTh
TAKOX MOCWNIAHHA Ha nonepeaHi pebpa B cycigHix rpaHax. ToAi MM OTPUMAEMO

HaCTYMHY CTPYKTYpY:

struct TEdge

{
TEdge Encw, Epcw, Enccw, Epccw;
TFace Fcw, Fccw;
TVertex Vstart, Vend;

}s

B uit ctpykTypi Encw, EpCW — nocunaHHA Ha HacTynHe i nonepegHe pebpa B rpaHi,
Kyan pebpo BXxoauTb B MO3UTUBHOMY HanpAMKy. AHanoriyHo Enccw, Epccw —
HacTynHe i nonepegHe pebpa B rpaHi, WO BiANOBIAAE HErATUBHOMY HanpAMKY pebpa.

3ANATAHHA 1191 CAMOKOHTPOJIIO

LLlo Ha31BalOTb NOMIIrOHANbHOK MOAENNIO?

flKe HaMnpocTiwe NogaHHA NONIrOHANbHOI MoAeni?
AKi HegONiIKM NOAAHHA Y BUTNALI CMUCKY BEPLUMH?
AKi nepeBarv noaaHHA y BUTrNAAI CNUCKy pebep?

A S

AKi AaHi BKAOYEHI B «KpuaaTe» NogaHHA?
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11. TEOMETPUYHUM MOMIYK

FeomeTpuuHMIA NOWyK — Ue MNowyK HeobxigHoi iHdopmauii cepes AaHMUX, LWO
OMUCYIOTb FreOMETPUYHI 06'eKTN.

MowyKoBe NOBIAOM/IEHHA, BIANOBIAHO [0 AKOro BeaeTbCA nepernag ¢anny,
3a3BMYalM iMeHyeTbcA 3anumom. Big tuny danny i Big Habopy AoNyCTMMMUX 3anuTiB
CUNbHO 3aNeXaTMMYTb OPraHis3aLia nepworo i aaroputmmn ob6pobKu ocTaHHix. OaunH
KOHKPETHWUI NPUKNaL [,03BO/INTb NEPEKOHATUCA, HACKIIbKM BaXKNMBUIM LLEeW acnekT
3aBAAHHSA.

Hexah € Habip reomeTpuyHMX AaHUX i NOTPIOHO Ai3HATUCA, YN BONOAIIOTb BOHWU
NeBHOK BAACTUBICTIO (HanpuKnag ONyKAICTI0). B npoctomy BMMaaKy, KoAu ue
NMUTAaHHA BUHMKAE OAMH pa3, byno 6 HemouinbHO NPOBOAUTM MonepesHo 0H6pPobKy
OAHUX B Ha4ji NPUCKOPUTU BUKOHAHHA HACTynHWUX 3anuTis. Hazsemo pa3osuii 3anuT
TAKOro TUNYy yHikaneHUM. NMpoTe 6yayTb i 3annTn, 06pobKa AKMX NOBTOPIOETLCA BaraTo
pasiB Ha TOMy X camomy ¢panni. Taki 3annUTM Ha3BEMO MACOBUMU.

B ocTaHHbOMY BMNAAKY, MOX/IMBO BAapTO PO3TallyBaTh iHGOpMaLto BignoBigHO A0
OeAKOol CTPYKTypM, WO nonerwye nowyk. [lpoTe ue MOXHa BWMKOHATW, Jsuwe
BUTPATUBLLUN AEAKUM pecypc, i aHani3 tpeba 30cepegmnTM Ha YOTUPbLOX Pi3HUX
acrneKTax Moro OLiHKW.

1. Yac 3anumy. CKinbKkM Yacy HeobxigHO fAK B cepeAHbOMYy, TaK i Yy Hauripwomy
BUNAAKY AN1A BiANoOBiAi Ha oAWH 3anuT?

Mam'ame. CKinbKn nam'aTi HEOBXiAHO ANA CTPYKTYPU AAHUX?

Yac nonepedHboi 06pobKu. CKinbKn Yacy HeobxigHo ANna opraHisauii 4aHuX nepes
nowyKkom?

4. Yac KopueysaHHsA. BkasaHuit enemeHT aaHux. CKinbKu yacy byae notpibHo Ha
MOro BKNOYEHHS B CTPYKTYPY AaHMX abo BUAANEHHS 3 Hel?

Pi3Hi BapiaHTM BWTpAT 4acy 3anuTy, 4Yacy nonepeaHboi 06pobKM i nam'aTi
NPOAEMOHCTPYEMO Ha NPUKNAAAX OCHOBHMX 3aBAaHb reOMeTPpUYHOro nowyky. Cepeg,
HUX BUOKPEMNIOOTb ABi OCHOBHI MoAeni.

1. 3aBaaHHA s10Kani3auii, konn Gann € pPo3bUTTAM reoMeTPUYHOro NPOCTOPY Ha
obnacTi, a 3anUT € To4YKoto. JIoKani3auia nonarae y BM3Ha4veHHi obnacTi, fAKa
MICTUTb TOYKY 3aNUTY.

2. 3aBaaHHA pe2ioHasbHO20 rowyKy, Konn Gpann mictuTb Habip TOYOK NpocTopy, a
3anuT € gesAKa CTaH4apTHa reoMeTpuyHa ¢irypa, Lo A0BiIbHO NEPEMILLYETLCS B
LbOMY NPOCTOpPI (TMMNOBMI 3anNUT B TPMBUMMIPHOMY NpPOCTOpPi — KynAa abo 6pyc).
PerioHanbHWI NOLWYK NONAra€ y BUMUTYBAHHI (3aBAaHHA 3BiTy) ab0 B nigpaxyHKy
yncna (3aBgaHHA NigpaxyHKy) BCiX TOYOK BcepeanHi perioHy (obnacti) 3anuTy.

11.1. IIIAPAXYHOK KIJIBKOCTI TOYOK

3adaya. 3apaHi N TO4OK Ha naowmHi. CKiNbKK 3 HUX NEXUTb BCEpPeAMHI 3a4aHOro
NPAMOKYTHWKA, CTOPOHWU AKOro napanesibHi KoopAuHaTHMUM ocAM? TobTo CKiNbKu
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TOYOK (X, Y) 3a40BONIbHAOTL HepiBHOCTAM a<x<b, c<y<d pgna BkasaHux a, b, c i d
(pnc. 11.1)?

Y, o o o o
di---—----- T
o o o
o
o 0
o) o) O
_____________ S
Cl o 0 o o .
o i S
0 : ) o) i
< X
® ' >
a b

Puc. 11.1. PerioHa/ibHMI 3anuT: CKiZIbKK TOYOK BCEPeAMHI MPAMOKYTHUKA?

BoueBnapb, WO VYHIKaNbHMIA perioHanbHUI 3annT Moxe 6bytn obpobneHni
(onTMMmanbHO) 3a NiHIMHWI Yac, OCKiNbKKM Tpeba TiIbKM NepeBipUTN KOXKHY 3 N TOYOK,
abn nobaunmtn, UM 3a40BOSIbHAE BOHA HEPIBHOCTAM, WO 33a4al0Tb MPAMOKYTHMUK.
AHanoriyHo HeobxigHa NiHiMHA BUTpaTa NaM'AaTi, OCKiNbKKU cnig 3anam'ataty amwe 2N
KoopAaMHaT. Hemae *KogHUX BUTPAT Ha nonepegHto 06pobKy, a Yac KOpUryBaHHA onA
HOBOI TOYKM AOPIBHIOE KOHCTAHTI. AKY CTPYKTYPY AaHNX MOXXHA BUKOPUCTOBYBATU O/1A
NPUCKOPEHHA 06POBKM MacoBMX 3anuTiB? 343€TbCA, WO AYXKE BAXKKO 3HAUTM TaKe
BNOPAAKYBAaHHA TOYOK, abun byab-AKMIA HOBUIA NPAMOKYTHUK Mir BYyTM Nerko 3 HMm
Y3rogaXeHmn. Mu He MOXKEeMO TaKOX BMPILWWTU Ue 3aBAaHHA Hanepepn 4NA BCiX
MOXNMBUX NPAMOKYTHUKIB, OCKINbKU IX YNCNO HECKiHYeHHe. HacTynHe piweHHA €
NPUKNAA0OM BWKOPUCTAHHA MeEToAy JIOKYCiB B FeOMETPUYHMX 3ajadax: 3anuty
CTaBUTbCA Yy BiAMNOBIAHICTb TOYKA B 3py4YHOMY ANA NOLWYKY NPOCTOPi, a Uen NpocTip
PO36MBAETLCA Ha 061aCTi (IOKYCK), B MeXKaX AKUX BiANOBiAb HE 3MIHIOETLCS. |HWMMM
CNOBaMM, AKLWLO BBa*KaTM EKBiBAaJIEHTHMMM [Ba 3aNUTU, Ha AKUX OTPUMYIOTbCA
OAHaKOBi BiANOBiAi, TO KoXHa ob6nactb po3bUTTA NpPoCTopy MOLWYKY BignoBigae
O4HOMY KNacy eKBiBaZI€HTHOCTI 3anuTiB.

MPAMOKYTHMK cam no cobi He AOCUTb 3py4HUI OB'€KT; MM BBAXKAEMO 3a Kpalye
npauoBaTtM 3 TOYKamu. Lle O3Ha4vae, Hanpuknag, WO MOMKHA 3aMiHUTU 3anuT 3
NPAMOKYTHUKOM 4OTMPMA Mig3agadyamMn, NO OAHIA HA KOXKHY 3 MOro BEpPLUMH, i
NOEAHATM iX BUPIWEHHA ANA OTPUMAHHA OCTAaTOYHOI Bignosigi. B ubomy BuMnaaky
nia3afaya, NoB'A3aHa 3 BEPLUMHOK P, NOAAFAE Y BM3HAYEHHI uYmcna TodoK Q(p)
3a/1aHOI MHOXWHMU, fKi 3a40BOJ/IbHAIOTb HepiBHOCTAM X<X(p) i y<y(p), To6TO uncna
TOYOK B N1iIBOMY HUXHbOMY KBaAPaHTI, AKMIA BU3HAYAETLCA BEPLUMHOO P (puc. 11.2).
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Puc. 13.2. CKiZIbKM TOYOK «NiBAEHHO-3axigHiwe» p?

MoHATTA, 3 AKMM MM 3YCTPINNCA TYT — 8eKMopHe OOMIHY8aHHA. [0OBOPATDL, WO TOYKA
(BeKTOP) V AOMIHYE Haa W, TOA i TINbKKU TOAi, KoK ANs BCiX iIHAEKCIB 1 cnpaBaKy€eETbCS
YMOBA Vi=Wi. Ha NNOWMHI TOYKA V AOMIHYE Hag W TOA | TINbKU TOAI, KON W IeXNUTb B
NIBOMY HUXHbOMY KBaApaHTi, WO BM3Ha4YaeTbcA V. Toai Q(p) — 4Mcno To4oK, Hag,
AKMMMU OOMIHYE p. 3B'A30K MiXK 4OMiIHYBaHHAM i perioHabHUM MOLUYKOM MOKa3aHuM
Ha puc. 11.3.
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Puc. 11.3. PerioHa/ibHW NOLWYK y BUrAA4i 4-X 3anuTiB NPO AOMiHYyBaHHA
Kinbkictb To4oK N B NpAMOKYTHUKY P1P2P3P4 BU3HaYaeTbCA HAaCTYNMHMM YNHOM:
N(P,P,P3P,) = Q(Py) — Q(Py) — Q(Py) + Q(P3).
OT)Ke, 3aga4a perioHaNbHOroO MOLWYKY 3BeAeHa A0 3aAadi 0b6pobkm 3anuTiB nNpo
OOMIHYBAHHA /1A YOTUPbLOX TOYOK. BNacTUBICTb, AKA NOAErwye ui 3anmTun, B TOMY, LWLO

Ha NJOWMHI icHYOTb 06nacTi 3py4HOi popmmn, BCEpeaMHI AKX YNCIO AOMIHYBaAHHA Q
€ KOHCTaHTOlO.
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11.2. JIOKAJI3ALIA TOYKH

3aga4vy NoKanisauii TOYKM MOXKHA TaKOX Ha3BaTU 3a4a4vetd NPO HANEXHICTb TOUYKMW.
Hacnpasgi, TBEpAKEHHA «TOYKA P NEXUTb B 061aCTi R» € CUHOHIMOM A0 TBEPAXKEHHA
«TOYKa p Hanexutb obnacti R». ObumcntoBanbHa CKNAAHICTb L€l 3a4a4i 6€3yMmoBHO
byae 3anexkaTu Big Npupoan NPocTopy Ta Big cnocoby noro po3buTrA.

Mu B)e KOPOTKO po3rnagany 3agadi NIoKanisauii TOYKM BIAHOCHO NPAMOKYTHMUKA
(auB. pos3ain 2.1) Ta 6araToKyTHWKa (amB. pos3ain 3.2). Tenep 6inblWw AOKNAAHO
PO3rNSHEMO 33434y I0Kani3aLii TOYKM BiAHOCHO byab-aKkoro 6araToKyTHUKa.

Teopema. HanexKHicTb TOYKM Z BHYTPIiWHIN obnacTi npoctoro N-KyTHMKa P mMoO’KHa
BCTaHOBMTM 3a Yac O(N) 6e3 nonepeaHbOT 06POOKM.

BupiweHHA 3agau4i 1oKanisauii TO4KKM BiAHOCHO Byab-AKOro 6araToKyTHUKA y BUNAAKY
YHIKaNbHOIO 3annTy HaCTyMHe:

" MPOBOAMMO Yepe3 TOUKY Z npAmMy 1, wo napanenbHa oci 0X;

=" B UMKAI NO 4Yeps3i nepebumpaemo BCi pebpa, AKWO pebpo ropusoHTanbHe, TO
NPOMNYCKAEMO MOro, AKWO X Hi, TO NepeBipAEMO MOro NepeTuH 3 NpoBeAeHOo
npsamoto 1;

"  SKLO NOTOYHE pebpo nepeTuHae npsamy 1 niBopyy Big TOYKM Z, TO 36inbLIYEMO
NIYNNbHUK Ha 1;

" nepeBiPAEMO 3HAYEHHSN NiYMNbHUKA: AKLLO BOHO HenapHe, TO TOYKa Z NEXUTb
BCepeauHi 6araTokyTHWKa, iHaKLWe — 30BHi.

OueBMAHO, WO Lel NPOCTUI aNropuTm BUKOHYETbCA 3a Yac O(N).

[OnAa MacoBMx 3anuTiB CNOYATKy PO3rIAHEMO BMMNAAOK, Koam P — onyknumn
6araToKyTHMK. [IPONOHOBAHUI METO, BUKOPMUCTOBYE ONYKAICTb P, a came BNacTMBICTb,
WO BEPLIMHM ONyKNOro OaraTOKyTHMKA BMNOPAAKOBAHI 33 MONAPHUMM KyTammu
BIiAHOCHO OyAb-AKOi BHYTPIWHbLOI TOYKM. TaKy TOYKY ( MOXKHA Nerko 3HanTw;
HaNPWKNAL, MOXKHA B3ATU LEeHTP Mac (LLeHTPOIA) TPUKYTHUKA, YyTBOPEHOTo byab-AKOH
Tpinkow BepwuH P. Tenep po3srnAaHemo N MpOMeHiB, WO BUXOAATb 3 TOYKM ( i
npoxoaATb Yepes BepLlUnHM baraTokyTHUKa P (puc. 11.4).
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Puc. 11.4. Po36UTTA Ha KAWHM A8 334,a4i PO Ha/IeXKHICTb OMYK/I0MY
6araToKyTHUKY

Ui npomeHi po3busatotb naowmHy Ha N KAuHiB. KoXXeH KAWMH po3butmin Ha ABi
YacTMHU oAHMM 3 pebep baraToKyTHUKaA P. OgHa 3 UMX YAaCTUH NEXUTb LiIJKOM
ycepeauHi P, iHwa — yinkom 30BHI. BBaxKatoun q no4aTKOM NOAAPHUX KOOPAUHAT, MU
MOXEMO BiZLYKATU TOM KAUH, A€ NeXUTb TOYKA Z, NPOBIBLIN OANH Pa3 ABINKOBUIA
NOLWYK, OCKI/IbKM NpOMeHi CcnigyloTb B NOPAAKY 3pPOCTaHHA X KyTiB. [licha
3HAXOAMKEHHSA KNMHY 3a/IMLIAETLCA /INLLE NOPIBHATU Z 3 TUM EANHUM pebpom 3 P, ske
PO3pPi3a€ Ler KAUH, i BUPIWNTK, YN NeXNTb Z BcepeamnHi P.

ANropuTtm peanisauii onMcaHoOro metoay HacTynHUM:

" BM3HAYAEMO METOAOM ABiAKOBOIO MOLUYKY KAMH, B AKOMY NIEXKUTb TOUKA Z. TOUKa
Z NeXUTb MiXX MPOMEHAMM, LLLO BU3HAYAKOTLCA PiTa Pi+1, TOAI | TINbKKM TOAI, KONU
KyT (zqpi+1) NO3UTUBHUN, a KyT (zqpi) Big'eMHUI;

" AKWO Pi Ta Pi+1 3HANAEHI, TO Z — BHYTPILWHA TOYKA TOAi i TiNIbKN TO4i, KON KyT
(pipi+1Z) Big'eMHWMIA.

3a3HauYMMO, WO BM3HAYEHHK 3HaKa KyTa (pip2p3) BiANOBIJAE 0BUYNCNEHHA

BM3HAUYHMKA MaTpuULi TPEeTboro nopAaKy, YTBOPEHOI KOOpAMHATaMM UMX TOYOK.
KoHKpeTHO, AKWO NPUINHATK Pi=(X1,Yi), TO Liel BUSHAYHUK AOPIBHIOE:

xp Y1 1
X, Yy, 1}.
X3 Y3 1

BiH fa€ NoABOEHY OPIEHTOBAHY N/IOLLY TPUKYTHUKA (p1p2p3), A€ 3HAK natoc byae Toai
i TINbKW TOA, KOoNKn 06Xig, (pP1p2p3) OPIEHTOBAHWUI NPOTU FOANHHUKOBOI CTPINKKU. OTHKe,
(p1p2p3) BignoBigae niBomMy NOBOPOTY TOAi i TiNbKU TOAi, KOAM LEN BU3HAYHMK
AOAATHIN.

Teopema. Yac Bignosigi Ha 3anUT NPO HaANEXHICTb TOYKM ONYKAOMY N-KYTHUKY
nopisHtoe O(1og N) i3 Butpatoto O(N) nam'sti Ta O(N) yacy Ha nonepeaHto 06pobKy.

[na MOXNMBOCTI 3aCTOCYBAaHHA ABIMKOBOro nOLWYKYy HeobxigHo, Wwob6 BepLliMHM
H6araToKyTHMKA OynmM BMOPAAKOBAHI 32 MOMAPHMM KYTOM BiJHOCHO AEAKOI TOYKM.
OueBMAHO, WO ONYKAICTb € TiNbKM AOCTAaTHbOK YMOBOW A/1A BOJIOAIHHA L€
BNACTUBICTO. Hacnpasai K icHye 6inblw WMPOKMIM Knac NpocTnx 6araToOKyTHUKIB, LLO
BKAtOYaE B cebe i onyKkni 6araToOKyTHUKU, AKMIA BONOAIE LIEID BNACTUBICTIO — L& Knac
3ipyacTux 6araTokyTHuUKIB (puc. 11.5).
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Puc. 11.5. 3ipyacTuit 6aratoKyTHUK

[na BU3HAYEHHA HANEXHOCTI TOUYKM 3ipYacToMy 6araTOKyTHUKY MOXKHA BUKOPUCTATH
nonepeAaHit anropuTM ANa ONyKNOro 6araToKyTHUKa.

Teopema. Yac Bignosigi Ha 3anuUT NPO HANEXKHICTb TOYKM 3ipyacTomy N-KyTHUKY
popisHioe O(1log N) i3 sutpaToto O(N) nam'ati Ta O(N) yacy Ha nonepeaHto 06pobKy.

Tenep MOKHA 3BepHYTM yBary Ha NpocTi 6araTOKyTHMKM 3aranbHOro BMAY, SKi
Ha3nMBaTMMEMO 3BMYAMHUMM. ICHYE i€Epapxia BNACTUBOCTEMN, CTPOro BNOPAAKOBAHA
BiHOLWIEHHAM «BYyTU NiIAMHOMUHOO»:

BUMYKAICTb < 3IPKOBICTb < 3BUYAMHICTD.

Mu TinbKn wWo nobaymnu, WO 3agaya NPO HANENKHICTb 3ipYyacTomy 6araTOKyTHUKY
NPAKTUYHO aHITPOXM He CKAagHiWwa 3a 33434y NpO HANEXKHICTb OnyKaomy
6araToKyTHMKY. ANe WO MOKHA CKa3aTu Npo 3BUYaMHMK BMNaaoK? OauH 3 niaxoAis
[0 L€l 3a4a4i NigKa3aHUIA TUM, WO KOXKEH MPOCTUI B6araTOKyTHUK € 06'egHaHHA
AEAKOro yYmcna 6araToOKyTHUKIB CneuiaNbHOro BUrNAZy — TaKux, AK 3ipyacTi abo
OnyKni, abo 3pewTor0 TPUKYTHUKIB. AK po3buTM [0BINbHMIA 6araTOKyTHMK Ha
TPUKYTHUKM pO3rnaganoca B posaini 7.3.

3ANMATAHHA 111 CAMOKOHTPOJIIO
AKi OCHOBHI 3a4a4i BUOKPEMIOKOTb B FEOMETPUYHOMY MOLLYKY?

2. Lo Take «BEKTOPHE AOMiHYBaHHA»?
3. OnuwiTb anropmMTM N0Kani3auii TOYKM B ONYKAOMY BAraTOKyTHUKY?
4. Ha3BiTb iEpapxito BNacTMBOCTEN BAraTOKYTHUKIB.
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12. CTPYKTYPH IPOCTOPOBOI IHAEKCALI{

B nonepegHboMy po3A4ifi MM O3HAMOMWUAMUCA 3 NOHATTAM Fr€OMETPUYHOIO MOLUYKY i
MOro OCHOBHMMM 3a4a4aMu. B 6aratbox rpadiyHMX 3aCTOCYHKAxX 4aCcTo NOCTAE 3a4a4a
JIOKani3yBaTM TOYKY Ha 3a4aHiN MHOXMHI 06'eKTiB. HanmnpocTiwmin meToa, BUpilLeHHA
i€l 3agadvi, ue nocnigosHMn nepebip BCix 06'eKTiB NO Yep3i i TECTYBAHHA TOYKM Ha
BXOOXKEHHA B HMX. 3BMYAMHO TaKMN anroputm € abCONOTHO He ONTUMANbHUM,
OCKi/IbKM B HAWripwomy BMMNaAKy HamM [0BeAeTbCA MpOoTecTyBaTM BCi 06'ekTH
MHOXWHW. [Ona 36inbweHHA WBMAKOAII onepauih reomMeTpMyHOro MoLwyky
BUKOPMUCTOBYHOTbCA Pi3HOMaAHITHI CTPYKTYpPM NPOCTOPOBOI iHAeKcauii. Hanbinbw
PO3MOBCKOAMEHI 3 HUX MW PO3rIAHEMO B LbOMY PO34iNi.

12.1. BATATOBUMIPHI /IBINKOBI JEPEBA

Ui nepesa we HasueatoTb kD-paepesa (k-Dimensional Tree) . Lis abpesiaTypa BBeAeHa
JoHanb0om KHymom pna k-sBumipHOro pepeBa ABiMKoBOro nowyky. MeTog,
nobyaoBuM LbOro AepeBa 3aCHOBAHMIM Ha NPUHLUMNI OUXOMOMIi.

Ounxotomia — NOCNigOBHUIA pPO3Pi3 perioHy (HEeBa*KNMBO, CKIHYEHHOro 4w
HECKiHYeHHOro) Ha ABi YacTMHU. Y BUNAAKYy ABOX BMMIPIB BCHO NAOLWMHY MOMKHa
BBA)KATM HECKIHYEHUM NPAMOKYTHUMKOM, WO byae po3pizaHM cno4vaTKy Ha ABi
NiBNNOWMHMN NPAMOLIO, NapanebHO OAHIN 3 ocel. [MOoTiMm KOXKHA 3 UuUX MiBMIOWMH
MOXKe p0o3pi3aTmcA We pa3s NPAMOLo, WO napanenbHa iHWin oci, i T. 4., 3MIHIO4YN Ha
KOXXHOMY KPOLLi HAaNnpPAMOK NiHii po3pi3y, Hanpuknag sig X go Y. MNpuHuun sBubopy AiHii
pPO3pi3y: Yy BiANOBIAHOCTI 3 NPUHLUMNOM, LLO BUKOPUCTOBYETLCA Mif Yac AMXOTOMII,
TOOTO NPUHLMN OTPMMAHHSA NPUBIN3HO PIBHOI KiNbKOCTI €/1eMeHTIB (TOYOK) Y KOXKHii
CTOPOHI po3pi3y.

MpAMOKYTHMKOM bOyaemo BBaXKaTW TaKy 06,1acTb Ha NOLWMHI, WO BWM3HAYAETbCA
AEKapTOBUM A06YyTKOM [ X1,X2 ] x[Yy1,y2], BKAHOYHO 3 FPAaHUYHMMM BUMALKAMMU, KOAU
Y KOMHiM KOMbBiHaLii [403BONAETLCA: X1=-00, X2=00, Y1=00, Yyr=00. Tomy byaemo
BBaXKaTW NPAMOKYTHMKAMM TaKOXK HeobMeKeHi (3 04HOT YM ABOX CTOPIH) cmyrn, Byab-
AKMN KBAaLPAHT, UM HaBIiTb BCIO NOLLMHY.

Mpouec po36UTTA MHOMMHM S WAAXOM pPO3pPi3y MNAOWMHM Kpawe 3a Bce
NPOINOCTPYBATM B CYKYNHOCTI 3 NobyaoBoo ABOBMMIpPHOro ABiikoBoro aepesa T. 3
KOXHUM BYy3/10M V gepeBa T HeABHMM UYMHOM 3B'A3YEMO NPAMOKYTHMK R(v) Ta
NiAMHOXUHY To4yoK S(V)CS, wo nexatb BcepeauHi R(v). ABHO, AK @aKTUYHI
napameTpu L€l CTPYKTYpU AaHuX, 3B'axemo 3 V ogHy obpaHy Touky P(v) 3 S(v) Ta
«CiyHy npamy» 1(v), wo npoxoauTb Kpi3b P(Vv) napanenbHo ogHih 3 KOOPAMHATHUX
ocen.

Mpouec NOYMHAETLCA 3 BM3HAYeHHA KopeHA T. 3 R(KopiHb) cniBBigAHOCUTLCA BCA
NAOWMHA, | BBAXKA€ETbCA, WO S(KOpiHb)=S. MMOTiM BM3HAYAETbCA TOYKA PES, TaKa WO
X(p) — mepniaHa MHOXWHM abcLmC TOYOK 3 S(KOpiHb), Ta BBAXKAETbCA L0 P(KOpiHb ) =p,
a 3 1(KopiHb) cniBBiAHOCUTLCA NPAMA 3 PiBHAHHAM X=X(p). TouKka p po36uBae S Ha ABi
MHOWHU NPMBAN3HO PIBHOI NOTYXKHOCTI, W0 Ha3HaYeHi HawaaKkam KopeHs. MNpouec
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ApOob6AeHHA NPUNUHAETLCA, KONM 3HANAEHO NPAMOKYTHUK, LLO HE MICTUTb BCEpPeaUHI
TOYOK; BiANoBigHMI MOMyY BY30/1 € AUCTOM gepeBa T.

Lleit meToa npointoctpoBaHo Ha npuknagi (puc. 12.1) ans MHOXKMHKU 3 N=11 TOYOK.
By3/uM TpbOX Pi3HMX TUNiIB NO3HAY€eHi Pi3HUMK rpadiYyHUMM CUMBONAMU: KONAaMN —
He/IMCTOBI BY3/11 3 BEPTMKAIbHOLO JIIHIEID PO3pi3y, KBagpaTaMmm — HENCTOBI BY3/1M 3
FrOPU30HTANIbHOO NIHIEID PO3pi3y, @ TOYKAMMU — NUCTA. TaKa CTPYKTypa AaHMUX MAE
Ha3By 2D-aepeBo (abpeBsiaTypa BUpa3y «4BOBMMIpHE ABiMKOBE AepPeBO NMOLIYKY»).

e o
P1
Po
* P4 ® PL P3 Pie
> —e—>
.7
" CEOBON®
Pie
°
3
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‘e P, Ps Pa Ps P11
" NN
—&

Puc. 12.1. latocTpauia metogy noLwyKy 3a 40NOMOrow 4BOBUMIPHOIO A4BiMKOBOro
Aepesa

MowWwyK NOYMHAETLCA 3aBXKAM 3 KOPEHEBOro By3/a i NPOAOBKYETbCA BrAMb aepesa.
lntocTpauia perioHanbHOro NOWYKY NogaHa Ha puc. 12.2.

Yac 3anuTy € NPONOpPLiMHKUM NO BiAHOLWEHHIO A0 3arasbHOI KiNbKOCTi BY31iB B T, AKi
BiZ1BiAYE NOLWIYKOBMIN aNiTOPUTM, OCKIZIbKWN Y KOXXHOMY BY3/i LLeN airopuTm BUTPAYaE
KOHCTAHTHMI 4Yac. AKWoO y BYy3ni v obupaetbca Touka P(v) Toai v npodykmuesHul
BY30/1; iHaKLWe, Leh BYy30a1 — HernpodykmusHuli. KoxeH By3on v 3 T Bignosigae
y3araibHeHOMY NPAMOKYTHUKY R(V).
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Puc. 12.2. MpuKaag perioHasIbHOro NoLyKy Ha nornepeaHbo 3agaHomy dani

P1e
i ®
>
on opP-

MNepeTnHu periony 3anuty D i noaibHOro ysarasibHEHOro NPAMOKYTHMKA R(V) MoXyTb
O6yTM BiAHECEeHi A0 Pi3HMX «TUNIB» B 3aN€XHOCTI Big uncna ctopiH R(v), wo matoTb
HenycTi nepetHn 3 D (puc. 12.3). €auHMI TUN NepeTUHY, AKUN € 3aBXKAM
NPOAYKTUBHUM — Ue TUN 4; BCi iHWi MOXKYyTb BYyTWU HENPOAYKTUBHUMMN.

R(V) D D
R(v) D
D D R(v) R(v)
R(v)
Tun o Tun1l Tun 2 Tun 3 Tun 4

Puc. 12.3. lpuKkaag pisHUX TUMIB NepeTUHiB

OnTUManbHi OLiHKM NO BUTPaTam Nam'aTi i Yacy nonepeaHboi 06pobku B k-D-aepesi,
Ha)KaNb, HE KOMMNEHCYITb BKpaM MNOraHy OLiHKY 4Yacy MOWYKYy AAA Hauripworo
BMMNAOKY.

12.2. KBAJPO-JEPEBA

KBagpo-gepeBa (Quadtree abo Q-tree) — ue aepesa, sKi 36epiratoTb iHpopmaLiito
AeKoMno3unuii ABOBMMIpHOro npocTopy, To6To KBaapatu npoctopy. KoxeH By3on
KBagpo-AepeBa MOXe MaTu He binblwe 4oTMpPbOX Hawaakis. MoaibHa cTpykTypa
OAHUX, 3aBAAKN CBOIN NPOCTOTi, YaCTO BUKOPUCTOBYETLCA 4151 MPUCKOPEHHA A0CTYnNy
00 06'ekTiB ABOBMMIPHOT NAoWMHU. Ha pucyHKy 12.4 HaBegeHO KBagpo-AepeBo Ta
3B'A3aHa 3 HUM KBagpaTUYHa AEKOMMO3ULIA NPOCTOPY.
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Puc. 12.4. KBagpo-gepeso

O6pobKa TOYKOBOro 3aNUTYy BMKOHYETbCA HACTyNMHMM YMHOM. [lepeBO MepesipAoTb
BifJ, KOpPeHA A0 IMCTOBUX CTOPIHOK, HA KOXXHOMY pPiBHI cepes YOTUPbOX KBAAPAHTIB
0bupatoTb TOM, AKUN MICTUTb TOYKY P. PucyHok 12.5 intoctpye o6pobKy TOYKOBOTo
3anuTy.

X y a b
1
> .}i 11
R \ 14
y4 6|t \P 8
12
3 — 13
C d
9
7 10
[5,0id]
4 [6,0id]
[14, 0id]

Puc. 12.5. O6po6Ka TOYKOBOrO 3anuTy B KBaApO-4epeBax

Po3rnaHemo AWHAMIYHY BCTABKY MNPAMOKYTHUKIB. [MPAMOKYTHMK MNOBUHEH 6yTn
BCTAaBNEHUM Yy KOXEH KBAAPaHT, AKUM BiH nepekpusae. llepeBipAtoTbCA SNCTOBI
CTOPIHKM P AaHUX KBaApaHTIB. [1ig Yyac nepeBipKMU MOXKANBI ABa BUNAAKU: CTOPIHKA P
3aMOBHEHa Ta CTOPiHKA p He3anoBHeHa (06'eKT A0[AETbCA Yy AepeBo). Y BMMAAKY
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nepenoBHEHHS IMCTOBOI CTOPIHKM BUKOHYETLCA PO36UTTA KBagpaHTa. licha po3butra
OTPMMYEMO YOTUPU JINCTOBI CTOPiIHKKW, AO0JQAEMO OO'eKT y Ti KBagpaHTM AKi
NepeTUHaTbCA 3 HUM. PucyHOK 12.6 intocTpye BCTaBKy OO'EKTIB Yy KBA4pO-AEpPEBO.
BctaBka 06'ekTa 16 He NpM3BOAUTL A0 PO3OUTTA KBAAPAHTIB, @ BCTaBKa 06'eKkta 15
npu3BOAUTbL A0 PO36UTTA KBagpaHTa b Ha KBagpaHTM m, n, p Ta q. O6'ekt 15
AOLAETLCA Y IMCTOBI CTOPIHKM N Ta . O6'eKT 16 A0AAETLCA Y INCTOBI CTOPiIHKK C i T.

X n
1 5 y a|m b
1]
5 14 15
z 6|t g |P |9
12
3 | 13
16 c d
9
7 10
4

[9,10,13]

[1,2,5,6] [5,6,14] [2,3,6] [6,16] [8,11] [11,15] [8,12] [12,13,15]

Puc. 12.6. BctaBka 06'eKkTa B KBagpo-4epeBo

Yac 3anuTy y KBaapo-AepeBax 3B'A3aHMK 3 rnbuHolo aepesBa. B Hauripwomy
BUNAAKY, BY30/7 KOXHOrO nigaepeBa 3HAXOAMUTbCA B OKPEMIM CTOPIHUi i KiNbKiCTb
BBOAiB-BUBOAIB AOPIBHIOE IMNOUHI AepeBa. AKWO KOMEKUiA € CTaTUYHOMO, A0 Hel
MOXKHa 3acTocoByBaTU bOinbll ePpeKTUBHI MeToaM PO3MILLEHHA BY3NiB AepeBa, ane
CUTYyaLUis YCKNAAHIOETbCA Nif Yac 3acTOCyBaHHA AMHAMIYHMX KoneKuin. Kpim Toro,
noAibHo [0 CTPYKTypun iKCOBaAHOI peLiTKM, KBagpO-A4EepPeBO MOTEpPnaE Big
AybnoBaHHA 06'EKTIB B AEKINbKOX NUCTOBUX CTOpiHKax. Koau po3mip Konekuii €
HACTINbKWU BEIMKUM, WO pPO3MIip KBALPAHTIB AOPIBHIOE PO3MIpYy iHAEKCOBAHUX
NPAMOKYTHUKIB, AybntoBaHHA 06'EKTIB 3POCTAaE EKCMOHEHUia/ibHO, WO 3Ha4yHOo
3MeHLIYEe epeKTUBHICTb 3aCTOCYBAHHA NOAIOHOI CTPYKTYpW.
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12.2.1. KPuBI PO3I1OJI/IEHHA

KpuBa po3noaineHHAa BM3HA4Yae noOpALOK KOMIPOK (KBaApaHTiB) ABOBMMIPHOI
pewiTkn. Mepwmnit TN KpuBOi BigoMuin AK KpuBa z-nopaaky (abo kog MopTtoHa).
MoaibHM NopAAOK reHepyeTbCA HACTYMHUM YMHOM, KOpPiHb AepeBa He Mae€
MO3Ha4YKM, KOXKEH BYy30/1 AepeBa Ma€ NO3HauKy (0,1,2,3), oTpPUMaAHY TaKUM YNHOM, LLLO
NiBHIYHO-3axigHMN Hawaaok By3na k mae nosHauky k.0 (BignoBigHO niBHiYHO-
cxighmin — k.1, nisgeHHo-3axigHun — k.2 , niBgeHHo-cxigHnin — k.3) (puc. 12.7).
ICHY€E MO»XAUBICTb COPTYBAHHA KOMIPOK 3a IeKCMKOrpadivHMM NopALKOM.

Puc. 12.7. KpuBa z-nopAaaky

Kpusa lnb6epra (Hilbert) — mae popmy M. Ha BigmiHy Bia KpnBOi z-nopaaky, Kpusa
Fn6epta CKNAJAETbCA 3 YAaCTUH OAHOPIAHOI AOBXKWUHU, Le BUKIOYAE Nepexoamn nig,
4Yac CKaHYBAHHA BiA O4HIEI KOMIPKKU A0 iHLWOI, AKLLO BOHWM 3HAaXOAATbCA O4HA Big O4HOI
Ha 3HauYHil BiagcTaHi (puc 12.8).

1.2 | 2.1

1.5 12.9

0.2 (3.1
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Puc. 12.8. KpuBa lNabbepta

Ha pucyHkax 12.4-12.6 BMAHO, WO iCHYIOTb AeAKi cuTyaulii, Konnm asa 06'ekTn
3HaxoAsaTbcs 61M3bKO OAUH Bif, OAHOrO Ha NMAOWMHI, aie MatoTb 3HAYHY Pi3HULIO B
iHOEKcax, 3yMOBAEHY NOPALKOM PO3MNOAiNEHHA.

12.2.2./IIHIHHE KBA/IPO-/IEPEBO

AKwo 06'ekT [mbb, 0id] 38'A3aHMi1 3 BepwMHOIW KBaapo-aepesa 1 Ta 36epiraeTbes
Ha CTOPIHLi 3 a4pecoto p, TO iCHYE MOXKAMBICTb iHAEKCYBAHHA KonekLii nap (1, p) Ta
cTBOpeHHA B+ pepeBa. e mbb (minimal bounding box) ue MiHiManbHWi
NPAMOKYTHMK, WO BM3HAYaE mexi 06'ekTa, oid (object id) — ineHTUdiKaTop 06'eKTa.
TakKMM YNHOM MM OTPUMAEMO JiHiliHE KBa4pO-AepeBo.
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MopibHa cTpyKTypa 3abe3nedyye gobpe nakyBaHHA MO3HA4YoK (iHAEKCiB) KBagpo-
aepeBa 3a pgonomoroto B+ pgepeBa. [lakKyBaHHA € AMHAMIYHMM, TOOTO BOHO
36epiraeTbca nig Yac BuaaneHHA abo BcTaBKM 0O'eKTIB y Kosekuito. Ane noaibHa
cXxema Mae npobiemy HagMipHOCTI.

12.3. R-JEPEBA

R-pepeBo — wue rinyacta 36anaHcoBaHa AepeBoBMAHA CTPYKTypa 3 pi3HOMO
OpraHisaui€to BHYTPILWHIX Ta IMCTOBUX CTOPIHOK.

IHbopmauia, wo 3b6epiraeTbca y R-gepeBax Aewo BiAPi3HAETbCA Big Tiei, Wo
36epiraeTbca y biHapHUX gepeBax. B 4ONOBHEHHA A0 iAeHTUIKaTOpPiB NPOCTOPOBUX
06'eKTiB, WO 3HAXo4ATbCA Yy JIMCTOBUX CTOPiHKax, Yy R-gepeBax 36epiraerbcs
iHbopMaLia Npo mexi iHaeKkcoBaHoro 06'ekTa. Y BMNaaKy ABOBUMIPHOro NpocTopy
36epiratoTbCA ropu3OHTaNIbHI Ta BEPTUKANIbHIi KOOPAMHATM HUMKHBOTO NiBOro Ta
BEPXHbOrO NPABOro KyTiB HAMMEHLLOIO NPAMOKYTHMKA, AKNIM OrMHAE 06'€eKT.

CtpyKTypa R-gepeBa noBMHHA BiANOBIAATU HACTYNHUM BUMOTaM:

" [ONA BCiX BHYTPIWHIX By3niB AepeBa (OKpiM KOpeHA), KinbKiCcTb HalagKiB
3HaxoguTbca Mk m Ta M, ge me [0, M/2], m — miHimanbHa cTeniHb By3na, M —
MAKCMMaNbHa CTeNiHb BY3/3;

" ONA KOMHOro BHYTPIWWHbOro By3/1a BM3HayeHa napa (dr, nodeid): dr —
ANPEKTUBHUIM NPAMOKYTHUK, hodeid — igeHTUdiKaTOp BY3Na;

" 115 KOXKHOT JIMCTOBOI CTOPiHKM BM3Ha4veHa napa (mbb, oid): mbb — miHimanbHMit
NPAMOKYTHUK, AKWIA BU3HAYA€E MeXi npocTopoBoro 06'ekta, oid — iaeHTMdikaTop
06'eKTa;

"  KOPiHb MAE HE MEHLL HiX ABa BUXOAM;
" yCi IMCTOBI CTOPIHKM 3HAX04ATbCA HAa O4HOMY PiBHI.

Ha pucyHKky 12.9 306pakeHe R-gepeBo 3 m=2 1a M=4. IHaeKkcoBaHa Konekuia 36epirae
14 06'eKTiB. [IMPEKTUBHI NPAMOKYTHUKM BY3NniB a, b, ¢, d 306parKeHi NYHKTUPHOIO
NiHi€et0.
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Puc. 12.9. R-aepeBo

BKasaHi Bumorn o R-aepesB NOBWHHI BUKOHYBATUCb Micna 6yab-akoi nepebyaosu
AepeBa, BUKAMKAHOT ANHAMIYHOIO BCTaBKOK UM BUAANEeHHAM 06'ekTa. BigmiTumo Te,
WO CTPYKTypa 36anaHCOBAHOro gepeBa MPUCTOCOBYETbCA A0 aCUMMETPIi po3noainy
AaHux. PerioH o6nacTi NOWYKY 3anOBHEHUM BEJIMKOK KiNbKiCTiO 06'eKTiB reHepye
BE/INKY KINbKICTb CYCiAHIX IMCTOBUX CTOPIHOK.

M — maKcuMmanbHa cTeniHb By3/a, 3a/IeXKMUTb Bif, pO3Mipy Halaakis By3na size(E) Ta
MOX/INBOCTi AUCKY BMIiCTUTM CTOPiIHKY size(P): M=|_size(E)/size(P)I. M morke
BiAPIZHATUCA ANA NUCTOBOI Ta BHYTPIWHbBOI CTOPIHKW, B 3aNEXHOCTI Big po3mipy
ineHTudikatopis nodeid (By3na) ta oid (BepwmnHKM). BM3HAYEHHA MiHIMaNbHOI
KiNbKOCTi HaWaAKiB By3na — m 3a1eXUTb Big cTpaTerii po3buTra By3nis.

R-gepeBo rmMbuHu d Bmillye He MeHLe HiX m 06'eKTiB Ta He binble Hix ML, |
HaBMnaku, rMMbunHa R-gepeBa, AKe iHAeKcye Konekuito N 06'eKTiB, 3HAX0AUTLCA MiXK

I_log m(N)I-l Ta |_10g M(N)I-l.

12.3.1.1Io1yK B R-JEPEBAX

Hu)Kue po3rnAHyTO AeTaNbHUIA aNropuTM MOLYKY OAA TOYKOBOro 3anuty. PyHKLUiA
TOYKOBOrO 3anUTy BUMKOHYETbCA Yy ABa eTanu. CnoyaTtky, BigbyBa€TbCA MOLWYK BCiX
BY3/iB OUPEKTUBHUN MNPAMOKYTHUK AKUX MICTUTb TOuky P. Po3rnspgatrotbca yci
niaaepesa, OCKINIbKM TOYKA MOXKe HasleXKaTu 40 NepeTUHY AeKiIbKOX NPAMOKYTHUKIB
(pnc. 12.10).
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Puc. 12.10. Intoctpauia o6pobku To4KOBOro 3anuTy B R-gepesi

Mpouec NOBTOPHOETLCA HA KOXHOMY pPiBHI AepeBa A40TU, AOKM He ByayTb 3HAMAEHI
NIUCTOBI CTOPIHKKU. NAa KOXKHOro By3na N moXXnusi aBi cutyauii:

" y BY3/li Hi OAWMH 3 MNPAMOKYTHMKIB He MICTUTb Yy cobi Touyky P — nouwyk
3aBepLYETbCA. TaKa CUTyauia MOXKAMBA i 3@ YMOBM 3HAXOAXKEHHA TOYKM P B
ONPEKTUBHOMY NPAMOKYTHUKY BY3/1a, TOYKA P MOXKe 3HaxoaAuTUCA Yy Tak 3BaHOMY
Mepmaeomy npocmopi By3na;

" TOYKa P 3HaxoauTbCA B AUPEKTUBHOMY MPAMOKYTHUKY OLHOMO 4M OEKiNbKOX
By3niB. HeobxiaHO nepernaHyTn KOXKHe nigaepeso.

PucyHoKk 12.10 intocTpye TOYKOBUM 3anuT, ToYKa P Hanexutb ob'ektam 8 T1a 12.
ObpobntotoTbea Tpu By3na: R, ¢, i d.

[na obxony R-aepeBa BUKOPUCTOBYIOTb PEKYPCUBHY YHKLIlO, AKA Ha BXig OTPUMYE
CNOYaTKy KOPEHEBWUI BY30/1, @ TOAi KOXEH HAaCTYMHWUI BY30/1 HUXKYUX PIBHIB.

AKWO TOYKA HANEeXUTb TiINbKWM OAHOMY MPAMOKYTHMUKY HA KOMHOMY PpiBHi, 3anuT
notpebye d KpoKiB ANA [OCATHEHHA INCTOBOI CTOPIHKK, Ae d — rnnbuHa gepesa. Xoua
noAibHa cuTyauis TpanaseTbcs piako, y binblwocTi BMNaaKiB HeobxigHO pPo3rnAHyTU
HEBENMKY KiNbKICTb LWAAXIB Big KOpPeHA A0 NIMCTOBMX CTOPIHOK, @ TOMY O4YiKyBaHa
KiNbKiCTb KPOKIB Mignaga€e nig, norapudmivyHe posnogineHHa. Haxanb, moxKause
BMHMKHEHHA CUTyauii, KOAM KiNbKicTb KPOKiB He byae nignagatv nig 3akoH
norapu@PmiyHOro po3noAineHHs, Tak y Hambinbw HecnpuATAMBOMY BMMAZKY BCi
OAVPEKTUBHI NPAMOKYTHUKU MOXKYTb MaTW 0061acTb NEPeKpUTTA A0 AKOI HaNeXuTb
TouKa P. Y noaibHi cutyauii HeobxigHo byae nepernaHyTm Bce AepeBo.

ANropuTm BIKOHHOIO 3anuUTY BIAPIZHAETLCA AMLIE TUM, LLO NPeauKaT «MICTATb TOYKY
P» 3MiHEHMM Ha NpeaMKaT «nepeTuHatoTb BikHO W», ae W — napameTpwu BiKHa 3anuTy.
Yum Ginblie BiKHO, TUM Binblua KinbKiCTb BY3NiB, AKi HEOOXiAHO PO3rNAHYTH.
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12.3.2. BCTABKA OG'€KTA B R-JEPEBO

Ona Toro, wWo6 BUKOHATM onepaLito BCTaBKM 06'eKTa B iCHYtoUYe aepeBo, HEObXiaHO
06inT pepeBO 3BEPXYy [AOHM3Y, MNEPEBIPAOYM HA KOMKHOMY PiBHI, YN MICTUTb
AVPEKTUBHUIA NPSAMOKYTHUK mbb 06'eKTa i, AKWO MiCTUTb, po3rnagatv niggepesa
BY3/1a 4,0 AOCATHEHHSA IMCTOBOI CTOPIHKW. |3 AeKinbKox nigaepes 0bnpaeTbca Te, Yni
AVNPEKTUBHUN MPAMOKYTHUK NOTPeby€E HAMMEHLLIOTO PO3LLMPEHHS.

AKWoO NncToBa CTOPiIHKA He 3anoBHEHa, TO A0A4AEMO HOBWMIM 06'ekT [mbb, 0id], a
TAKOX, AKLWO Le HeobxiaHO BCi AMPEKTUBHI NPAMOKYTHUKM BaTbKIBCbKMX BY3NiB.

AKLW,0 NMcToBa CTOPIHKA 1, B AKY HE0bXigHO BCTaBUTM 06'€KT, 3aNOBHEHA, BUKOHYETLCA
onepauia po36uTTa. CTBOPIHOETbCA HOBa /AMUCTOBA CTOpiHKA 1' Ta M+1 o6'ekTiB
po3noginAaerbca mixk 1 ta 1'. Mo 3aKiHY4eHHI po36MTTA HeobxigHO MmoamdikyBaTH
H6aTbKiBCbKMI BY30/1 Ta, AKLLO BiH 3aNOBHEHMI, BUKOHATK onepaLiia po3buTTA.

OaHa 3 Ba)X/MBMX YaCTUH aNroputmy — pos3buTtta By3niB. IcHye barato metoais
po36uTTa By3na. byab-sike piweHHA, 33 AKoro m+1l 3HaxoAUTbCA B OAHOMY BY3Ai
(cTopiHui) Ta M+1-m-1 B iHWOMY, MOKe BBaXKaTucs 3a40BiNbHUM. CTpaTeria po36uTTs
NOBWMHHA BigNOBIAATU HACTYNHUM BUMOTaM:

= MiHimi3aUia 3aranbHOI 06nacTi ABOX BY3NiB;

= MiHimi3auia obnacTi nepekpuTTa ABOX BY3NiB.

Haxanb, Ui BMMOrM He 3aBXAM CYMICHi, NoAibHUIA BMNAAOK NPOINKCTPOBAHO Ha
pucyHKy 12.11.

Puc. 12. 11. PO36UTTA 3 MiHiManbHUMK 0621aCTIO Ta MepPeKpUTTAM

MeTopa BupilleHHA «B N06», Nif Yac BUKOPUCTAHHA CTpaTerii, WO BPAaXOBYE NepLumin
KPUTEPIN, NONATAE Yy TOMY, WO6 PO3rNaHYTM BCi MOMKAMBI NPAMOKYTHMKM i BUBpaTH
cepepg, HUX TOM, WO MiHiMi3ye 3aranbHy 06nacTb ABOX By3niB. OAHAK Len meTon, He
OVBNAYNUCL HAa MOro NPOCTOTY, BUABASAETLCA AYXKE AOPOrMM, BUXOAAYM 3 Yacy MOro
BMKOHAHHA. ANbTEPHATMBOIO MOXE C/YryBaTh KBAApPaTUYHUIN aNirOPUTM po36umTTS, 3
4YAaCOM BMKOHAHHA KBaApaTU4HMUM a0 M.

KBagpaTU4HUIA MeTon, BMKOPUCTOBYE HACTYMNHY €eBPUCTMKY. CnoyaTKy ABi rpynm
06'eKTiB iHiLiaNi3yOTbCA, B HAX A0Aat0TbCs 06'EKTM € Ta €' BiACTaHb i MepTBMI NPOCTip
MiXK SKMMKW MaKCMManbHi. MepTBuit NpocTip BU3HAYa€eTbCA SIK cyma obnacteit mbb e
Ta €' MiHyc cyma obnacten e Ta e'. 3 06'eKTiB, WO 3aAUWMAKUCA, KinbKicTio M-2, oo
KOXHOI rpynu [O0JQ€ETbCA TOWM O6'EKT, uUMi po3Mip Ta MONOXKEHHA MiHIManbHO
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36inblIaTb AUPEKTUBHUN NPAMOKYTHUK rpynu. Y BUNaaKy piBHOCTi 06'eKT AoAa€ETbCA
00 Ti€i rpynu, Yns KinbKicTb 06'eKkTiB MeHLWa.

[Bi yactMHWM anropuTmy (iHiLianisauia rpynu Ta BCTaBKa e1€MEHTIB) KBaApaTUYHI No
BiAHOWeEHHIO A0 M. AKLWLO Nig Yac BUKOHAHHA OCTAaHHbOIT YaCTUHU aNrOPUTMY OAHIN 3
rpyn (Hanpuknag Gi), 6yna HagaHa nepesara Hag, iHWOW rpynoto (Hanpuknag Go),
Habip enemeHTiB, Wo 3aanwmanca E', nosnHeH 6yt gogaHnii B rpyny Gz, He3asneKHo
Bif, IX micue3HaxoaKeHHA. Lle moxKe, y AeAKuUX BMNAAKax, NPU3BeCTU A0 MNOraHoro
po3nogineHHA enemeHTiB. O4eBMAHO, WO LUEe 3aNeXWUTb Big napameTpa m, AKUR
BU3HAYAE MiIHIMANbHY KiNbKiCTb enemeHTiB rpynun. llicna nposefeHnxX AO0CNIAMNKEHb
3HayeHHA m=40%M, 34a€TbCA HANbBINbW NPUAATHUM ANA BUKOPUCTAHHA LbOro
ANropuTMmy.

TaKoX iCHYE NiHIMHUIA aNrOPUTM, AKUMA CKIALAETLCA 3 BMOOPY TaKUX €NIeMEHTIB,
BiACTAHb MiXK AKMMW 33 3HAYEHHAM OJHI€i 3 OcCel [AeKapTOBOro MNPOCTOpy €
HaMBINbLWIMM, Ta PO3MNOAINIEHHA €NeMEHTIB, WO 3anuwuanca, y rpyny, mbb sakoi
noTpebye HaAaMMEHLIOro po3wWwupeHHA 061acTi Nig 4Yac BCTaBKU LLbOrO e/leMeHTa.
NiHINHWMIA anroputm € BGinbw npocTMm Ta wsuawmm. Ane, sk 6yno gosedeHo B
AEKINbKOX eKCcnepuMmeHTax, pe3ynbTaT poboTM UbOro aAropuTMy NOTipLUYE
HagMIPHUIMA NEePEeTUH FPAaHUYHUX NPAMOKYTHUKIB rpyn.

12.3.3.R*-JEPEBA

R*-pepeBa — ue R-gepeBa, sKi Ha4alOTb AELWO NOKpPaLLEHi KNacu4yHi anroputmu. B
R*-pepeBax onTumisauis NpoBOAUTLCA 3@ HACTYMHMMKM MapameTpamu: obnactb
nepekpuTTa By3na, 06,1acTb By3na, 06,1acTb AMPEKTUBHOIO NPAMOKYTHUKA.

Haanb He icCHYe meToaiB, AKi 6 04HOYaCHO ONTMMI3yBaAU Li TPM NapameTpu. Huxue
noAaHi ABa BapiaHTM MeTOoAiB, AKI NOKPALWLYOTb afITOPUTMM KnacuyHoro R-gepesa.
Mepwmn anropuTmM — NOKpPaLLEHUM aAropuTm po3buTTa aepesa.

Anroputm po3buTtta R-gepeBa cno4vaTKy iHiuianisye ABi rpynn o06'eKTiB, fKi
3HAX0AATbCA HAa MaKCMMa/bHIM BiACTaHi OAWH Big oaHOro, a NoTiMm A404atoTb 06'eKTH
A0 TIEl YN iHWOI rPynKn, BUXOAAYM 3 KpUTEpito MiHimi3auii obnacTi noKpuTTa rpyn
ob'ekTiB. Migxia, SAKMA 3acTOCOBYETbCA Yy R*-gepeBax, Bigpi3HAETbCA TUM, WO
po36uTTA BiAOYBa€ETbCA TiNbKM BiAHOCHO AKOICb 3 ocell (BEpPTUKANbHOI uM
ropM3oHTaNbHOI). NepeBarn uboro metoay 306paxkeHi Ha pUCYHKy 12.12.

A T """ S | A !

) ﬂ"D """ b B

Puc. 12.12. Ctparerii po36utta R-gepesa ta R*-gepesa
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Anroputm po3butta R-gepeBa obupae crno4yaTKy ABa neplimx ob'ekta A Ta B, Ta
iHiuianisye BianosiaHoO rpynu Gi Ta G2. OCKiNbKM 06'eKT A 3HAYHO BinbLIMIA HiXK 06'eKT
B, To anroputm po3butta R-aepesa Ha nepwux iTepauiax byae gogasatn 06'ektn ao
rpynu Gi, WO y Noganbliomy npmssene 40 HEONTUMAAbHOTO pPo3nogifieHHA 06'eKTiB
y Aepesi.

Anroputm po3butta R*-aepesa npoBoanTb po3buTTa BiAHOCHO BICi X, WO A03BONAE
YHUKHYTU NePeTUHY ANPEKTUBHUX NPAMOKYTHUKIB ABOX rpyn. 18 3HaXOOKEHHA BiCi
pPO3OUTTA NPAMOKYTHMKM COPTYHOTb 33 MiHIMaibHMM abo  MaKCMManbHUM
napameTpom. KinbKictb onepauii popiBHioe 2(2(M-2m+2)). BpaxoByrouu Bicb,
obupaeTbca po3nogineHHA 06'ekTiB 3 MiHIMaNbHMM NepekpuTTAM. Y BUNAAKY ABOX
BapiaHTIB pO3NOAiNeHHA 3 OAHAKOBUM NEepPeKpUTTAM O0OMPAETbCA BapiaHT 3
MiHiManbHOI 061aCTHO NOKPUTTSA.

[HWWt BaxknmBuiA anroputm R*-nepeB — anroputm BCTaBKM, SIKMA 6a3yeTbcs Ha
NPUHUMMI NPUMYCOBOI NOBTOPHOI BCTaBKM 06'ekTa (puc. 12.13).

Ha pucyHky 12.13, wo intoCTpye cTpaTerito peopraHisauii R*-pgepes nig uac
3aMOBHEHHS efleMeHTiB, 06'eKT 8 BCTaBNEHMIN B iCHylOYe AEPEBO, WO BUKINKANO

NnepenoBHEHHA By3fa V. ANropuTM BCTaBKM R-aepeBa BMKOHAe MicueBy
peopraHisauito, Wwo npussene 40 HebaxKaHOro NepeKpUTTA CTOPIHOK AepeBsa.

Puc. 12.13. CTpaTeria nOBTOpPHOI BCTaBKM 06'eKkTa: BcTaBKa 06'ekTa 8
(nepenoBHeHHA By3/a V); po36utTa R-gepeBa Ta peopraHisauis y R*-gepesi

ANropuUTM NOBTOPHOT BCTaBKK R*-aepeBa BUKOHAE HACTYNHY NOCAiIA0BHICTb Ail:
" BUAANUTb 00'EKT 4 3 CTOPIHKMK V;
®  BWpPaXy€E HOBe rPaHMUYHe Nnose V;

" MOBTOPHO BCTaBUTb 06'eKT 4, moandikyBaBLIM AEPEBO, MOYNHAKOUYM 3 KOPEHA Y
BY30/ U;

"  pO3MICTUTb 06'EKT 8 Ha CTOPIHLI V, HE BUKOHYHOUM NOAANbLIOIO po36UTTA.

OCKiNbKM nepenoBHEHHA By3/Na MOXKe TpanuTucb Ha Oyab-sKoMy piBHI Aepesa,

BMOANEHWNI 06'EKT NOBMHEH BYTW BCTaBNEHWUIA HA TOMY X CaMOMY PiBHi, Ae BiH OyB

BUOANEHUN. Y BWUNAAKy, KOAW NiCAs BWUKOHAHHA MNOBTOPHOI BCTaBKU BY30A

BMAB/MAETLCA MNEPEenoBHEHMM, ANA TOro, Wob YHUKHYTU HECKIHYEHHOro UMKy,
3aCTOCOBYETbLCA AATOPUTM PO3bUTTA AepeBa.
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12.3.4.R+-/IEPEBA

R+-pepeBa — LUe CBOEPIAHMI KoMmnpomic mix R-aepesamu Ta kD-pepeBamun. BoHu
YHUKAOTb NEPEKPUTTA ANPEKTUBHUX NPAMOKYTHMKIB Fpyn, WASAXOM BCTaBKU 06'eKTa
B Ki/IbKa IMCTOBMX CTOPiIHOK, AKLWLO Le HeobxiaHo.

PisHnuAa mixk R-oepesamun 1a R+-gepeBamu HacTynHa:

"  JINCTOBI CTOPIHKN HE rapaHTOBaAHO 3anNOBHEHI Xo4a 6 Ha NONI0BUHY;

= BHYTPILWHI BY3/IM HE NEePEeKPUBAOTHLCA;

" jaeHTUdIKaTOp 06'ekTa Moke 36epiratmca B binblue, HiXK OAHIM NUCTOBIN CTOPIHL.
Nepesarn R+-gepes:

"  OCKINbKM JINCTOBI CTOPIHKM HE MNepeKpmBaloTbCA MiX Ccob60I, BMKOHAHHA
TOYKOBOTO 3aMNUTY € WBUAKMM, OCKiZIbKM BCi 06'€EKTU OXONNHOOTLCA WOoHanbinbwe
OL4HUM NPSAMOKYTHUKOM;

" ig Yac NOWYKY NepernagaeTbCcA MeHLWa KisIbKiCTb BY3/iB, HiXX B aHanoriyHomy R-
hepesi.

Heponikn R+-gepes:

" OCKIi/IbKM NPAMOKYTHUKM AybntotoTbeA, R+-aepeBo moxe 6yt 6inbll rpomisgrim,
HiX R-gepeBo nobyaoBaHe Ha TOMY X Habopi 06'eKTiB;

= nobypgoBa i niaTpumKka R+-gepeB binbl cknagHa, HiXX Nnobyaosa i nigTpMmKa R-
nepes T1a R*-pgepes.

12.4. Z-BNOPAJAKOBAHI JIEPEBA

Ha BigmiHy Big iHWMWX TUNIB AepeB, UEN TUN NPaUIOE He 3 NPAMOKYTHMKAMU, a 3
peasibHO reomeTpieto 06'eKTiB.

Anroputm nobynoBM BKAKOYAE HACTYMHWUI OCHOBHWI eTan. BpaxoBytoun reomeTpito
06'eKTa O Ta KBaApaHT g, NepeBipAEMO B AKi /JINCTOBI CTOPIHKM KBagpo-AepeBa
nobynoBaHOro B KBagpaHTi g nonagae 06'ekt. NMpoBoanmo gekomnosunu,ito 06'ekTa,
TO06TO aHaNi3yeEMO B fKi NiAKBaApaHTM noTpannde ob'ekT 0, Ta byayemo B+ aepeso.
[eKkomno3unuis NPUNUHAETLCA NO A0CATHEHHI MaKCUMMabHOI rnbuHn d.

PucyHoKk 12.14 intocTpye AEKOMMO3ULIO Ta anpoKcumaulito 06'ekta. Anpokcmmalin
06'eKTa — cnMCcoK KBagpaHTie {023, 03, 103,12, 201, 210, 211, 300, 301, 302}.
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Puc. 12.14. Z-BnopAgKyBaHHA Ta geKoMno3umuia ob6'ekTa

Konekuina 3 Bocbmn 06'eKTIB pa3om 3 ix Z-BNOPAAKOBAHO AEKOMMO3MLIE NOAaHA
Ha pucyHKy 12.15. KBagpo-aepeBo mMa€e mMaKcumanbHy rmmnbuHy d=3. OTpumyemo
Habip 06'ekTiB [ 1,0id], rae 1 — no3Hauyka Komipku, i oid — ineHTUdiKaTop 06'eKTa,
anpoKcMmoBaHa Gopma AKOro MiCTUTb UM NEePEeTUHAE KOMIpKy 1.

OueBMAHO, WO UA CXema, AONYCKae AybntoBaHHA. lgeHTMdiKaTop 06'ekTa MorKe
3HaxoAUTUCb B 6araTbox KOMIipKax anpoKcMMaLii MOoro KoHTypy. Tak i HaBMakuy,
MOX/INBA CUTYyaL,isi, KON ICHYE AeKinbKa nap, Wo MatTb ogHy i Ty X 1, ane pisHi
ineHTudikaTopun ob'ekTiB. MoaibHa cuTyauia BUHUKNA AnA 06'eKTiB € Ta h, aKi pasom
BMKOPUCTOBYHOTb KOMipKY 303. TaKoX MOXAMBA CUTYyaLia, KOAM AeKinbka 06'ekTiB
npPUNaaatoTb Ha OAHY i TY X KOMIPKY, afie Ha Pi3HUX PiBHAX AeKomno3uLii (06'ekTn a

Ta g).
00 01//7 10 11

<\c \ ) a={201 203 21 230 231}
02 e3(_ ) 12\'/F \ 13 b={233 322}
-{ié:j ] c={01 030 031}
d={02}
20 21 31

’\\‘ 3 e={303 312 321 330}

a f={102 103 120 121 123
22 )3&) 32 @Zi/g‘L 8;211} }

h={303}
b >

Puc. 12.15. Habip 06'eKTiB i3 Z-BNOpAAKOBAHOI AEKOMMO3ULLIED

-
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Ha pucyHky 12.16 nogaHe B+ aepeBo, AKke OTPUMaHO Big Z-BnopaaKoBaHOro Habopy
AaHux (puc. 12.15). laeHTndikaTopm 06'eKTiB 4OCTYNHI Y By3nax B+ aepesa.

HeobxigHo BigMITUTK, WO OAUNH i TOM Xe 06'eKT moxke byTn nNpeacTaBNeHU y ABOX
BiAJANEHUX NUCTOBMX CTOpPiHKax B+ pepeBa, 3aBAAKM OeAKOMY HEMWHYYOMY
nepexoAy nig yac Z-snopaaKyBaHHA. Hanpuknaa, 06'ekT b posnogineHnin mixk agsoma
KOoMipKamu: ineHTudikaTop 06'eKTa 36epira€TbCA y pPisHMX Ta HE CyCigHIX IMCTOBUX
CTopiHKax B+ aepesa.

AnropnuTMmn o6pobKKM TOYKOBUX Ta BIKOHHUX 3anuTiB NoAibHI Ao anroputmis 06pobku
3anuTiB KBaApo-AepeBa. EAnHa BiAMiIHHICTb — 36epekeHHA iaeHTudikaTopis 06'eKTiB
(0id), aki nepeTnHatOTbCA 3 BIKHOM NOLLYKY.

031 120

[121, f]
[123, ]

Puc. 12.16. B+ gepeBo nobyaoBaHe Ha Z-BNOpAAKOBAHOMY Habopi gaHmx

3ANMUTAHHA AJ11 CAMOKOHTPOJIIO
. [AnA 4oro BUKOPUCTOBYIOTbCA CTPYKTYPM NPOCTOPOBOI iHAEKcaL,ii?
Ha akomy npuHumni 3acHoBaHe kD-gepeBo?
AKMM cnocib po3buTTa NPOCTOPYy BUKOPMUCTOBYETLCA B KBaApO-AepeBax?
LLlo Take KpuBi po3nogineHHa? Aki byBatoTb ix BUAN?

AKMM npuHUMN nobyaosu R-aepes?

1

2

3

4

5. Lo Take niHiMHe KBaApo-AepeBo?

6

7. LUWlo Take R* Ta R+-gepeBa? fAkiix ocobnmsocTi Ta BigmiHHOCTI Big R-aepes?
8

AKi ocobaunBocCTi Z-BNopaaKoBaHUX aepes?
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13. BWJAJIEHHA HEBUUMUX JIIHIA TA TPAHEHN

OAHi€ 3 HAMBAXAMBIWLMX 33434 TPUBUMIPHOI rpadiku € BU3HAYEHHA, AKi YaCTUHMU
06'ekTiB (pebpa, rpaHi), Lo 3HaxoA4ATLCA Y TPUBUMIPHOMY NPOCTOPi, ByayTb BUAMMI
nig Yac obpaHoro cnocoby NPOEKTYBaHHSA, a AKi byayTb 3aKpwuTi BiA, cnocTepiraya
iHWKMMKM  06'eKTamn. B  AKOCTI MOMKAMBUX BWUAIB MPOEKTYBAaHHA TPAAMLINHO
PO3rNAJAI0TLCA NapanenbHe i LeHTpanbHe.

Came NpOEKTyBaHHA BiAOYBAETbCA HA TaK 3BaHY KapTUHHY MNOWMHY (€KpaH): Kpi3b
KOXXHY TOYKY KOXHOro 06'e€KTa NpOBOANTLCA MPOEKLIMHUIA NPOMiHb (NPOEKTOP) A0
KapTUHHOI N/IOWMHK. YCi NPOEKTOPU CTBOPIOIOTb NY4YOK abo napanesibHUX NPOMEHIB
(mig yac napanenbHOro NPOEKTYBaHHA), abo NPOMEHIB, WO BUXOAATb 3 OAHIEI TOUKHK
(ueHTpanbHe NPOEKTYBaHHSA). MNepeTUH MPOEKTOpPA 3 KAPTUHHOK N/OLWMHOK Aa€
NPOEKLI0 TOYKN. Buammmmmn 6yayTb TiNbKM Ti TOYKM, WO PO3MIlLEHI B3A40BXK
HaNPAMKY NPOEKTYBAHHA HaNBMKYeE A0 KaPTUHHOI NAOLWMHW. YCi Tpn ToUKM P1, P2 Ta
P3 (puc. 13.1) 3HaxoAATbCA Ha OAHOMY | TOMY K MPOEKTOPI, TOOTO NPOEKTYOTLCA B
OAHY i TY XX TOUYKY KQpPTUHHOI NAOLWMHMN.

al

Puc. 13.1. To4uKM 06'eKTa Ha OAHOMY NPOEKTOPI

Ane OCKiNbKKU TOYKa P1 nexXntb 6anxKye A0 KapTUHHOI NIOWMHM, HixK TOYKK P2 i P3 Ta
3aKPMBAE iX Nig Yac NPOEKTYBAHHA, TO 3 LMX TPbOX TOYOK CamMe BOHA € BUAUMOIO.

He anBnAYnCb Ha NPOCTOTY, AK 34A€ETbCA, 3aBAAHHA BUAANEHHSA HEBUAMMMUX NiHIN i
NOBEPXOHb € AOCUTb CKAAAHUM i 4YaCTO BUMara€e Ay*Ke BennMKmux 06'emiB obumcneHsb.
Tomy iCHYE Linnn pag, pisHUX MeTOAiB BUPILLEHHA L€l 3a4a4i, BKAOYHO 3 METOAaMU,
AKI CNMPaKOTbCA HA anapaTHi pilleHHA.

Lli meToamM po3pi3HAIOTLCA 3@ HACTYNMHUMMW OCHOBHUMM NapameTpamm:
= cnocoby noaaHHA 06'eKTiB;

= cnocoby Bi3yanisauii cLueHu;

" MPOCTOPY, B AKOMY NPOBOAUTLCA aHANI3 BUAUMOCTI;

"  BUMALY OTPMMAHOIO pe3ynbTaTy (MOro TOUHICTb).

AK MOXKNKMBi cnocobu nogaHHA 06'eKTIB MOXKYTb BUCTYNATU aHaNITUYHI (ABHI | HeABHI),
napameTpUYHI Ta NONIrOHANbHI.
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[ani BBaXaTMmMemo, WO BCi 06'eKTM nopaHi Habopom ONyKAMX MNOCKUX FPaHEN,
HanpuWKAag TPUKYTHUKIB (NONIroHaNbHUIM CNOCIB), AKi MOXKYTb NEePeTUHATUCA OAMH 3
OAHMM NnLe B340BXK pebep.

KoopanHaTu B 3agaHOMY TPMBMMIPHOMY NPOCTOPI MO3Ha4YaTumemo Yepes (X, Y, z), a
KOOPAMHATU B KapTUHHIM naowmHi — 4depes (X, ¥). TakoxK BBarkKaTUMEMO, WO Ha
KAapPTUHHIA NNOWMHI 3a4aHa UinoyMcenbHa pPacTpoBa pPeLiTka — MHOXMHA TOYOK
(i, j), ;e i Ta j — uiniuncna.

AKWO ue 0cobamBo He 06yMOBIEHO, BBAXKaTUMEMO A1 MPOCTOTH, LLLO NPOEKTYBAHHS
3[iNCHIOETBLCA Ha naowmHy XOY. MpoeKTyBaHHA BiabyBaeTbca abo napanenbHo oci 0Z,
TO6TO 3apaetbca popmynamu: X=X Ta y=Y, abo € UEHTpPabHUM 3 LEHTPOM,
po3TawoBaHMM Ha oci OZ, i 3apaeTbca popmynamm:

X
X=—;Y=X.
z z

ICHYIOTb ABa pi3Hi cnocobu 306parkeHHA TPUBUMIPHUX Tin — KapkacHe (wireframe —
ManThCA nnle pebpa) i cyuinoHe (mantotoTbea 3adpapboBaHni rpaHi). Tum camum
BMHWKAIOTb ABA TUNM 3a4a4 — 8udasneHHA Hesudumux AiHili (pebep ana KapKacHUX
306parkeHb) i BUOaseHHA He8UOUMUX N08ePXOHb (rpaHel Ana CyLiNbHUX 306pakeHb).

AHanis BMANMMOCTI 06'EKTIB MOXKHA NPOBOAUTM AK B MOYATKOBOMY TPUBMMIpPHOMY
NPOCTOPI, TaK i Ha KAPTUHHIM NAOWMHI. Lle npuBoaMTb A0 pO34ineHHA MeToAiB Ha ABa
Knacu:

" MeToAM, WO npautotoTb be3nocepeiHbO B NPOCTOPI caMux 06'eKTiB;

" MeTOo4M, WO NPaLoTb B MPOCTOPI KAPTUHHOI MAOWMHM, TOOTO npautooTb 3
NPOoEKUiasMKM 06'eKTiB.

OTpumyBaHMI pe3ynbTaT € abo Habopom Buanmmx obnacren abo Biapi3KiB, 3agaHUX
3 MAalWWHHOK TOYHICTIO (Ma€e HenepepBHWI BUrNAa), abo iHbopmauito npo
HaNBAMKUNIA 06'EKT ANA KOXKHOIo NiKcena ekpaHy (Mae AUCKPETHUIN BUTNAA).

MeToan nepworo Knacy AatoTb TOYHE BUPIWEHHA 3adadvi BUAANEHHA HeBUAUMUX
NiHIN | NOBEpPXOHb, HiAK He NpuB'A3aHe A0 PACTPOBUX BAACTUBOCTEM KAPTUHHOI
NAOLWMHN.

BoHM MOXKyYTb MpautoBath AK 3 caMummM 06'eKTamu, BUAINAIOYM Ti iX YAaCTUHU, AKI
BMAMMI, TaK i 3 iIX NPOEKLIAMN HA KAapTUHHY MNAOLWMHY, BUAINAIOYM Ha Hil obnacTi,
BiANOBIAHI MPOEKLIAM BUAMMMX 4YaCTUH OO'EKTIB, i, AK MPaBWNO, MPAKTUYHO He
nNpuB'A3aHi 40 PaCTPOBUX PELLITOK Ta Bi/ibHI Big NOXMBOK AnCKpeTm3sauii. OCKiNbKK L
MEeTOAM NPALOTb 3 HenepepBHMMM MNOYATKOBMMUM OAHUMM | pe3ynbTaTh, WO
BMXOA4ATb, HE 3aneKaTb Bif4, PacTPOBMX BAACTMBOCTEM, TO iX iHKO/NM Ha3MBalOTb
HenepepsHUMu (continuous methods) .

MpocTnin BapiaHT HenepepBHOro NiaxoAy NONAra€ B NOPIBHAHHI KOXKHOro 06'ekTa 3i
BCiMa iHLWMMM, LLLO AAE YacoBi BUTPaTH, nponopuinHi N2, ne N — KinbKicTb 06'eKTiB Yy
CUEHI.
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MpoTe cnig maTh Ha yBasi, WO HenepepBHi MeToam, AK NPaBuI0, A4OCUTb CKIaaHI.

MeToamn Apyroro Knacy — AUCKPETHi (point-sampling methods) patoTb HabauKeHe
BMPIiLLEHHSA 3a4a4i BUANMMOCTI, BU3SHAYatOuM BUAMMICTb nLe B AeAKOMY Habopi TOHOK
KapTUHHOI NJIOWMHN — B TOMKAx PacTPOBUX PeLiToK. BoHWU ayxKe cMnbHO NpuB'A3aHi
A0 PacTpPOBUX BAACTUBOCTEM KAPTUHHOI NAOWMHU | (PaAKTUYHO NONAralTb Y
BM3HAYEHHI ANA KOXXHOrOo NiKCena Ti€i rpaHi, AKa € HaMBAMKYOK A0 HbOrO Y340BXK
HanpPAMY NPOEKTYBaHHA. 3MiHA PO3A4iNbHOI 343aTHOCTI NPU3BOAUTL A0 HEObXiAHOCTI
NMOBHOrO NepepaxyHKy BCbOro 306 paxkeHHs.

MpocTuii BapiaHT ANCKPETHOro MeToAay Ma€E 4acoBi BuTpaTh nopaaky CN, ge C —
3arasibHa KinbKicTb NikceniB ekpaHa, a N — KifbKicTb 06'eKTiB.

Bcim meToaam gpyroro Knacy TpaauuinHO BAaCcTUBI NOMUIKK anCKpeTusau,ii (aliasing
artifacts). MpoTe, AK NpaBUIO, AUCKPETHI METOAM BiAPIZHAKTLCA NPOCTOTOHO.

OKpim UbOro iCHY€E A0CUTb BEZIMKA KINbKICTb 3MilLAHMX METOAIB, WO BUKOPUCTOBYIOTb
poboTy K B 06'EKTHOMY NPOCTOPI, TaK i B KAPTUHHIN NAoWwMmHi. Lli meToan BUKOHYIOTb
YyacTMHy poboTn 3 HenepepBHMMN JAHUMMU, @ YACTUHY — 3 AUCKPETHUMM.

BinbwicTb anropuTMiB BUAANEHHA HEBUAMMMUX FPAHENM | NTOBEPXOHb TICHO NoB'A3aHa 3
PISHUMW MeTo4aMM COPTYBaAHHA. [leAKi anroputmm nNpoBoAATb COPTYBAHHA ABHO, B
OEAKMUX BOHO NPUCYTHE B NPUXOBaHOMY BUrAAAi. HabnmkeHi meToam BigpisHAOTLCA
OAMH Big, 0A4HOro GaKTUYHO NMLLe NOPALKOM i CNocoboM NpoBeAEHHA COPTYBAHHA.

[ly)ke MNOLWMPEHOID CTPYKTYPOI AaHUX B 3a4ayax BUAANEHHS HEBUAMMMUX NiHIN i
NoBepPXOHb € pi3Hi TMNKn aepes — BSP (Binary Space Partition), kBagpo (Quad trees),
oKTO (Oct trees) Ta iH.

MeToan, WO nNPaKTUYHO 3aCTOCOBYHOTbCA B TeMNepilHiM 4ac, B OinbWOCTi €
KOMbiHauiamn pagy NpocTUX anroputmie, Hecyum B cobi uinMi pag pisHoro poay
onTUMI3aL,iN.

BKpan BaxnmBa ponb B NigBULLEHHI €DEKTUBHOCTI METOLIB BUAANEHHA HEBUOMMUX
NiHiIK | rpaHen BiABOAUTLCA BUKOPUCTAHHIO KozcepeHmHocmi (coherence —
3B'A3HICTb). BUPIi3HAIOTb AEKiNbKa TUNIB KOrepeHTHOCTI:

®  KOrepeHTHICTb B KAPTUHHIN NNOLWMHI — AKLLO NiKCcenb BiANOBiAa€ TouLi rpaHi P, 1o
LWwBMALLe 3a BCe CyCigHi NiKceni TaKoXK BignoBiA4atoTb TOYKAM TIi€El XK rpaHi;

®  KOrepeHTHICTb B NPOCTOpPi 06'eKTIB — AKLWLO0 06'€KT (rpaHb) BuAMMKUIA (HEBUAMMMKIA),
TO po3TawoBaHWUI nopy4y 06'ekT (rpaHb) WBMAWE 33 BCE TaKOX € BUANMUM
(HeBuaAUMUM);

= B pasi NnobyaoBu aHimauii BUHMKAE TPETIM TMN KOrepeHTHOCTI — 4acoBa: rpaHi,
BMAMMI B MOTOYHOMY Kaapi, wBuale 3a Bce byayTb BUAMMI i B HACTyNMHOMY;
aHaNorivyHo rpaHi, HeBMAMMI B NOTOYHOMY Kaapi, WBmalle 3a Bce byayTb HEBUAUMI
i B HaCTynHomy.

AKypaTHE BWKOPMUCTAHHA KOrepeHTHOCTI A03BOJIAE MOMITHO CKOPOTUTU KiNbKIiCTb
nepesBipoK i NOMITHO NIABULWNTY LWBUAKOAIKO aNArOPUTMY.
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13.1. BIJACIKAHHA HEJIMLIbOBUX I'PAHEN

Po3srnaHemo 6araTorpaHHUK, ANA KOXHOI rpaHi AKOro 3agaHui OANHUYHUIA BEKTOP
30BHiWHbOI HopMani (puc. 13.2). HeBaXKKo NOMITUTH, LLLO KO/ BEKTOP HOPMani rpaHi
N CKNagae 3 BEKTOpPOM 1, AKMI 3a4a€ HanpAM MPOEKTYBAHHA, TN KyT (BEKTOpP
HOpMani HanpaB/eHUIM Big crnocTepiraya), To UA rpaHb 3aBi4OMO He MoXKe 6yTu
BMAMMOLO. TaKi rpaHi Ha3MBAKTLCA HEAUUbOBUMU. AKLLO BigNOBIAHMIA KYT € TOCTPUM,
rPaHb HA3MBAETLCA /TUYbOBOIO.

Puc. 13.2. /lnuboBi Ta HeAULbOBI rpaHi

Mig 4ac napanenbHOro NPOEKTYBAHHA YMOBY Ha KYT MOMKHa 3anuncaTy y BUTrAAAI
HepiBHOCTI (N, 1)<0, OCKiNbKM HaNpPsM NPOEKTYBAHHA Bif, rPaHi He 3a1eXunTb.

Mig Yac LEeHTPANbHOIO NPOEKTYBAHHA 3 LEHTPOM B TOULL C BEKTOP NPOEKTYBAHHA ANA
TOYKM p byae piBHUI 1=C—p. [InA BUSHAYEHHA TOrO, € 3aZaHa rPaHb INLLbOBOIO YU Hi,
A0CUTb Y3ATU A0BI/IbHY TOYKY L€l FpaHi i nepeBipnTM BUKOHAHHA ymoBu (N, 1)<0. 3HakK
LLbOro CKaNAPHOro A06YTKY He 3aN1eXNUTb BiZ BUOOPY TOUYKM Ha rpaHi, @ BUSHAYAETLCA
TUM, B AKOMY NiBNPOCTOPI BiAHOCHO NJIOWMUHU, WO MICTUTb LIKO TPaHb, NE€XUTb LEHTP
NPOEKTYBAHHA.

OCKiNlbKM NiA Yac LeHTPaNbHOIo NPOEKTYBAHHA NPOMiIHb MPOEKTYBAHHA 3a/1€KUTb Bif,
rpaHi (i He 3aneXxuTb Bi4 BUOOPY TOYKM Ha rpaHi), TO AMLBbOBA FPAHb MOXe CTaTu
HeNMUbOBOIO, @ HENNLBLOBA /INLLLOBOKD HABITb Nig Yac napanenbHoro 3cysy. [lig, vac
napanesibHOro NPOEKTYBAHHA 3CYB HE 3MIHIOE KYTIB i Te, UM € FPaHb IMLbOBOIO YU Hi,
3a/1EXUTb NnNLLE BiA KYyTa MiXK HOPMAANKO 40 rpaHi i HANPAMOM NPOEKTYBAHHA.

BiamiTmo, W0 AKLLO MO aHaNorii 3 BU3HAYEHHAM HANEKHOCTI TOYKM BaraTOKYTHUKY,
NPONYCTUTN Yepe3 AO0BiNbHY TOUYKY KAaPTUHHOI NAOLWMHU NPOMiHb NMPOEKTYBAHHA A0
06'eKTIB CLEHMU, TO UYMCNAO NEPETUHIB MPOMEHA 3 /IMUBOBUMWU T[paHAMM byae
[OPIBHIOBATU YMCNY NEPETUHIB MPOMEHSA 3 HE/IULbOBUMMU FPAHAMM.

Y pasi, KoNn cueHa € oAHMM ONYKAUM HaraTorpaHHUKOM, BUAANEHHS HENULbOBUX
rpaHen NOBHICTIO BUPIiWYE 3a4a4y BUAANEHHA HEBUANMMUX FPAHEN.

Xoua B 3ara/ibHOMY BMMNaAKy 3anNpONOHOBAHMM NiaXig, i He BUPIiLLYE 3a4a4i BUAANEHHA
MOBHICTIO, NPOTE A03BONAE NPUBAN3HO BABIYI CKOPOTUTU KiNIbKICTb FPAHEN BHACNiAOK
TOrO, WO HEeNMUbOBi rpaHi 3aBXAM HEBUAMMI; WO K A0 NULUbOBUX FPAHEN, TO B
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3arafibHil cUTyauii YaCTUHN AEAKUX INLbOBUX FPAHEN MOXKYTb BYTU 3aKPUTI iHWMMU
NIMUBOBMMU rpaHaMM (puc. 13.3).

Puc. 13.3. lepekpuTTA /MLbOBOI rpaHi iHLUMMW IMLOBUMU FPAHAMM
Pebpa MiK HEANLbOBMMM TPAHAMWM TAKOX 3aBXAM He BUAHO. lNpoTe pebpo MmixK
NNLbOBOIO | HENMLLbOBOKO FPAHAMM LLIIKOM MOXKe ByTn BUAUMUM.
13.2. Aroput™M POBEPTCA

Mepwmm anropuTMoOmM BUAANEHHA HEBMAUMMUX NiHiKM ByB anroputm PobepTtca, akumn
notpebye, wWo6 KoXHa rpaHb 6Oyna onykaum 6GaraTokyTHUKOM. CnoyaTky
BiAKMAAOTbCA BCi pebpa, B AKMX 06MABa BM3HAYaAAbHI FPaHi € HEAULBOBUMMU (KOAHE
3 Takux pebep 3aBigomo He Buanme). HacTynHMM KPOKOM € NepeBipKa Ha 3aKpPMBaHHSA
KOXHOro 3 pebep, Wo 3aAMWmnancs, 3i BCima INLbOBMMK TpaHAMK BaraTorpaHHUKa.
MonuBi HacTynHi BUNagKku (puc. 13.4):

" rpaHb pebpa He 3aKpPUBaE;
" rpaHb MNOBHICTIO 3aKpMBAE pebpo (ToAi BOHO BUAANAETLCA i3 CMINCKY AaHUX pebep);

" [paHb YACTKOBO 3aKpuBae pebpo (B uboMy BMMNAAKY pebpo po3bMBAETHCA Ha
AEKiNbKa YaCTUH, BUOMMUMM 3 AKMX € He Binblue ABOX; came pebpo BUOANAETLCA
i3 CMUCKY, ane B CNUCOK NepeBipeHnx pebep A40Aat0TbCA Ti MOro YaCTUHMU, AKi L€t
rPaHHIO HE 3aKPUBALOTbLCA).

B

a 6 B
Puc. 13.4. BapiaHTu cniBBigHOLWEHHA rpaHi i pebpa
Po3rnaHemo, AK 34iNCHIOIOTLCA Lii NepeBipKu.

Hexali 3agaHe pebpo AB, ge Touka A Mmae KoopauHaTH (Xa, Ya), @ TOUYKa B — (Xb, Yb).
Mpama, Wwo npoxoauTtb Yepes Biapi3oK AB, 3a4a€TbCA PIBHAHHAMM:

x=%xq+txp —%); ¥ = Yo+ t(Vp — Ya)-
Mpuyomy cam BiApi3OK BiANOBIAAE 3HAYEHHAM NapameTpa B<t< 1. Llio npAMy MOXKHa
3a/aTN HeABHMM YMHOM 5K F(X, y)=0, ae:
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F(x:y) = (Yb - ya)(x - xa) - (yb - xa)(y - ya)-
MNepenbaummo, WO NPOEKLIiA rpaHi 3a4a€TbcA HAabopoOM NMPOEKLUiM BepwmuH P4,..., Pk
KoopauHatamu (Xi,yi) i€ [1,n]. Mo3HaumMmo yepes F, 3HaueHHs PpyHKLii F y Touwui P,
po3rnAHemo 1-1 Bigpi3oK NpoeKuii rpaHi PiPis1. Liel Biapi3ok nepetnHae npamy AB
ToAi i nMwe Toai, Konu PyHKuia F HabyBae 3HaUeHHA Pi3HMX 3HAKIB Ha KiHLAX Bigpi3Ka,
a came Konwu:

FI,Fl+1 S 0.

Bunagok, kKonn Fi:1=0, Bigkmpgatumemo, abu ABidi He 3apaxoByBaTU MNpPAMY, LLO
NPOXoANTb Yepes BepLInHy, ana obox BiApi3KiB, WO BUXOAATL 3 Hel.

OTXe, MM BBaAXXaeEmMo, LLO nepeTtnH mae MiCLI,e B ABOX BUNadKaX:
Fi = 0; Fi+1 < 0,' abo Fi < 0,' Fi+1 > 0.

Toyka nepeTnHy BU3HAYa€EeTbCA CNiBBIAHOWEHHAMM:

F;
x=%+sXip1—%); y=Yi +sWiy1 —¥i), Aes = F_F . .
i — Fi+1
3BiACKN Nerko 3HaXoAUTbCA 3HAaYEeHHA NapameTpa t:
X — Xg
- |xb - xal = |yb - yall
t = Xp — Xq
mf |yb - yal > |xb - xal-
Vb — Ya

MoXnunBi HAaCTyNHi BUNAAKMK.
1. Bigpi3ok He Mma€E NnepeTUHY 3 NPOEKLIEID rPaHi, OKPIM, MOXKNNBO, OAHIEI TOUYKU. Lle
MO€e MaTh Micue, Koau:

e npama AB He nepeTuHae pebpa npoekKu,ii (puc. 13.4, a);

e npsama AB nepeTtuHae pebpo B ABOX TouKax t1 i t, ane abo t1<0, £2<0 abo
t.>1, t1>1 (puc. 13.4, 6);

e npama AB npoxoautb uyepes ogHYy BEPLUMHY, He 3ayinatoum BHYTPILLHIN
NPOCTip TPMKYTHMKaA (puc. 13.4, B).

BoueBngb, W0 B LbOMY BMMAAKY BiANOBiAHA rpaHb HiSIK HE MOXKe 3aKpUBaTU CObOtO
pebpo AB.

2. [MpoeKuisa pebpa NOBHICTIO MiCTUTbCA BCepeaAnHi NPoEeKLii rpaHi (puc. 13.5, a). Toai

€ ABi TOUYKM nepeTnHy npAamol AB i rpaHi — t1<0<1<t,. AKWO rpaHb NeXuTb
6AnKYe A0 KAPTUHHOI NAOWMHK, HiXX pebpo, To pebpo MOBHICTIO HEBUAUME i
BUAANAETHCA.

3. NMpama AB nepeTuHae pebpa NpoeKL;ii rpaHi B A4BOX Toykax i abo t1<0<t2<1, abo
0<ti<1<t;, (puc. 13.5, 6 i B). AKwWwo pebpo AB 3HaxoaUTbCA Aai Bif, KAPTUHHOI
NAOLWMHM, HiXK BigNOBiAHA rpaHb, TO BOHO PO36MBAETLCA HA ABi YaCTUHW, OA4HA 3
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AKMUX MOBHICTIO 3aKPUBAETLCA TPAHHIO | TOMY BigKMAaeTbCcA. [MpoeKuia apyroi
YACTMHU NIEXNTb NO3a NPOEKLIED rPaHi | TOMY LLIEIO FPAHHIO HE 3aKPUBAETHLCA.

4. TMpama AB nepeTuHae pebpa NpoeKLii rpaHi B ABOX TOYKax, npuyomy 0<tl<t2<1
(puc. 13.5, r). AKkwo pebpo AB nexuTb Aani Big, KAPTUHHOI NAOWMHU, HiXK
BiANOBiAHA rpaHb, TO BOHO PO3OMBAETbCA HAa TPWU YaCTUHMU, CepeaHA 3 AKUX
BiAKMAOAETbCA.

Sa

Puc. 13.5. BapiaHTu nepeTtuHy pebpa i rpaHi

[nAa BU3HAYEHHS TOro, WO NeXuTb 6AMXKYe A0 KapTUHHOI NIOWNMHM — Bigpi3ok AB
(NpoeKuisa AKoro nexuTb B NPOEKLii rpaHi) abo cama rpaHb, 4Yepe3 LUK rpPaHb
NPoOBOAMTLCA NAOLWMHA (N, p)+C=0 (N — HOpPMaANbHUI BEKTOP rpaHi), Wo po3bumBae
BEeCb NPOCTIp Ha ABa niBnpocTtopu. AKwWo obmaBa KiHUA Biapi3Ka AB nexkatb B TOMY X
NiBNPOCTOPi, B IKOMY 3HAXOASATbCA CMOCTepirayvi, To BiAPI30OK NeXUTb BaAMXKYe A0
rpaHi; AKWo obunasa KiHuA 3HAX04ATbCA B iHLWOMY MiBNPOCTOPI, TO BigPI3OK NEXUTb
Aani. BunagoK, KoAuM KiHui nexatb B Pi3HMX NiBNPOCTOPax, TYT HEMOMXAUBUM (ue
03Hayaso 6, wo Biapi3ok AB nepeTMHAE BHYTPILLHIO YaCTUHY rpaHi).

AKWoO 3arasibHa KiNbKicTb rpaHen piBHa N, To YacoBi BUTpaTK ANA LUbOro airoputmy
cknapgaotb O(N?). KinbKicTb nepeBipoK MOMHa MOMITHO CKOPOTUTH, AKLLO
CKOPUCTATMCA PO3OUTTAM KapTUHHOT NAOLMHI.

Po3i6'emo BUAMMY YaCTUHY KapTUHHOI naowmMHU (ekpaH) Ha Ni1XN2 piBHMX YacTuH
(KNITUHOK) i ANA KOXKHOI KNITUHKM Aij NoByAyEMO CMMCOK BCiX TNLBLOBUX FPAHEN, Yni
NPOEKLiT MatOTb 3 LLIED KNITUHKOI Henyctui nepetuH. [na nepesipKn A0BiNbHOTO
pebpa Ha nepeTuH 3 rpaHAMM Bigbepemo cnoyaTKy BCi Ti KNITUHKK, AKI NPOEKL,iA LbOro
pebpa nepetnHae. ACHO, WO NepeBipATU Ha NepeTUH 3 pebpom MA€E CeHC nuwe Ti
rpaHi, AKi MICTATbCA B CNMCKAX LUUX KNITUHOK.

AK KpOK po36uTTA 3a3BMYam BubMpaetbes O(1), ae 1 — xapakTepHuMin po3mip pebpa B
cueHi. Ana 6yab-akoro pebpa KiNbKiCTb rpaHen, Wo NepeBipATbCA, NPAKTUYHO He
3a/1eXKNTb Bif 3araZibHOro Ymcna rpaHen i CyKynHi 4acoBi BMTPATM anroputmy Ha
nepesipKy nepeTuHis cknagatotb O(N), ae N — KinbKicTb pebep B cuUeHi.

Ockinbku npouec nobyaosum cnuckis nonArae B nepebopi BCix rpaHen, iX NPOEKTYBAHHI
i BU3HAYEHHI KNITUHOK, B AKI NOTPanAATb NPOEKLil, TO BUTPATM HA CKAALAHHA BCiX
CMUCKiB TaKoxX cknagatoTb O(N).
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13.3. METO/J TPACYBAHHA IPOMEHIB

3apga4ya BWAANEHHSA HEBUAMMUX TpPaHEM € MOMITHO CKAaAHIWOW, HiX 3apada
BUAANIEHHA HEBMAMMMUX JiHIN, xo4a 6 3a 3aranbHUM obcarom iHGopmauii. AKWo
NPAKTUYHO BCi METOAM, WO BMKOPUCTOBYHOTbLCA ANA BUAANIEHHA HEBUAUMMUX JiHIN,
npaLtooTb B 06'€EKTHOMY NPOCTOPi i AAlOTb TOYHUM pe3ynbTaTt, TO ANA BUAANEHHA
HEBUAMMWUX MOBEPXOHb ICHYE BE/IMKA KiNbKICTb MeTOoAiB, O MNPaLIOTh TiIbKM B
KAaPTUHHIN NAOWMHI, @ TAKOXK 3MilLaHUX MeTOAiB.

Hanbinbw npupoaHMM MeTOAOM AN BU3HAYEHHA BUAMMOCTI FpaHelh € MeToj,
TpacyBaHHA MNPOMEHiB (BapiaHT, WO BWUKOPUCTOBYETLCA TiIbKM ANA BU3HAYEHHA
BMOMMOCTI, 6e3 BiacTeXyBaHHA BigobparkeHUX i 3a/IOMNEHUX NPOMEHIB 3a3BUYal
Ha3MBAETbCA ray casting), B AKOMY O KOMHOTO MiKCENA KAPTMHHOI MIOWMHM
BM3HAYaAETbCA HANMBAMIKYA A0 HbOrO rpaHb. [NA LbOro Yepes nikcesib NPONYCKAETbCA
NPOMiHb, 3HAaX04ATbLCA BCi TOYKM MOrO NEPETUHY 3 rpaHAMM i cepen, HUX BUBMpPaETbCA
HanbauKya. Llei anroputm mMorKHa NogaTn TaKUM YNHOM:

for all pixels
for all objects
compare z

OpHieto 3 nepesar UbOro MeToAa € NPOCTOTA, YHiBEPCaNbHICTb (BiH MoXe nerko
NpauloBaTU He TiIbKM 3 MNOAIFOHANIbHUMMU MOLENAMMU, MOXKINBE BUKOPUCTAHHA
Constructive Solid Geometry) i MOXNMBICTb NOEAHAHHA BM3HAYEHHS BUAMMOCTI 3
PO3paxyHKOM KONbOpPY Mikcens.

e ogHum 6e3nepeyHnm NAKCOM MeToAy € BE/IMKA KiNbKiCTb MeToAiB ONTMMI3aLlil,
WO A03BOAIOTL MPALLOBATM 3 COTHAMM TUCAY FpaHen i AKi 3abe3nedyytoTb 4acosi
BuTpaTn nopaaky O(C log N), pe C — 3aranbHa KinbKicTb NikceniB Ha ekpaHi i N —
3ara/fibHa KifbKicTb 06'eKTiB y cueHi. binblw TOro, icCHyl0Tb MeToau, Wo 3abesneyyoTb
NPaKTUYHY HE3aNeXHiCTb YaCOBMX BUTPAT Bif, KiIbKOCTi 06'€KTIB.

13.4. METOA Z-BY®PEPA

OAHMM 3 HAaUNPOCTIWMX aITOPUTMIB BUAANEHHS HEBUANUMMX FPAHEN | MOBEPXOHb E,
meton Z-bydpepa (6bydepa rnmbuHu), Ae ANA KOXKHOro nikcena, AK i B MeToAi
TPacyBaHHA NMPOMEHIB, 3HAXO4UTbCA FPaHb, HAMOAMKYA 40 HbOrO Y340BXK HaNpPAMy
NPOEKTYBAHHA, NPOTE TYT LLMKAM MO NiKcenam i o 06'ektam MiHAKOTbCA MicUAMM:

for all objects
for all covered pixels
compare z

MocTaBMMO Y BigNOBIAHICTb KOXKHOMY MiKcento (X, y) KapTUHHOI NAOLWMHMU OKpIiM
Konbopy C(X, y), wo 36epiraeTbca y Bigeonam'aTi, MOro BigCTaHb A0 KapPTUHHOI
NAOWMHM Y340BXK HAaNpAMY NPOEKTYBAHHA Z(X, Y) (410ro ranbuHy).

[na BuBoAy Ha KapTUHHY NJOLWMHY A0BINIbHOI FPaHi BOHA NepeBOANTbCA B pacTpoBe
NOAAHHSA Ha KapPTMHHIM NAOWMHI | NOTIM ANA KOXKHOTO NiKCens Wi€i rpaHi 3HaxoanTbeA
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Moro rnamnbuHa. Y BMNaAKy, SKWO UA rMMOMHA MeHLWa 3HAYeHHA UOUHK, WO
36epiraeTbca B Z-6ydepi, nikcenb MantoeTbea i Moro rnnbuHa 3aHocuTLCS B Z-6ydep.

[AocnTb ePpeKTUBHMM € MOEAHAHHA PACTPOBOI PO3rOPTKM rpaHi 3 BUBoAOM B Z-6ydep.
BogHouyac pana  obuucneHHA rAMOMHKM  NiKceniB  MOXYTb  3aCTOCOBYBaTMCA
IHKpeMeHTa/IbHI MeToAM, WO BUMaratoTb BCbOro AeKiNbKOX A04aBaHb Ha NiKCeNb.

PaHb MaNIOETLCA MOCNIAOBHO PALAOK 3@ PAAKOM; ANA 3HAXOAXKEHHS HeobxiaHux
3Ha4YeHb BUKOPUCTOBYETLCA NiHiINMHA iHTepnoAsuia (puc. 13.6).

(X1,y1,21)

(Xa,y,za) (Xb,Y,Zb)
(x,y,2)

(X2,¥2,22)

(X3,Y3,23)

Puc. 13.6. MNocnigoBHMIA BMBIg rpaHi meTogom Z-6ydepa

FNMMBUHA TOUYKM PO3PAXOBYETLCA 3@ HACTYNMHMMM iIHTEPNONALIMHUMK GOPMYyNaMK:

y—MN y—M
Xg=x1+ (x, —x)———; x,, = x1 + (x5 — xy) ———;
a 1 2 vy b 1 3 vy
y—M y—W
Za =21+ (2z,—2)——; 2, =z, + (23 — zy) ——;
a 1+ (2 vy b 1+ (23 1)y3—y1

X —Xg
z=2q+(2p = 2q) ———

b Xa
®akTnyHO meton Z-bydepa 34iNMCHIOE NOpo3pALHE COPTYBaHHA 3a X i Y, a NOTim
COPTYBaHHA 3a Z, BMMAratouM BCbOro OAHOrO MOPIBHAHHA ONA KOXHOro nikcena
KOYKHOT rpaHi.

MeTtog Z-6ydepa npautoe BUKAIOYHO B NPOCTOPiI KAPTUHHOI NIOWMHM | HE BMMArae
HifAKoi nonepeaHboi 06pobKN gaHMX. NopAAOK, B AKOMY FpaHi BUBOAATLCS HAa €KpaH,
He rpaE€ HiAKoI poni.

[Ona eKoHOMIT Nam'ATi MOXKHa HamMmantoBaTU He BCe 3006paXkeHHs Bigpasy, a MaaBaTh
YyacTMHaAMK. [AnA UbOro KapTUHHA NOoWMHA PO3O6UBAETLCA HA YACTUHU (3BMYAMHO Le
rOPU30OHTANbHI CMYrM) i KOXHa Taka 4YacTMHA 06po6AIOETLCA He3aneHo. Po3mip
nam'aTi nig, 6ydep BU3HAYAETLCSA PO3MIPOM HAaMBINbLLOIT 3 LMX YACTUH.

BinbwicTb cyvyacHmMx rpadivyHUX CTaHLiN MicTATb B cobi rpadivyHy nnaty 3 anapaTHOO
peanisauieto Z-6ydepa, YacTo BKAWOYAOYM | anapaTHy peanisauito  (TobTO
NnepeTBOPEHHA 306pakeHHA 3 KOOPANHATHOIO NOAAHHA B PAcTPOBE) rpaHen pa3om i3
3adapboByBaHHAM [ypo. MopibHi KapTn 3abe3nevytoTb Ay)Ke BUCOKY LWBUAKICTb
PEHOMPIHTY aXK 40 AEKiNIbKOX MiNIbMOHIB rpaHemn 3a cekyHAy. CepeaHi 4acoBi BUTPATH
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B HuXx cknapatotb O(N), ae N — 3aranbHa KinbKicTb rpaHe. OgHMM 3 OCHOBHMUX
Heponikie Z-bydpepa (Kpim Benuvkoro o6'emy noTpibHoi nig 6ydep nam'ati) €
HagMIpHICTb 06YMCNEeHb: 3A4iNCHIOETLCA BMBIA BCiX FPaHer He3aNeHo Big TOro,
BUOMMI BOHM UM Hi. | AKWO, HAaNnpuKnag, nikcenb HAKPMBAETLCA AeCATbMA PiSHUMU
NIMUBOBUMM TPAHAMM, TO O/1A KOXKHOrO BiANOBIAHOIO MiKCeNnA KOXHIiN 3 UMxX AecsaTu
rpaHen HeobxigHO NPOBECTU PO3PaxXyHOK KoNbopy. [ig Yac BUKOPUCTAHHSA CKAagHUX
moaenen ocsitneHocTi (Hanpuknag, mogeni PoHra) i TeKCTyp Ui 064UMCNEHHA MOXKYTb
noTpebyBaTh AyrKe BENUKUX YaCOBUX BUTPAT.

Po3rnaHemo AK npuknag mogens 6yaiBni 3 KimHaTamu i BCiM, WO 3HAX0A4MTbCA
BCEpeanHi HUX. 3aranbHa KiNbKicTb rpaHer B NoAibHin moaeni moxke cknagaTu COTHI
TMCAY i MinbiOHKU. poTe, 3Haxo4AYMCh BCepeaMHi OAHIEl 3 KiMHaT uiei byaisni,
cnocTtepiray peasnibHO 6a4YnTb TiNIbKKM HEBE/IMKY YAaCTUHY FpaHen (AeKinbKa Tucau).
Tomy BMBIA BCiX rpaHen € He403BO/IEHHO BUTPATOO Yacy.

ICHY€E aekinbka mogmdikauin metoay Z-6ydepa, Wo A03BOAOTb MOMITHO CKOPOTUTH
KiNbKiCTb rpaHeM, Wwo BuBoaATbcA. OgHUM HaMbiNbL NOTYXHUX | €1eraHTHUX € METOA,
iepapxiyHoz2o Z-bypepa.

MeTog, iepapxiyHoro Z-6ydepa BUKOPUCTOBYE BiApa3y BCi TPU TUMNKU KOrepeHTHOCTI B
CUueHi — B KapTUHHIM nnowwmHi (Z-6ydepi), B npocTopi 06'ekTiB i uYacosy
KOrepeHTHICTb.

Hasesemo rpaHb NpnxoBaHoO (HEBUAMMOIO) MO BigHOLWEHHO Ao Z-bydepa, AKWo ans
6yab-AKOro nikcena KapTUHHOI NAOLWMHM, LLO HAKPUBAETLCA LLIEID FPaHHIO, rnMbMHa
BiAMOBIAHOIO MiKcenA rpaHi He MeHwe 3Ha4YeHHA B Z-6ydepi. AcHO, WO BMBOAUTH
NPUXOBaHi rPaHi HEMa€ CEeHCY, OCKiZIbKM BOHM HIYOro He 3MiHIOTb (BOHM 3aBigOMO
He € BUAMMUMMU).

Ky6 (npsamoKyTHMI napanenenines) HasBemo NPUXOBAaHMM MO BiAHOLWEHHIO A0 Z-
6ydepa, AKLLO BCi MOro NMLbOBI rpaHi € NPUXOBAHMMM MO BigHOLWEHHIO 40 LbOro Z-

bydepa.

TaKkui nigxin cNMpPaeTbCcA HA KOTePEHTHICTb B 06'EKTHOMY NPOCTOPI | J03BOIAE NIETKO
BIAKMHYTU OCHOBHY YaCTUHY HEBUANMMUX FPAHEN.

[OnA nonerweHHA nNepeBipKM rPaHi HA NPUXOBAHY MOMKHA BMKOPUCTOBYBATUM Z-
nipamidy. [i HUKHIM piBHem € cam Z-6ydep. [1na nobyA0BM HAaCTYNHOrO PiBHA MiKceni
0b6'egHytoTbCa B rpynn no 4 (2x2) i 3 ix rMMbuUH BMOUPAETbCA Hanbinblua. Takum
YMHOM, HACTYMNHUIN piBEHb BUABNAETLCA TeXK bydepom, ane noro posmip Bxe byae
MEHLUMIN pe3yNbTyr4oro B 2 pasn 3a KOXHUM BUMiIpOM. AHanoriyHo 6yaytoTbea i
pewTa piBHIB nNipamignM A0 TUX Mip, NOKM MU He AiNAEeMO PiBHA, WO CKNafaETbCA 3
€AQMHOTO NiKCeNA, WO € BEPLINHO Z-Nipamian.

Mepwmnm KPOKOM NepeBipKM rpaHi Ha NPUXOBaHICTb byae NOPIBHAHHA il MiHIMaNbHOI
FMUBUHM i3 3HAYEHHAM Yy BEpPLMHI Z-nipamign. AKWO MiHiManbHa rMOMHA rpaHi
BMABNAETLCA Binblue, TO rpaHb NPMXOBaHa. IHaKLWe rpaHb PO36MBAETLCA HA 4 YaCTUHMU
i NOPIBHAHHA NPOBOAUTLCA HA HACTYNMHOMY PIiBHI nipamign. AKWO Ha *KogHoMmy 3
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NPOMIXHUX PiBHIB NMPMXOBAHICTb rpaHi BCTAHOBUTU He BAANOCA, TO 34iIMCHIOETHCA
nepexig 40 OCTaHHbOrO PiBHA, HA AKOMY rpaHb PaCcTepPU3YETbCA, | NPOBOAMUTLCA
nikcesibHe NOpPiBHAHHA 3 Z-bydepom. Halbinblw npocToo € nepeBipKka Ha BEPLUMHI
nipamign, Hambinbw TPYAOMICTKOO — nepeBipka B ii OCHOBI. 3acTocyBaHHA Z-
nipamian A03BONAE BUKOPUCTOBYBATM KOTEPEHTHICTb B KAPTUHHIN NAOWMHI — CyCiaHi
nikceni wWeuMALLe 3a BCe BigMNOBiAat0Tb OAHIN i Ti XKe rpaHi. A OTXKe, 3Ha4YeHHA rNMNOUH
B HMX Bifpi3HAETbCA Mano. ACHO, WO YMM paHille BUAMMa rpaHb byae suBegeHa, TMM
Hinble HeBUOMMUX TpaHen ByayTb BiAKWMHYTI Biapa3sy XK. BucnosneHe mipKyBaHHSA
0,03BO/IAE BUKOPUCTOBYBATU KOFrePEeHTHICTb 33 Yacom. [InA uboro seAeTbCA CNUCOK TUX
rpaHen, Aki 6ynm BMAMMI B NOTOMHOMY Kagpi. BuBeaeHHA HACTynHOro Kagpy
MOYMHAETLCA 3 BUBEAEHHA came uux rpaHen (wob YHMKHYTU iX MNOBTOPHOrO
BUBEAEHHA, BOHM NO3HAYaOTbCA AK BXKe BuBeAeHi). TiIbKKM Nicas LUboro 34iNCHI0ETLCA
BMBEAEHHA BCbOro Aepesa.

13.5. AJITOPUTMU BIOPSAKYBAHHS

Migxig, 3aCHOBAHMM Ha NOCNIAOBHOMY BMBEAEHHI HAa €KpaH B MEBHOMY NOPAAKY BCiX
rpaHemn, moxe 6yTn ycnilwHO BUKOPUCTAHWN i anA NnobyaoBM CKNaAHIWNX CLEH.

|_|O,£I,i6HVI171 aJITIOPUTM MOXHa ONMMNCAaTUN TaKNUM YHNAHOM:

sort objects by z
for all objects
for all visible pixels paint

TUM cammm meToamn BNOpPSAKYBaHHA BMHOCATb MOPIBHAHHA 3@ FMOUHOIO 33 MEXi
LUMKANIB i NPOBOAATb COPTYBAHHSA rpaHel SBHUM YNHOM.

MeToan BNOPAAKYBaHHA € FOpUAHUMM MEeToAaMM, WO 34IMCHIOTb NOPIBHAHHA i
po36bUTTA rpaHen B 06'eKTHOMY npocTopi, a Ana be3nocepeaHbOro HaKNaAeHHA
OAHI€EI rpaHi Ha iHWY BUKOPUCTOBYOTb PAaCcTPOBi BAACTUBOCTI Ancnaes.

BnopagKyemo BCi INLUbOBI rpaHi Tak, Wo6 nig yYac ix BMBeAEHHA B LbOMY NOPALKY
BMXO4M/I0 KOPEKTHe 306parkeHHsA cueHn. Ona uboro HeobxigHo, wob ana byab-aKux
ABOX rpaHen P i Q Ta 3 HMX, AKaA Nia 4Yac BMBEAEHHA MOXE 3aKpuBaTW iHLWY,
BMBOAMNACA Ni3HiWe. Take BNopAAKYBaHHA 3BMYAMHO HA3MBAETbCA back-to-front,
OCKIi/IbKM CNoYaTKy BUBOAATLCA Aa/bLUi rpaHi, a NOTiM BAMMKYI.

ICHYOTb pi3Hi meToan NobyaoBu NoAibHOro BNopAaAKyBaHHA. Pa3om 3 TUM Hepiaki
BMMaZKM, KON 3a4aHi rpaHi ynopsagKyBaTn He MoXHa (puc 13.7, a). Toai HeobxiaHo
NPOBECTUN A0AATKOBE PO3OUTTA rpaHen TaK, Wob MHOXWHY rpaHen, Wo BUIMLWAA NicaA
pO36MTTA, BXXe MOXHa by10 BNopsaaKyBaTH.
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3 6

Puc. 13.7. Bunagku HEMOX/IMBOCTiI BNOPAAKYBAHHA rPaHen

BiamiTmo, wo 6yab-aki ABi oNyKAi rpaHi, WO He MatOTb 3ara/ibHUX BHYTPILLHIX TOYOK,
MO’KHa ynopAaaKyBaTu 3aBXAu. [nAa HEONyKAUX rpaHen ue B 3ara/ibHOMy BMNaAKy
HeBipHO (puc. 13.7, 6).

13.5.1. METO/J COPTYBAHHA 3A IJIMBHHOI0. AJITOPHTM XY/JOXKHHKA

Lie meToa € HaMNPOCTILWWMM 3 METOAIB, 3aCHOBAHMX Ha BNOPAAKYBAHHI rpaHen. AK
XYOO0MHMK CNOYaTKY Mantoe ganblui 06'eKTH, a NOTIM NOBEPX HUX BAMMKYI, TaK | meToA
COPTYBAHHA 33 FMMOMHOK CNOYATKY YNOPAAKOBYE rPaHi B Mipy HabauKeHHA [0
crnocrepiraya, a NOTiM BUBOAMUTL X B LLbOMY MOPAAKY.

MeTopa, rpyHTYETbCA HA HACTYNHOMY MNPOCTOMY CMOCTEPEXEHHI: AKWO AnA ABOX
roaHert A i B Halpanbwa TouKa rpaHi A 6auMKye A0 cnocTepiraya (KapTUHHOI
NAOLWMHMK), Hi*K HAMBIMXKYA TOYKA rpaHi B, To rpaHb B HiAK He MOXKe 3aKpUTU rpaHb A
Bif, cnocTepirava.

Tomy AKLWO Hanepes, BiAOMO, W0 ANa 6yab-AKMX ABOX IMLbOBUX FpaHeln Hanbamkya
TOYKA OfHI€i 3 HMX 3HAXOAMUTbCA Aani, HiK HarMfanbwa TOYKA iHWOI, TO AANA
BNOPAAKYBAaHHA TrpaHer [OoCUTb NpPOCTO BiACOPTYBATM iX 3a BIiACTaHHIO A0
cnoctepiraya (KapTUHHOI NIOLWKNHN).

MpoTe Take He 3aBX AN MOXKIMBO: MOXe 3yCTPITUCA TaKa Napa rpaHen, Wwo Halganblua
TOYKA OAHIET 3HAaXOANTLCA A0 cnocTepiraya He 6anXKYe, HixK HalbanK4Ya TOUKa iHLWOI.

Ha npaKTuui 4acTo 3yCTpiYaEeTbCA HAaCTyNHA peani3auia Lboro aaroputmy: MHOMXMHA
NINUbOBUX FPAHEN COPTYETbCA 33 HANMBMMKYOK BiACTAHHIO 40 KAapPTUHHOI MIOWWHU
(cnocTepiraya) i nOTiM Ui rpaHi BUBOAATLCA Y NOPAAKY HAabAUMKEHHA A0 crocTepiraya.
AK anropuTMmM COpTyBaHHA MOXHA BMKOPUCTOBYBATMU abo LWIBMAKE COPTYBaHHA, abo
nopo3psgHe (radix sort).

Xoua noaibHuit nigxia i npautoe B nepeBarkHii 6inbLOCTi BUNAAKiB, NPOTE MOXK/NBI
CUTYyaLii, KON NPOCTO COPTYBAaHHA 33 BIACTAHHIO A0 KAaPTUHHOI MAOWWMHU He
3abe3neyye NpaBMAbHOrO BNOPAAKYBaHHA rpaHen (puc. 13.8) — TaK, rpaHb B byae
NOMWNKOBO BMBEAEHA paHiwe, HiXK rpaHb A; TOmMy nicnAa copTyBaHHA 6aKaHo
nepesipuTM NOPAAOK, B AKOMY rpaHi BUBOAUTUMYTLCA.
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KapTMHHA NJIOLWMHA
Puc. 15.8. ToMuaKOBe BNOPAAKYBAHHA rPaHen

MPOMNOHYETLCA HACTYMHUIM aNropuTM Uil nepeBipkn. s NpoCTOTM BBaAXKAaTUMEMO,
LLLO PO3rNAAAETLCA NapanesibHe NPOEKTYBaHHA no oci OZ.

MNepen BMBeAEHHAM YeproBoi rpaHi P cnig nepeKkoHaTUCA, WO HiAKa iHWa rpaHb Q, AKa
CTOITb B CMUCKY Ni3HiwWwe, HiXK P, i npoeKLia AKoT Ha Bicb 0Z nepeTUHAETLCA 3 NPOEKLLIEID
rpaHi P (AKWO nepeTtMHy Hemae, TO NOPAAOK BuBeAeHHA P i Q BM3HauyeHWi
O[HO3HAYHO), He MOXKe 3aKpuBaTUCA rpaHHIO P. B ubomy BMNaAKy rpaHb P ailicHO
NOBMHHA BYTU BUBeAEHA paHille, HixK rpaHb Q.

Huxue npuseaeHi 4 TecTy B NOPAAKY 3POCTAHHA CKAALHOCTI NepeBipKu.

1. Yu nepeTmHatoTbCA NPOEKLiT UMX rpaHen Ha Bicb OX?

2. Yn nepeTMHAIOTLCA NPOEKLi LMX rpaHen Ha Bicb OY?

AKWo xo4 6 Ha oaHe i3 ABOX NMUTAHb OAEpP)KaHa HeraTMBHA BiANOBiAb, TO NPOEKL,i
rpaHen P i Q Ha KapTUHHY NNOLWMHY HE NEPEeTUHAlOTLCA i, OTXKe, MOPAAOK, B AKOMY

BOHM BMBOAATbCA, HE Ma€E 3HayeHHA. Tomy BBa)KaTumemo, WO rpaHi P i Q
BNOPAAKOBAHI BipHO.

Ona nepeBipKM BUKOHAHHA UMX YMOB AY)Ke 3PpY4HO BUKOPUCTOBYBATU OOMEKYIOYI
Tina.

Y pasi, Koan obmnaea Ui TecTn ganm cTBepPAHY BiaNoBiAb, NPOBOAATLCA HACTYMNHI TECTU.

3. Yum 3HaxopATbCcA rpaHb P i cnoctepiray no pi3Hi CTOPOHU Big4 NAOLWMHMK, WO
npoxoamuTb Yepes rpaHb Q?

4. Yn 3HaxopATbCA rpaHb Q i crnocrepirady NO O4HY CTOPOHY BiA4 NMAOWMHMK, LWO
NpPOXoauTb Yepes rpaHb?

AKWo xo4 6 Ha ogHe 3 UMX NUTaHb OAepXKaHa CTBepPAHA BiANOBiAb, TO BBAXKAEMO, LLLO
rpaHi P i Q BnopAAKoOBaHi BipHO, i NOPIBHIOEMO P 3 HAaCTYNHOO rPaHHIo.

Y BUNAAKY, AKLWO *KOAeH 3 TecTiB He NigTBepAuB NPaBUbHICTL BNOPAAKYBAHHA
rpaHen P i Q nepeBipAEMO, UM He cAig, NOMIHATM Ui rpaHi micuamun. Ona uboro
NPOBOAATLCA TECTU, LLLO € aHanoramm TecTiB 3 i 4 (o4eBUAHO, O 3HOBY NPOBOAUTH
Tectn 1 i 2 He Mae ceHcy):

3'. Ym 3HaxomaTbcA rpaHb Q i cnocrtepiray nNo pi3Hi CTOPOHM BiA MAOWMHM, WO
NpPoOXoAuTb Yepes rpaHb P?
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4'. Yn 3HaxomsTbcA rpaHb P i cnocTepiray no oAgHy CTOPOHY Big, N/OWWMHMK, WO
NPOXoAUTb Yepes rpaHb Q?

Y BUNaagKy, AKWoO *KoaeH 3 TecTiB 3, 4, 3', 4' He A03BONAE 3 YNEBHEHICTIO BU3HAYNTW,
AKY 3 UMX ABOX rpaHen noTpibHO BMBOAMTM paHilwe, ogHA 3 HUX PO3OMBAETLCA
NJOWMHOIO, WO NPOXOAUTb Yepes iHWY rPaHb | NMTaHHA NPO BNOPAAKYBAHHA LiNOI
rpaHi Ta YacTUH Po3bUTOI rpaHi Nerko BMpILYETLCA 3@ Zonomoroto Tectis 3 abo 4 (3'
abo 4').

MoxnuBi cuTyau,ii, KON He AUBNAYUCL Ha Te, WO rpaHi P i Q BnopAaaKoBaHi BipHO, iX
pPO36UTTA BCe X Taku byae npoBeaeHO (anropuTm CTBOPKOE HaaMipHe po36uTTa).
MopaibHu BUNaaoK 306parkeHnit Ha puc. 13.9, ae ANA KOXKHOI BepwMHM BKa3aHa il
rnnbuHa.

1 1

Puc. 13.9. HagmipHe po36uTTa rpaHi

MeToay BnopsaaKyBaHHA BIaCTUBUIM TOM e HeJoNikK, Wo i metoay Z-6ydpepa, a came
HeobXxiaHiCTb BUBEAEHHA BCiX NMLUbOBUX rpaHen. LLLlo6 YHUKHYTK UbOro, MOXHa Noro
MoAV(iKyBaTU TAaKMM UYMHOM: TFpPaHi BMBOAATbCA B 3BOPOTHOMY MOPAAKY —
NOYMHAOUM 3 HaMbAMKUMX | 3aKiHuytoun Hanpanbwummn (front-to-back). Mig, yac
BMBEAEHHA YepProBOi rpaHi MantoTbCA TiIbKM Ti NiKceni, AKi we He 6yan BuBeaeHi . Ak
TiZIbKM BeCb eKpaH byae 3aN0BHEHWM, BUBIA, TPAHEN MOXKHA MPUNUHUTM.

Ane TyT noTpibeH mexaHi3m BiacTeXKyBaHHA TOro, AKi Nikceni bynn BuBeaeHi, a AKi Hi.
Ona uboro MOXKYTb OYyTM BUMKOPMCTAHI HAMPI3HOMAHITHIWI CTPYKTYpW, Big, NiHin
ropu3oHTy A0 6iTOBMX MACOK.

13.5.2. METOZ IBIHKOBOTI' O PO3EUTTA IIPOCTOPY

ICHY€ iHWWIN, AOCUTb eNeraHTHUM | THYYKUI cnocib BnopaaKyBaHHA rpaHen. KoxkHa
naowmnHa B 06'eKTHOMY npocTopi po3buBae Becb MPOCTIP Ha ABa MiBNPOCTOPW.
BBarkatoum, WO UA NAOWMHA He NEePEeTUHAE KOAHY 3 IrPaHer CUEHU, OAEePXKYEMO
PO3O6UTTA MHOMWHM BCiX FPaHen Ha ABi MHOXXWHM (KnacTepwu), WO He NepeTMHaoTbCA.
KoXKHa rpaHb noTpannse B TOM abo iHWMMA KnacTep 3a/eXKHO Big TOro, B SIkOMy
NiBAPOCTOPI WOoA0 NAOWMUHN PO3OUTTA LA rPaHb 3HAXOAUTHLCA.
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ACHO, WO XoAaHa 3 rpaHen, AKi nexaTb B NiBNPOCTOPI, LLLO HEe MICTUTb CNOCTepiraya, He
MOXKe 3aKpmnBaTK COBOI0 XKOAHY 3 FPaHeN, AKi 1IeXKaTb B TOMY XK NiBNPOCTOPI, B AKOMY
3Haxo4MTbCA i cnocTepiray (3 HEBEIMKMMM 3MIHAMM LLe NPALOE | ANA NapanenbHoro
NPOEKTYBaAHHSA).

Ona nobynosu npaBuabHOro 306pa*keHHA cueHM HeobXigHO Cno4YaTKy BMBOAUTU
rpaHi 3 4a/IbHbOroO KNactepa, a NoTim 3 6/1IMKHbOTO.

3aCTOCYEMO 3anponoHOBaHWIK Nigxia AnAa BNOPAAKYBAHHA [paHen BcepeauHi
KOXKHOro Knactepa. [ns uboro sBubepemo Agi NAOWMHM, WO PO3OMBAOTb KOXHUM 3
KNacTepisB Ha ABa nigKknacrepwu.

MoBTOPIOKOYM ONUCAHUI NPOLEC A0 TUX MiP, MOKM B KOXHOMY KNACTepi, LLLO BMIALLIOB,
3a/IMWNTbCA He Binble ogHiei rpaHi (puc. 13.10).

Puc. 13.10. /IBiliKOoBe po36uTTA NpoCTOpY

3BNYaNHO B AKOCTI NIOWMHU PO3OUTTA BUOMPAETLCA NNOLWLMHA, WO NPOXOANTb Yepe3
oAHY 3 rpaHen. Bci rpaHi, WO nepeTnHatOTbCA LIED NAOLMHOW, POo36MBatoTbHCA
B340BX Hei, a YaCTUHW, WO BUMLWAM Nig Yac po3bMUTTA NOMIWAOTLCA Y BignoBiaHi
nigaepesa.

Ona npuknagy po3rnaHeMo CLeHy, Wwo 306parkeHa Ha puc. 13.11.

1

7 3

Puc. 13.11. CueHa A4na NpuKkAagy ABIMKOBOro po3buTTa npocTopy
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MnouwnHa, Wo NPoXoaAnTb Yepes rpaHb 5, po3buBae rpani 2 Ta 8 Ha YactuHKu 2', 2", 8'
Ta 8", i BCA MHOXMHa rpaHel (3 ypaxyBaHHAM po36uTTA rpaHelt 2 i 8) po3naaaerbea
Ha aBa Knactepm (1, 8',2')i (2", 3, 4, 6, 7, 8"). BubpaBwun gna nepioro Knacrepa B
AKOCTi MNOWMHK, WO pPO36MBAE — M/OWMHY, WO NPOXOAUTb 4Yepe3 rpaHb 6
po36buBaemo iMoro Ha aBa niaknactepu (7, 8') i (2', 3, 4). KoxkHe HacTynHe po36uTTa
BiAAINATMME NMWe NO OAHIA rpaHi 3 Knactepis, WO 3aauwuanca. B pesynbtari
0AEePXMMO HacTynHe aepeso (puc. 13.12).

Puc. 13.12. BSP-gepeBo

Takum ymHoMm, npouec nobynosu BSP-pepes (Binary Space Partition) nondarae y
BMHbOpi naowmHM (rpani), wWo po3buBae, Po3bUTTI MHOMKMHM BCiX rpaHen Ha ABi
YaCTUHM (Ue MOoXKe BMMaraTM pos3OUTTA rpaHeM Ha YaCTUHWU) | PEKYpPCUMBHOrO
3aCTOCYBaHHA ONMMCAHOI Npoueaypu A0 KOXKHOI 3 YaCTUH, WO BUNLIAN.

3ayeaxceHHA. AKLLO TPaHb, WO NepeBipAETbCA, NeXUTb B NAOWMHI po3butra, To i
MOXHa NOMICTUTK B ByAb-IKY 3 YACTUH. ICHYIOTb BapiaHTU MeToay, AKi 3 KOXHUM
BY3/10M ZiepeBa 3B'A3YH0Tb CMUCOK FPpaHen, AKi nexaTtb B Till NAOLWMHI, Wwo po3buBsae.

MpupoaHiM YNHOM BMHWMKAE NUTAHHA NPO NobyaoBy ONTMMANbHOIO AepeBa. ICHye
ABa OCHOBHUX KpUTepii ONTUMaNbHOCTI:

"  OTPMMAHHA MaKCMManbHO 36anaHcoOBaHOro Aepesa (Konu gna byab-AKoro Bysna
KiNbKiCTb rpaHer B NpaBomy niaaepesi MiHIManbHO BiApPI3HAETbCA Bifd, KiIbKOCTI
rpaHer B niBoMy niggepesi); ue 3abe3neyye MiHimanbHy BucOTy Aepesa (i
BiZANOBIAHO HAMMEHLLY KiNbKiCTb NepeBipoK);

" MiHiMmi3auia KinbKOCTi po36uTTiB; OAHIEN i3 HaMbINbLW HEMPUEMHUX BNACTUBOCTEN
BSP-pgepes € po3butra rpaHein, wo Npu3BOAUTb A0 3HAYHOro 306inblUeHHA iX
3aranbHOi KinbKOCTi i, AK HacnigoKk, Ao pocTy BuTpaT (nam'ati Ta vacy) Ha
306paXKeHHA CLeHM.

Ha »kanb, ui KpwuTepii, AK NpaBWNO, € B3AEMOBUKAOYHMMU. TOMYy 3a3BUYAN
BUOMPAETbCA AEAKMM KOMMNPOMICHMM BapiaHT. Hanpuknag, B SAKOCTI KpuTepito
BMOMPAETbCA CyMa BUCOTU AePEBA i KiNbKiCTb pO36UTTIB i3 3ag4aHMMKM Baramum.

OpHielo 3 OCHOBHMX MNepeBar LUbOro MeToay € MOBHA He3ane)HiCTb aepesBa Bif,
napameTpiB  MNPOEKTYBAaHHA (MONOMKEHHA UEHTPY MNPOEKTYBAHHA, Hanpsmy
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NPOEKTYBAaHHA Ta iH.), WO pPOOUTb MOro AOCUTb 3PYYHMM AnsA nobynosu cepin
3006parkeHb OAMHIEl i TiEl XK CUEHW 3 Pi3HUX TOYOK crnocTeperkeHHA. Lla obcrtaBuHa
npu3sena 4o T1oro, wo BSP-gepeBa cTanu WMPOKO BUKOPUCTOBYBATUCA Y PALI CMCTEM
BipTYya/IbHOI peanbHOCTi. 30Kpema, BWAANIEHHA HEBUAMMWUX FPAHEN B LUMPOKO
Bigomux irpax DOOM, Quake i Quake II 3acHOBaHO Ha 3a/ny4yeHHi came BSP-aepes.

[o HeponikiB meToay BSP-gepeBs BigHOCATLCA ABHO HaAMipHA HeOobXiaHICTb po36uTTA
rpaHen, ocobMBO aKTyasibHa Nig, Yac poboTU 3 BEMKUMM CLLEHAMM, | HE NOKANBbHICTb
BSP-gepeB — HaBiTb HE3HAYHA IOKa/IbHA 3MiHA CLUEHM MOXKe CNPUYNHUTK 33 COBOIO0
3MiHY NPaKTUYHO BCbOrO AepeBa.

BHacnigok ix He NOKanbHOCTI NOAAHHA BeNMKUX cueH Yy Burnagi BSP-gepes
BUABNAETLCA 3aHAATO CKAALHMM, OCKINIbKU NPMU3BOAMTL 4,0 3aHAATO BENMKOI Ki/IbKOCTI
po36uTTiB. NA 60p0TbOM 3 LUM ABULLEM MOXKHA PO3AIANTU BCHO CLUEHY Ha AeKinbKa
YaCTUH, AKI MOXHa JIerko BMOPAAKYBATU MiK cob0lo, i ANA KOXHOI 3 UMX YaCcTUH
nobyaysaTtn cBoe BSP-aepeBo, WO MiCTUTb TiIbKM Ty YaCTUHY CLUEHM, AKA NOTPaNIfe
B LLen pparmeHT.

3ANUTAHHA A1 CAMOKOHTPOJIIO

B yomy nondArae 3agava BMAaNeHHA HeBUAMMnX pebep Ta rpaHen?
B yomy cyTb anropmutmy BigCiKaHHA HENULbOBUX FPAHEN?

OnuwiTb NocnigoBHicTb anroputmy Pobeptca?

KOpOTKO onunwiTe MmeTo, TpacyBaHHA NPOMEHIB.

e W

KopoTko onuuwitb metosd Z-6ydepa. B yomy Moro BiAMIHHICTb Big anroputmy
TpacyBaHHA NPOMEHIB?

o

PO3KpuitTe CyTb aNropmuTMmy XyA0XKHMKA.
OnuwiTb MeToA ABiIMKOBOro po3buTtra npocTopy.
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14. ®UIBTPALIA 30BPAXKEHD

dinbTpauia 306paxkeHb — uUe npouec 06pobKM 306pakeHb, WO BKAKOYAE
3aCTOCyBaHHA @iNbTpiB ANA NOKpPaALWEHHA AKOCTi, BUAANEHHA WyMy (HanpuKnag,
Wymie abo iMNynbCHUX NepeLlkos 3a A0MNOMOrol meaiaHHoi ¢inbTpauii) abo
BMAINEHHA MEBHUX 03HAK, i MOXXe BUMKOHYBATUCb Y NPOCTOPOBIl (6e3nocepeaHbo 3
nikcenamun) abo vactoTHi obnacti. OCHoOBHa meTa — 3MiIHUTU ab0 BUAINUTM NEBHY
iHbopMmaLito B 306parKeHHi, HanpuKknaa, Po3MUTU MOro, NiACUANTK Kpai abo yCyHYTH
HebarKkaHi apTedaKkTn, wob 3pobuTtn 306paxKeHHA YnCTiwmMm abo 3po3yminimm ana
aHani3y YM CNPUMHATTA.

Hesenuki rpynun nikcenis 3o06pakeHHs (Hanpuknag 3x3 abo 5x5) HasuBatoTbeA
agpom (kernel) i onucytoTbca npocTMmmn maTtpuuamu. Lii agpa BMKOpucTosyoTbea gna
onepaduii 3ropTkn (convolution). 3ropTka BUKOHYETLCA LUAAXOM MHOMEHHA 3HAYEeHb
iIHTEHCMBHOCTI KOIbOPY MiKcena Ta MOro cyciaiB Ha 3HayeHHA KoediuieHTiB agpa 3
BMKOPMUCTAHHAM KOB3HOro BiKHA. ABO MpOCTille KarKyuu, KOAM KOXKeH nikcenb Ha
BMXiAHOMY 300parkeHHi € QyHKUiero cycCigHix nikcenis (BKAOYHO 3 coboto) Ha
BXiAHOMY 306pakeHHi, A4P0 € Lieto QYHKLELD.

3BMYAMHO AAPO HEe 3aBXAW KBaApaTHe, MOXKe ByTM i NPAMOKYTHe, afie 3a3BMYal Le
KBajpaT 3i CTOPOHOI0 3 HEMAPHOI KinbKicTio nikcenis (3x3, 5x5, 7x7, 9x9 i 1.4.).

3ropTKK TaKOX iHOAI HAa3MBatoTb QiIbTPAMM OCKIJIbKM MOXKHa MPOBECTU aHA/Ooriio 3
dinbTpauieto cnrHanis. PinbTpu byBatoTb NiHIMHI — Ti, AKi 36epiratoTb popmy BXigHOTO
CUTHANY, Ta HEeNiHINHI — Ti, AKi 3MiHIOIOTb GOPMY BXiAHOIrO CUTHANY.

3aranbHWUIA BUpPa3 ANA ONUCY 3rOPTKM HACTYNMHUN:

a

b
g =w-fEy =) > 0@ fE-iy=-), (14.1)

i=—a j=-b

ae g(x,y) — oinbtpoBaHe 306parkeHHs; T(X,y) — opuriHanbHe 306parkeHHs; W —
A4po dinbTpa. KoxkeH enemeHT agpa ¢inbTpa mae iHaekc (i,]j), ae —a<=1i<=a, a
Takox —b<=7j<=b.

14.1. BMJAJEHHS IIYMIB MEJAIAHHUM ®LIbTPOM

MegiaHHMIN GinbTp — e HeNiHINHNK LMdPoBUN PinbTp, AKNMI BUKOPUCTOBYETLCA A/1A
BMOA/NIEHHA LWYMYy 3 CWUrHaniB Ta 306paxeHb, 0Cc0b6AMBO iMNynbCHOro («cCinb i
nepeub»), WASXOM 3aMiHW KOXKHOTO nikcena (abo 3Ha4YeHHA cUrHany) meAiaHoto BCiX
3HayeHb Yy Moro BiKHi. BiH edeKkTMBHO 3bepirae Kpai, Ha BigmiHy Big
cepefHbo3BaXKeHoro ¢inbTpa. MNpouec BKAKYAE COPTYBAHHA 3HAYEHb Y BiKHIi, a NOTIM
BMbip cepegHbOro (MeAiaHHOro) 3Ha4YeHHs, Wo pPobuTb MOro CTiMKMM A0 BUKUAIB.

Po3rnAHemo npuKNag BUMKOPWUCTAHHA MegiaHHoro ¢inbTpa A4NA OAHOBUMIPHOTO
306paxeHHA. Bukopuctaemo o¢inbtp 3 Agapom 1x3 anAa BXiAHOrO 3006parkeHHs
po3mipom 1x10. Ona obpobKkM KpaiB 300pa’keHHA BUKOPUCTAEMO MOBTOPEHHA
3Ha4yeHb rpaHnYHKX nikcenis (padding).PinbTp NpoxoanTb sApom 1X3 i ANA NOTOYHOI
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BMOIPKM 3 TPbOX NiKCENiB BUKOHYE iX COPTYBAHHA 3 HACTYNHUM 0OpaHHAM 3HAYEHHSA,
O CTOiTb NocepeaunHi (puc. 14.1).

X=|3|3|9|4|52|3|8|6|2|2|9]|9

¥ '
Y= 3 9

X= 3|3|9|als2|3|8|l6|2]2|9]9

............ -
Y= 314|9(4|8|6|6|2|2)|°9

Puc. 14.1. Npouec dinbTpaLii 04HOBUMIPHOro 306par*keHHA

Ha puc. 14.1 noka3saHui napanenbHui npouec GinbTpaLii, KM NPOCyBaAETLCA 3 060X
CTOpPiH 306parkeHHs. 3a3BMYal Len npouec NocniaoBHUM i BiabyBaeTbCcs 3/iBa Ha
NpaBo i 3ropu 40 HU3y.

Tenep po3riAaHEMO ABOBUMIPHUIA MegiaHHUIA GinbTp. BUKopUcTaemo 306pakeHHsA
po3mipom 6X6 nikcenis Ta aapo ¢inbTpa po3mipom 3x3 (puc. 14.2).

B nepwomy sgpi oinbTpa Ha puc. 14.2 nicna copTyBaHHA OTPUMAEMO TaKy
NOCNiAOBHICTb 3HaYeHb: (001112 24 4]. TyT meAiaHHe 3HayeHHA 1, a OT)Ke BOHO i
6yae pesynbtatom poboTn meaiaHHOro ¢inbTpa ANs LbOro nikcens.

OcTaHHiM nikcenb B 306parkeHHi NoTpebyBaB A4ONOBHEHHA FPAaHUYHUMM NiKcenamu. Y
nigcymky 6yna oTpMmaHa Taka NoCAif0BHICTb 3HaYeHb: [0 000 2 3 35 5].
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Puc. 14.3. lMpouec megiaHHOI pinbTpauii 4BOBUMIPHOro 306pakeHHA
MNepeBarn megiaHHoro ¢pinbTpa:

" yya0BO YCYBA€ iMNYAbCHI WYMU («Cifib i Nepeupb»), He PO3MMBAKOYM 3HAYHO Kpal
306parxKeHHsA, Ha BiAMIHY Bif, NiHiIMHUX PiNbTPIB;

= Kpalle 36epirae pi3ki nepexoan Ta KOHTypu ob'eKTiB.
MegiaHHMIN GiNnbTP 3aCTOCOBYETHLCA B TAKMX rany3ax:

= 06pobKa 306parkeHb (poTorpadii, MegnuHi 306parkeHHsA);
* undposa ob6pobKa curHanis;

= AnAa  nonepeaHboi 0bpobKM nepen  iHWMMKM  anroputmMamun  (HanpuKknag,
po3ni3HaBaHHAM ob6pasiB).

EdeKkTUBHICTb MeaiaHHOro ¢inbTpa ANA BMAANEHHA WYMIB Ha 300paXKeHHI MOXKHa
OLUHXTK 33 NpuKnagom (puc. 14.3).

Puc. 14.3. Mpukaag BUKOPUCTAHHA MegiaHHOro ¢inbTpa

MNoyaTKoBe 306paeHHA Ha puc. 14.3 MiCTUTb BENMKY KiNbKICTb LWYMY TUNY «Ciib» —
Api6HI cBiTAi nhamu. lMicna 3acTocyBaHHA meAiaHHOro ¢inbTpa NPAKTUYHO BCi Fymu
3HMKAK. LLlo6 ocTaTouHO NpMbpaT 3aNMLWLKK LYMY MOMKHA 3aCTOCYBaTU MeaiaHHWU
dinbTp A0 BXKe BiadinbTpoBaHOro 306paxKeHHA Lie pas.
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14.2. CEPEJHBO3BAYKEHUM ®LIbTP

ANropuTMKM pPo3MMBAHHA 300pakeHb — uUe meToan 06pobKM 306parkeHb, WO
3MEHLUYIOTb AEeTaNi3auito WAAXOM ycepeaHEeHHA 3HauYeHb NiKCeiB, HalnowupeHilwi 3
AKNX I'PYHTYIOTbCA HA YCepeAHEHHI CyCiaHiX nikceniB abo Ha 3ropTu,i 3 NeBHUM AAPOM.

CepeaHbo3BaXKeHUN ¢inbTp — ue meTon 06pobKM curHanis Ta 306paxkeHb ANs
3MEHLLEHHA WyMy, WO MOJIATAE Y 3aMiHi 3HAaYEHHA KOXKHOro enemeHTa (nikcens)
3BaXKEHOM CYMOIO (cepegHim) MOro cycigiB, Ae Pi3Hi Cycian MOXKyTb MaTH Pi3HY «Bary»
(Ba*kKNMBICTb), XO4a YACTO BMKOPUCTOBYETHCA MPOCTO cepeaHE apudMeTUYHE, Lo €
OKpemmm BuNagkom. Lle po3BondAe 3rnagutn piski 3miHM Ta npubpaTtn ApPibHI
CNOTBOPEHHS, aJie MOXe NPU3BECTU 4,0 PO3IMUTTA AeTanen.

CepenHbo3BaXKeHi PiNbTpU BUKOPUCTOBYIOTLCA ANA PO3MUTTA 306paxkeHb abo ans
NiACUNEHHA YiTKOCTI 306paXkeHHA. BOHM BigHOCATLCA A0 NiHIMHUX PinbTpIB.

B aHrnIoOMOBHIN niTepaTypi € YiTKMW pO3NOoAin MiXX NPOCTUM cepeAHbO3BaXKEHUM
dinbTpoOM AnA po3mMmMBaHHA 300parkeHb, AKUM Ha3nBaeTbca Box abo Mean Blur Ta
¢inbTpammn, AKi BUKOpUCTOBYIOTb BarM — Gaussian Blur. Mu 6yaemo HasmsaTtu
cepefHbo3BaXKeHUM ¢inbTpom came Box Blur, a Gaussian Blur — ¢inbtpom lMaycca .

CepeaHbo3BaXkeHUI GinbTp Mae AAP0 3 OAUHUYHUMM BaroBUmMm KoedilieHTamm ana
KOXKHOro nikcens (puc. 14.4).

111
111
111

Puc. 14.4. Agpo Box Blur 3x3 nikcena

CepenHbo3BarKeHU iNbTp 3aMiHAE 3HAYEHHA KOXHOro nikcena 306parkeHHsA Ha
cepedHE 3HaAYeHHs BCiX MOro cycifiB, BKAOYHO 3 HUM camum. CepefiHE 3HAYEHHA
BMPAXOBYETbCA AK CEpPeAHE apuPMeTUYHe — A04at0TbCA 3HAYEHHA BCiX NiKCenis, WO
noTpanunu B A4P0 PiNbTpa i NOTIM pe3ynbTaT A4iNNUTLCA Ha 3ara/ibHy KiNbKiCTb NiKcenis
y AApi. Y3aranbHeHa popmyna 3ropTKM ANa pO3paxyHKy 3HAYEHHA NiKcena 3a A4P0M
Box Blur 3 HenapHum po3mipom ctopoHu N byae HacTynHa:

) N/2  NJ2
9N =1z Y. ) fa+iy+). (14.2)
i=—N/2 j=—N/2

Bisbmemo TOM camui npuKknag, wo 6yB ANA megiaHHoOro ¢inbrtpa i 3aCTOCYEMO
cepegHbo3BaxeHUn pinbTp (puc. 14.5).
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Puc. 14.5. NMpouec cepeaHbO3BaXKeHOI GibTpaL,ii 4ABOBUMIPHOro 306pa*keHHA

Loao o6pobKM rpaHUYHUX NiKceniB 3006parKeHHA, TO OAMH 3 METOAIB MU BXKe
pPO3rna4anu nig 4ac BUKOPUCTAHHA MmegiaHHoro ¢inbTpa. AK i B npuKknagi suwe, Toai
MU BUKOpUCTOBYBaM «padding» — nNOBTOPEHHA 3HAYe€Hb TPAHUYHUX MiKCenis.
ICHYIOTb 1 iHWI MeToamM: «mirroring» — BiaA3epKaNeHHsA nikcenis, abo 3aN0OBHEHHA
004aTKOBUX NiKcenis HynAMM. Pi3Hi meToam Ha NpuKnaai agpa po3mipom 3X3 nogaHi
Ha puc. 14.6.

_______ T1l2l3]3] [sTals a5 (el a]e]e
11233 2[1[2[3]2 oe[1]2[3]e
4lals|ele s|als]|els el|als]|ele
717|899 s8|7]|8]|o|s e|7]8|o]e
778099 54565 060 0/e o6
___________________ e

Puc. 14.6. Pi3Hi meToam 06pO6KM KpaliHix nikcenis

Hu»Kue nogaHo npuknag 306paxKeHHs A0 SIKOro 3aCTOCOBaHUM CepeaHbO3BaXKEHUN
¢inbTp Box Blur. Pe3ynbTaT BiApi3HAETbCA Big P03¢dOKYCOBAaHOro 306parKeHHs,
OCKiNbKM TOYKA CBiTNa 3 po3¢dOKycoBaHOro 06'eKTMBa Ma€ BUMNAA, AK CBITIOBUIN AMUCK,
a Box Blur aae kBagpatuk (puc. 14.7).
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Puc. 14.7. NMpukaag 3actocyBaHHA Box Blur

[Ana KonbopoBMX 306pakeHb inbTpauia 3aCTOCOBYETbCA OKPEMO AA KOXHOTO
Konbopy. Ana npuwsnaleHHs poboTtn anroputmy ¢inbTpau,ii, po3ammBaHHA pobnAaTb
OAHOBUMIPHMM iNIbTPOM CMOYATKY B TOPU3OHTA/NIbHIA MAOWMHI, a noTim y
BePTUKaNbHIN. LLL06 3MEHLINTHM KiNbKiCTb apuPMETUYHUX OnepaLin, Ccymy nikcenis He
NepepaxoByoTb AN KOXKHOro i-ro nikcenda. JoCTaTHbO Big, NOTOYHOI CyMU BiAHATU
KpaMHin NiBUI cycigHil nikcenb i A0AaTVU HOBUIM NpaBuiA cyciaHil nikcenb (puc. 14.8).

I—i—uﬁniucenb—l
[39452386229

Li—lri—uﬁ n iH[:EﬂUJ

Puc. 14.8. LUBnAKKIA MeTOA PO3PaxyHKy OA4HOBUMIpHOro Box Blur

B npuknagi Ha puc. 14.8 cnoyaTKy pPaxyeTbCA Cyma TPbOX MNepLMnX Mikcenis i
36epiraetbca. o6 oTpumatM po3muTe 3HAYeHHA i-ro nikcens, noTpibHO NpocTo
noAinnTn cymy Ha 3. AnAa oTPUMaAHHA HaCTynHoi cymun HeobxigHo Big nonepeaHboi
BIAHATU MiKcenb 3i 3HaYeHHAM 3 | 4oAaTU NiKcenb 3i 3HaYeHHAM 52. TaKUM YNHOM MU
OTPMMAEMO HOBY cymy. Ha maneHbKkomy ¢inbTpi po3amipom 3 nepesaru He byae, ane
Ha BinblwKnx po3mipax ye byae Bia4yTHE NPULIBUALLEHHS.

14.3. PduibTP’'AYCCA

®inbTp Maycca abo MNayccose 3rnagKyBaHHA — cnocib po3¢poKycyBaHHA 306 paXKeHHs
3a gonomoroto ¢inbTpa, AKUM BUKOPUCTOBYE MaTeMaTUYHY (PYHKLiIO, Ha3BaHY Ha
yecTb BYeHoro Kapna ®pigpixa laycca. EdekT, cTBOpOBaHMI UMM cnocobom,
HasuBalTb [aycoBMM po3muTTAM abo 3rnagkyBaHHAM. Lleit edekT wWwupoko
BUKOPUCTOBYETbCA B rpadiyHUX nporpamax, AK NpPaBuao, A8 3MEHLUEHHA
3alYMIEHOCTi 300parkeHHsA Ta 3HUMKEHHS AeTanilalli.
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dyHKuia Taycca moxke 6yTM OAHOBMMIPHOK Ta ABOBMMIPHON. [Ona po3muTTA
306paXeHb 3a3BMYAN BUKOPUCTOBYHOTb ABOBUMIPHY JYHKLiO, WO 33a43€ETbCS
dbopmynoto:

1 (x2+y?)
e 20° (14.3)

)

N

Ae X — e BiACTaHb Bifg no4YaTKy KOOpAMHAT B OCi abcunc, y — ue BiaCTaHb Big NoYaTKy
KOOPAMHAT B OCi OpAMHAT, @ 0 — CTaHAapTHe BigxmneHHA po3snoainy laycca. Konm
MEeTOoA, 3aCTOCOBYETLCA Y ABOX BMMIipax, OTPUMYETbCA MOBEPXHA, KOHTYpPU AKOI —
KOHUEHTPUYHI Kona po3noainy MNaycca 3 ueHTpanbHoi Touku (puc. 14.9). 3HaYeHHA 3
LbOro po3noAiny BUKOPUCTOBYOTLCA O1A CTBOPEHHA MATPULL 3ropTKK. 1A KOXKHOro
HOBOTrO 3HAaYEeHHA NiKCeNA BU3SHAYAETbCA CEpPeHE 3BaXKeHe B OKOi NiKcenA. 3HaYeHHA
NOTOYHOrO OPUriHaNbHOrO Nikcensa mae binbly Bary (HaliBULLE 3HAYEHHA po3noainy
laycca), a cycigHi nikceni oTpMmMyloTb BCe MeHLWY Bary B 3a/€XKHOCTI Bif, Toro,
HACKiNIbKW Aa/ieKO BOHM 3HAxXO4ATbCA Big, MNOTOYHOrO OpMUriHaNbHOro nikcena. Lle
Hagae epeKT PO3MUTOCTI, AKNIM 36epirae KOpAOHM Ta Kpai KpaLle, HiXK iHLWi, aHaNoriyHi
dinbTpn po3muTTA.

) S Gaussian kernel

6 -4 -2 0 2 4 6

Puc. 14.9. ®yHkuia Maycca (1i 2 BUMipHA)

3Ha4yeHHA CTAaHAAPTHOIO BiAXWUEHHA O — BMN/INBAE Ha 3HAYEHHA BaroBUX KOediLLiEHTIB
aapa ¢inbTpa Maycca. Y41m meHLie ue 3Ha4YeHHA TUM MEHLLY Bary MatoTb nikceni, wo
BiAaaneHi Big ueHTpy (puc. 14.10).

o = 2 with 30x30 o =5 with 30x30

Puc. 14.10. Agpo PinbTpa Naycca po3amipom 30x30 3 6=2i0=5
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3 dopmynu (14.3) oueBnaHO, WO 3HaYeHHs agpa ¢inbTpa Maycca byayTb AIMCHUMM
yncnamu, WO € He ayxe aobpe AnA WBWMAKOCTI po3paxyHKiB. Tomy uvacTto
BMKOPUCTOBYIOTb NonepeaHbo pPo3paxoBaHi sapa ¢inbTpa laycca 3i cTaHAAPTHUM
BiaxuneHHam o=1 (puc. 14.11).

olo|l1|2]1]|0]0
1 a7 |4/ o |3 |13|22|1]|3]0

1021 4 |16 |26 |16 4 1113 |59 |97 |59 |13 1
me | 2 | a4 | 2 V273 | 7 | 26 | 41 | 26 | 7 11003 | 5 | 22 | o7 [150 | 97 | 22 | 2
1021 4 |16 |26 |16 4 1 |13 |50 |97 |59 |13 1

1l a7 |41 0o |3 |13|22|13|3]o0
olo|1|2|1]0]o0

Puc. 14.11. Aapa dinbTpa MNaycca 3 po3mipamu 3x3, 5X5 i 7X7 A1A =1

[ABoBUMipHY yHKLUitO Maycca MOXKHA PO3KIACTM Ha A06YTOK ABOX OAHOBUMIPHUX:

1 3 x2 1 B yZ
Gx,y) =|———=-e 20? || ——="e 20?2, (14.4)
og'V2'Tm o\V2- 1
TakMm 4yumHOM, peanisyBaTu [layccoBe pPO3MUTTA MOMHA aHaANOr4yHO A0
cepeflHbO3BaAXKEHOIN0 — CMOYaTKy 3acToCyBaTM A0 300paKEHHA TOPU3OHTANbHUIM

®inbTp, a NOTIM BEPTUKANBHUN.

MNopiBHAHHA cepeaHbo3BaXKeHoro Ta MayccoBoro po3muTTa (puc. 14.12).

Puc. 14.12. OpuriHasbHe 306pakeHHA, cepegHbO3BaXkeHe i [ayccoBe po3MUTTA
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Xoua layccoBe po3mnTTA BUMarae binble po3paxyHKiB, BisyanbHUI edeKT Big, Noro
3aCTOCYBAHHA MA€E Kpaluii BWUINAL, HiXK 3acTOCyBaHHA cepeaHbO3BaAXKEHOro
po3muTTAa. Lle gocsaraetbca 6inbll NNaBHUMM Nepexoaamm MixK CycigHiMmm nikcensmm
3 pi3HOtO iHTeHcuBHicTIO (puc .14.13).

Puc. 14.13. iBOBUMipHUI rpadik 3mMiHM iHTEHCMBHOCTI MikceniB a1a Box Bluri
Gaussian Blur

MpoTe AnA yCyHEHHA WyMIiB TUMY «Cinb i Nnepeup» mediaHHMM GiNbTp 3aNMLWAETLCA
HanKpawmm BapiaHTom (puc. 14.14).

IX3 bx5 Xt

Puc. 14.1.4. NMopiBHAHHA [AaycCOBOro po3mMuTTA i MegiaHHOro ¢inbTpa
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layccoBe 3rnaf)KyBaHHA 3a3BMYaMl BMKOPUCTOBYETLCA 3 BM3HAYEHHAM KpaiB.
binbwictb anroputmiB BUABNEHHA KpPaiB YyTAMBI A0 WYyMy; ABOBUMMIPHUNA PinbTp
Nlannaca, nobygoBaHMM Ha OCHOBI AMCKpeTu3auii onepatopa Jlannaca, agyxe
YyT/UBUM 40 LWYMHOTO CepeaoBMLLA.

BukopuctaHHAa ¢inbtpa MNaycca nepesn BMABNEHHAM KpPAiB MAE Ha METi 3MEHLLUTU
piBeHb WyMy B 300parkeHHi, W0 MNOKpalWy€e pe3ynbTaT HACTYMHOro aaroputmy
BM3HA4YeHHSA KpaiB. Llel nigxia 3a3sunyait Ha3meatoTb dinbTpauieto Jlannaca-fayca abo
¢inbTpauieto LoG. Mpo ye 6inbw geTanbHO ONMUCAHO B HACTYNMHOMY PO34ini.

3ANMTAHHA AJ11 CAMOKOHTPOJIIO

Ha aki gBa TMnu ainatbca ¢pinbtpn?

LLlo Take 3ropTka?

LLlo Take A4po 3ropTem?

Ak npuHUMn poboTn meaiaHHoro ¢pinbtpa?

AKMIA NpUHUMN pob60TK cepeaHbo3BaXKeHoro ¢inbTpa?

AK po3paxoByloTbcA KoediuieHTH ana agpa ¢inbtpa MNaycca?

AKa NpMHUMMNOBA Pi3HULUA MiXK cepeiHbO3BaXKeHUM [aycCOBMM PO3MUTTAM?
Ak TN dinbTpa HaMKpalle NiaxoanTb AN BUAANEHHA WYMY «CiNb | nepeub»?

W o N ULk WD R

AKMI cnocib peanizauii cepegHbo3BaXKeHOro ¢inbTpa HanWBNALWMA?
10. Y1 MOrKHa 3aMiHUTK ABOBMMIpHUI dinbTp Maycca Ha O AHOBUMIPHI aHanorm?
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15. 3BUIBIIEHHA YITKOCTI TA BUABJIEHHA KOHTYPIB

B nonepegHboMy po34ini mu po3rasHyAM NOHATTA inbTpauii, 3ropTkM Ta aapa
3ropTKKU. TaKoX AeTasibHiwe po3rnaHyaun gesaki ¢inbTpun ana po3ammtta 306pakeHb. B
LbOMY PO34ini MM NPOAOBXKMMO PO3rNAL AEAKUX AAEep 3rOPTOK, WO 3aCTOCOBYHOTLCA
AnA 06pobKu 306parkeHb, a came 36inblUEHHA YITKOCTI 306paXKeHHA Ta BUABJIEHHSA
KOHTYpPiB Ha 3006pa*KeHHi.

15.1. 3BUIbLUEHHA YITKOCTI 30BPAJKEHHA

3acTOCyBaHHA PO3MUTTA NPU3BOAUTbL A0 BTPATU AEAKUX AeTanen 306parkeHHs.
3a3BMYall MM HAMAraeMocs BMZANUTU 3 300parkeHHA HebaxkaHi aptedaktn. Ane
6yBalOTb BUMNAAKM, KON HeobxiagHO 3pobuTn 3BOPOTHIN Mpouec, a came AoaaTu
6inblwe YiTKOCTI 306paxKeHHto, Wob po3rneaitn getani. Hanpuknag ue aktyanbHo Ana
BifJHOB/NIEHHA PO3MUTUX 3006parkeHb 0COBINBO TUX, A€ NPUCYTHA TEKCTOBA i YMCN0BA
iHbopmaLiia.

dopmanbHUI ONUC aNTOPUTMY MiABULLEHHA YITKOCTi 3006parKeHHA HAaCTYNHUN.

1. 3AiMCHUTM PO3MUTTS 306parkeHHs ogHUM i3 dinbTpis (Box Blur abo Gaussian Blur).

2. BigHATW pe3ynbTaT poO3MUTTA Bif, OpUTiHANIbHOIO 306parkeHHA. TaKUM YMHOM MU
OTPMMAEMO BMCOKOYACTOTHI AeTai 306parKeHHs.

3. [dopatn BUCOKOYACTOTHI AeTani A0 OPUriHANbHOrO 306paKeHHsA.
MaTemaTM4yHO LUer Npouec onucyeTbca Gopmynoto:
image + (image - blurred) = 2-image - blurred. (15.1)

AKWO po3rnAagaTM MOHOXPOMHE 300parKEHHA, TO KOXEH MNiKCeNb OMUCAHMUN CBOEID
iHTEHCUBHICTIO. Ham noTpibHO HaKnactM NpPocTUi AiHIMHMIA inbTp, WO BABIYI
NiACUANTb IHTEHCUBHICTb 306parkeHHA i BiaHATM $inbTp MNaycca (puc. 15.1).

)
Pl
’ﬂ"f":'f‘*'*"’:“: s
A
I

Puc. 15.1. IntocTpauisa 40 36inbweHHA YiTKOCTi 306pakeHHA

BnacHe 3 TOYKM 30py 3MiHM 300parKeHHA, HaM HeobXxigHO NiACUANTU IHTEHCUBHICTb
NMOTOYHOrO MNiKcena i BoAHOYAC 3MEHLLINTU iIHTEHCUBHICTb MOTO CycCiAiB. 3acTOCyBaBLUN
dopmyny (15.1) mmn oTpmaemo agpa pisHMX Po3mipiB ansa inbTpiB NiABULLEHHS
YiTKOCTi 306parkeHHs (puc. 15.2).
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0 (-1 0 -1-1|-1 -1{-1}-1|-1|-1
-115|-1 -119 |-1 -1{-1|25(-1|-1
0 (-1 0 -1(-1|-1 -1{-1}-1|-1|-1

Puc. 15.2. Aapa ¢inbTpiB NigBULLEHHA YiTKOCTI 306parkeHHsA

AK 6a4MMO 3 PUCYHKY, A4pa ANA NiIABULWEHHA YiTKOCTI 3a3BUYa MatoTb KOePiLiEHTH
-1 ans cycigHix nikcenis i 4OAATHIN KoediliEHT ANA LEHTPANbHOIO Nikcena. 3HaYeHHn
KoedilieHTa ANA LEeHTPaNbHOrO nikcena nNiabupaeTbca TakMm YMHOM, Wo6 cyma BCix
KoediuieHTiB Agpa byna 1.

15.2. ONEPATOPM /11 BUABJIEHHA KOHTYPIB

OpHa i3 3aga4 06pobkM 306parkeHb Le BUABNEHHA KOHTYpPiB OO'EKTIB, WO € Ha
306parkeHHi. OCHOBHMM MiAXOAOM € BW3HAYEHHA TpafieHTiB 300pakeHHA B
ropu3oHTaNIbHOMY, BEPTMKA/IbHOMY i AiaroOHaNbHOMY HanpPsAMKax.

lpagieHT (V) — mipa 3pocTaHHA abo cnagaHHA B NPocTopi AKoick $i3nYHOI BENUUYMHMK
Ha OAMHWULIO AOBXUHWU. Y BUNAAKY 3 3006parKeHHAMM BUMIPHOIOTb BEUUYMHY 3MiHU
3HaAYeHHA IHTEHCMBHOCTI 306paXKeHHA B 3a4aHOMYy HanpPAMKY. PaKTUYHO Le NoXigHi
IHTEHCMBHOCTI 306pakeHHA 3a KOOPAMHATHUMM OCAMM.

MeToam, WO BUKOPUCTOBYIOTb FPafieHT, Ha3MBalOTb TaKOX OnepaTopamu. IX icHye
AEKiNbKa | MM pO3rnaHeMo AeAKi 3 HUX.

Ockinbkn BCi meToam o06'egHYE PO3PAXyHOK rpafieHTa, TO X MNO3HAYEeHHA 3a
Hanpamamn 6yae opHakoBe pAnA BCix meTtogiB. Yepes I(X,y) no3Haummo
IHTEHCUBHICTb NiKcena 306paxeHHsA 3 BiANOBIAHMMKN KoopAnHATamMK. Toai Gx(X,y) Ta
Gy(x,y) HabamxkeHi noxigHi B HanpAmKax X Ta Y BignosigHo. To4i rpafi€eHT MOXKHa
BM3HAUYUTU AK:

VIi(x,y) = G(x,y) = /G + Gj. (15.2)
HanpsAMOK rpafjieHTa TakoX MOXHa BU3HAYUTU HACTYMHUM YNHOM:
_ Gy(xJ’) _ 3_77:
0(x,y) = arctan (—Gx (x’y)) . (15.3)

3ayBaXkTe, WO KyT O° BignoBigae BepTMKAaNbHOMY CNPSAMYBAHHIO, TaKOMY, LLO
HaNPAMOK MaKCMMa/IbHOrO KOHTPACTY BiJ, YOPHOro A0 6inoro Ha 306paXKeHHI NeXUTb
311iBa Hanpaso.
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15.2.1. OnEPATOP POBEPTCA

Onepatop Pobeptca (Roberts cross) BukopucTtoBytoTb B 06pobLi 306parkeHb Ta
Komn'toTepHoMy 6ayeHHi ANns BUABNAHHA KOHTYypiB. BiH 6yB ogHMM i3 nepumx
METOAiB BMABNEHHA KOHTYPiB, NEPBMHHO 3aNpPONoOHOBAaHMM JloypeHcom PobepTtcom
1963 poky. AK y pi3HMUEBOro onepaTtopa, iaes onepatopa PobepTtca nonsarae B
HabAMKEeHHI rpagieHTa 306paXKeHHs WAAXOM AUCKPETHOTo AndepeHL,itoBaHHA, AKOro
[OCAraloTb 0OUYMCNEHHAM CYMM KBaApaTiB Pi3HMUb MiXK AiaroHanbHO CyCigHiMm
nikcenamm [26].

3rigHo 3 PobepTtcom, MmeTon BUABNEHHA KOHTYPiB MOBMHEH MATM  HACTYMHI
BNACTMBOCTI: BUAABAHI KOHTYPU MOBWHHI BYyTWM YiTKO BM3HAYEHUMM, TNO MOBUHHE
BHOCUTM AKOMOTra MEHLUE LWYMY, 3 ACKPaBiICTb KOHTYPiB NOBUHHA AKOMOra b6amxue
BiANOBIAATN NOACBKOMY CNPUUHATTIO. 3 OrnAgy Ha Ui KpuTepii Ta Ha OCHOBI
nepeBaXXHOi Ha TOM Yac ncmxodi3nyHoi Teopii PobepTc 3anponoHyBaB TaKi PiBHAHHA:

Yij = \/?1

zZj; = \/()’i,j - yi+1,j+1)2 + (}’i+1,j — yi,j+1)27

(15.4)

[le X — NepBMHHE 3HAYEHHA ACKPABOCTI Ha 306parkeHHi, Z — obuncitoBaHa NoxigHa,
a 1,j nogatoTb po3TallyBaHHA Ha 306parKeHHi.

PesynbtaTn Ui€l onepauii BUCBITAOBAaTUMYTb 3MiHU ACKPABOCTI B AiaroHasibHOMY
HanpAamKy. OaHMM i3 HannpueabaMBILLMX acneKTiB L€l onepauii € il npocToTa; A4p0
HEeBeNMKe M MICTUTb Anwe uini yncna. MNpoTe 3i WBUAKICTIO Cy4acHMX KOMN'HOTEpIB LA
nepesara He3HayHa, a onepatop PobepTca cMAbHO CTPaXKAAE HA YYTAMBICTb 40 LWYMY.

[na BMABNEHHA KOHTYpiB 3a Aonomorot onepaTtopa Pobeptca, cnepwy noTpibHO
3ropHYTU NepPBUHHE 306paKeHHs 3 HAacTYNMHUMK ABoMa sapamu (15.3).

+1| © 0 |+1
-1 -1/ ©

Puc. 15.3. Agpa gna onepatopa PobepTtca

3ropTKka 3a nepwum A4POM AAE HAaM FOPU3OHTaNbHI NoxigHi Gx(X,y), a 3ropTka 3a
APYrMM — BepTUMKanbHi noxigHi Gy(x,y). Oani 3a ¢opmynoto (15.2) BM3HAYaeEMO
3ara/ibHUI rpagieHT i byayemo 306parkeHHA, Ae iIHTEHCUBHICTIO MiKCeNA € 3HaUYeHHA
noro rpaaieHTa (15.4). Ha puc. 15.4 3Ha4yeHHA rpagieHTiB NOAAHO 3 MHOXXHUKOM 5,
Wo6 NiACUMANTN KOHTPACTHICTb 306parKeHHs.
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Puc. 15.4. OpuriHa/sibHe 300parkeHHA | pe3y/abTaT onepatopa PobepTca

15.2.2. OnerpATOP COBEJIA

Onepatop Cobena (Sobel operator), akuit iHoai Ha3mnBatoTb onepatopom Cobens—
denbagmaHa (Sobel-Feldman operator) Ta ¢inbTpom Cobens, BUKOPUCTOBYIOTb B
06pobui 306parkeHb Ta KOMN'toTepHOMY HayeHHi, 30Kpema B aIrOPUTMaXx BUABIAHHS
KOHTYpIB, e BiH CTBOPIOE 306paXKeHHs, AKe BUAINAE KOHTYpU. Moro Ha3BaHO Ha YecTb
IpBiHa Cobens Ta lepi PenbamaHa, Koner 3i CteHPOpACbKOI NabopaTopii WTYYHOro
iHTenekty (SAIL). Cobenb Ta ®PenbamaH 3anponoHyBaAM iAeH «i30TPOMHOro
onepaTtopa rpagieHTa 306parkeHHs 3x3» Ha BucTyni B SAILy 1968 poui.

Ha BigmiHy Big, onepatopa PobepTca, Len onepaTtop BUKOPMUCTOBYE ABa aapa 3x3
(15.5), aki 3ropTatoTb 3 NepPBUHHUM 300parkeHHAM, Wo6 06umMcatoBaTM HAbBAUKEHHA
NoxXiaAHUX — OAHIET ANA TOPU3OHTANbHMX 3MiH, Ta OAHIEl ANA BEPTUKaNbHUX [27].

+1|1 0 (-1 +1|+2|+1
+2|1 0 |-2 010|090
+1| 0 (-1 -1]-2(-1

Puc. 15.5. Agpa ana onepatopa Cobena

3ropTKa 3a nepwum A4POM AAE HAaM FOPU30HTaNbHI NoxigHi Gx(X,y), a 3ropTka 3a
ApyrMmM — BepTUMKanbHi noxigHi Gy(x,y). Adani 3a ¢opmynoto (15.2) BM3HAYaEMO
3aranbHUM rpagdieHT i byayemo 306pakeHHA, Ae iIHTEHCUBHICTIO MiKcena € 3HaYeHHA
noro rpagieHTa (15.6).
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Puc. 15.6. OpuriHazibHe 306paxeHHA i pe3ysbTat onepatopa Cobena

OnepaTtop Cobena—denbgmaHa NPonoHYE A0BOJIi HETOYHE HABAMMKEHHA rpafieHTa
300parkeHHA, ane BCe We MA€E AO0CTaTHIO AKICTb ANA NPAKTUYHOTO BUKOPMUCTAHHA B
6araTbox 3acToCcyBaHHAX. TOYHIWe, BiH BUKOPUCTOBYE 3HAYEHHSA ACKPABOCTI /iNLWeE B
obnacti 3x3 HaBKONO KOXKHOI TOYKM 300parkeHHA, wobu HabansmTn BignoBigHUN
rpagieHT 3006pa*KeHHA, N1 BUKOPWUCTOBYE NINLLIE Lifli 3HAaYeHHA anAa KoedilieHTiB, AKi
3Ba’KyHOTb ACKPABOCTi 306paKeHHs, Wob oTpMMaTh HabIMKEeHHA rpagdieHTa.

o6 noKpawmtn TouHicTb onepatopa Cobenda, 6ynn 3anponoHOBaHI Aeski Moro
anbTepHaTUBHI mogudiKauii: onepaTtopwu LLappa, Kaani, Macta, KpyHa.
15.2.3.0n0EPATOP IIPROITT

Onepatop [Mptoitt (Prewitt operator) BuMKopucToBYE niaxig, wWo € nogibHum Ao
onepatopa Cobena, ane 3Ha4YeHHA cepegHix KoedilieHTIB sApa  3ropTKU
BiApi3HAOTbLCA (puc. 15.7). OnepaTtop MpoiTT po3pobuna Oxyait Mproitty 1970 pou,.

+1{ 0 |-1 +1(+1|+1
+1{ @ | -1 (0|9
+1{ 0 | -1 -1(-1|-1

Puc. 15.7. Aapa gna onepatopa lMpoitTt

OnepaTop MpoiTT NPOCTiWKM 3 TOYKM 30PpYy PO3PaxyHKiIB, Hixk onepaTop Cobens, ane i
pe3ynbTaT HabMKEHHA 3HaUYeHb NOXiAHMX B KOXKHiM To4L,i 306paxKeHHA Aa€e rpybimm
(puc. 15.8).
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Puc. 15.8. OpuriHanbHe 306parkeHHsA | pe3y/abTaT onepaTopa MpoiTT

15.2.4. OnerpATOP JIAILJIACA

BigmiHHOIO pucoto onepartopa Jlannaca Big BCix nonepeaHix mMeToais € Te, WO BiH
BUKOPMUCTOBYE CYMYy APYrUX NOXigHWUX, @ He nepwux. TakMm YMHOM Le A03BOJAE
NopaxyBaTW CYMy BePTUKANbHUX | TOPU3OHTA/IbHUX NOXiAHUX 33 OAUH NPOXiA 3ropTKU
agpom ¢inbTpy Jlannaca. ICHyOTb AeKinbka BapiaHTiB Aapa ¢inbTpa Jlannaca, B
3aN1€KHOCTI Big, TOr0O UM BPAXOBYKTbCA AiaroHaAbHi CyCigHi nikceni nig 4ac
BM3HA4YeHHsA rpagienHTa (puc. 15.9).

/1|0 1111 @(-1|0 -1(-1|-1
1|-4/1 1|-8|1 -1{4 |-1 -1({ 8 |-1
11|06 1111 @ (-1|0 -1(-1|-1

Puc. 15.9. Aapa onepaTopa /lansaca

Cyma Bcix KoediujieHTiB aapa onepaTopa Jlannaca 3asBxau AopiBHioe 0. o6
3MEHLWMWUTU 3aNeXHiCTb Big LWyMiB, 3a3BM4Yal nepes 3aCTOCYBaHHAM oOMepaTopa
Nannaca 3actocoBytoTbCA PinbTP 3rnagKysaHHA [aycca.

MopiBHAHHIO 3acTOCYyBaHHA onepaTtopa Jlannaca Ta onepatopa Cobensa gna ogHoro i
TOro X 300paeHHA MoXXHa nobaunmtm Ha puc. 15.10. Llen npuKknag HaouHoO
AEMOHCTPYE, Wo onepaTtop Jlannaca notpebye Aniie ogHOro Npoxoay 3ropTku, wob
OTPMMATU CyMapHWUIA rpadieHT 306paxkeHHs, Toai Ak onepaTtop Cobens notpebye ABa
npoxo4An — ANA PO3PaXyYHKY rOPU30HTA/IbHOI Ta BEPTUKAbHOI MOXigHUX.

162



Orlgmal

Laplacian

»

NS

e
_\\\ //
‘ \ [’ '\/

}n N

Puc. 15.10. NopiBHAHHA onepaTopis /lansaca i Cobena

Heponikom onepatopa Jlannaca € Te, WO pe3yabTaT He MICTUTb iHPopmaLii npo
HaNPAMOK rpafi€HTa B KOXHOMY Mikceni 306parkeHHA, Ha BigMiHy Big nonepeaHix
onepaTopis, WO BUKOPMUCTOBYIOTb NEpPLUi NOXiAgHi 3@ HANPAMKaMM.

15.3. AurorutM KEHHI AJ151 BUSIBJIEHHA KOHTYPIB

Anroputm KeHHi (Canny edge detector) — ue onepatop BMABAAHHA KOHTYPIB, AKUM
BMKOPMUCTOBYE BaraToeTanHMii aaropmuTm A1a BUABAAHHA LUMPOKOIO CNEKTPY KOHTYpPIB
Ha 306paxeHHAxX. Moro po3pobus [xkoH KeHHi 1986 poky [28].

Mpouec anropuTMmy BUABNAHHA KOHTYPiB KeHHI CKNafa€eTbCa 3 N'ATK eTanis.

1. 3actocyBsatu ¢inbTp Maycca, wob 3rnaanTn 306parKeHHA 33415 YCYHEHHS LIYMY.
2. 3HaNTW rpafieHTM ACKPaABOCTI 306parkeHHs.

3. 3acTtocyBaTM NOPOryBaHHA BE/IMYMHM TPagieHTa abo BigpisHE MNPUrHiYyBaHHA
HUMXKHbOI MeXi, Wob No3byTnca napasmTHOI peaKuii Ha BUABNAHHA KOHTYPIB.

3acTocyBaT NOABIMHUI NOPIr ANA BU3HAYEHHSA NOTEHLIMHMUX KOHTYpIB.
5. TpoCTeXntn KOHTYpU 3a [OMNOMOrOH riCTepesncy: 3aBepLlUUTU BUABASAHHSA

KOHTYpPIiB, NPUrHITUBLLM BCi iHLWIi KOHTYpPU, cCNabKi Ta He NOB'A3aHi 3 CUAbHUMMN.
15.3.1.3ACTOCYBAHHA ®L/IbTPA I'AyccA

OCKiNnbKK Ha BCi pe3ynbTaTn BUABNAHHA KOHTYPIB NErKO BMJIMBAE LLIYM Ha 3006parKeHHi,
Ba)KNIMBO BigdinbTpyBaTM Uuen Wwym, wobwu 3anobirth CNpUYMHEHOMY HUM
NOMUIKOBOMY BUABNAHHIO. LLLoBW 3rnaantn 306parkeHHsA, i3 HUM 3ropTatoTb A4P0
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¢inbTpa Maycca. Llelt KpoK gewo 3rnagutb 300paKeHHsA, Wobu 3MeHWnTn BNAUB
ABHOTO LWYMYy Ha BMABAAY KOHTYpiB. Mun BXXe o3Hanmomuanca 3 ¢inbTpom laycca B
nigpo3sgini 14.3. Ha ubomy Kpoui anroputmy KeHHi gouinbHO 3actocysatu ¢inbtp
Faycca po3mipom 5x5. Moro uinouncensbHa Bepcia ana 0=1 nogaHa Ha puc. 15.11.

214|542

419 (12|19 |4
— | 5(12|15|12| 5
159

419 (12|19 |4

2 5 2

Puc. 15.11. Agpo ¢inbTpa lMNaycca 5x5 ana o=1

Baxnmeso posymityv, wo Bubip po3mipy rayccoBoro Aapa BMAMBATMME Ha
NPOAYKTUBHICTb BUABAAYA. Lo 6inbwunii po3mip, TO MeHLa YyTAMBICTb BUABASAYA A0
wymy. Kpim TOro, 3i 36inblieHHAM po3mipy Aapa rayccoBoro ¢inbtpa TPoOxXu
36inblyBaTUMETbCA NOXMOKA pO3TallyBaHHA Yy BUABAAHHI KOHTypiB. Po3mip 5x5
nobpuin ana 6inbwoCTi BUNAAKIB, ane Le TaKoX PiISHUTUMETbCS 3aleXHO Bif
KOHKPETHUX CUTYyaL,ii.

3acTtocyBasLwu ¢inbTp Maycca, MM OTPMMAEMO HACTYNHUI pe3ynbTtaT (puc. 15.12).
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Puc. 15.12. OpuriHa/sibHe 306paskeHHsa (niBopyy) Ta po3muTe dinbTpom Maycca
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15.3.2.3HAXO/I’DKEHHSA TPAJJIEHTA ACKPABOCTI 306PAJKEHHSA

Ha ubomy eTani BM3HAYAETbCA IHTEHCUBHICTb Ta HAaNPAMOK KpaiB, 3a A0MNOMOrOt0
obuncneHHA rpagieHTa 306parkeHHA 3a 4ONOMOro onepaTopiB BUABNEHHA KOHTYPIB.

KoHTypw BignoBigatoTb 3MiHi iHTEHCMBHOCTI Nikcenis. HanmnpocTiwnii cnocié Bnasmutn
ue — 3actocyBaTn @inbTpu, AKi BUALINAIOTL L0 3MiHY iHTEHCMBHOCTI B 060X
HanpAMKax: ropmM3oHTasibHOMY (X) Ta BepTMKanbHOMY (y). MoXHa 3acTocoByBaTh
Oyab-AKUIA 3 PO3MNAHYTMX PaHiWe onepaTopis, WO BUKOPUCTOBYOTb NepLUy NOXigHy
3a KOXKHUM Hanpamkom. Hanpuknag, onepatop Cobena (puc. 15.5). 3a pesynbTatamm
PO3pPaxyHKIB, M1 OTPMMAEMO 3HAYEHHA rPAAIEHTIB 419 KOXKHOIO NiKcenA, a TaKOX IXHi
HaNPAMKU. KyT HanpAMKY KOHTYPY OKPYI/OETbCA 40 O4HOr0 3 YOTUPbOX KYTIB, WO
noaatoTb BepPTMKaNb, FOPMU3OHTaNb Ta ABi AiaroHani (0°, 45°, 90° Ta 135°).
306paxKeHHs 3 rpaZliEHTamMu € pe3ynbTaTom LUboro etany (puc. 15.13), a Kyt Hanpamy
KOHTYpY 6yayTb BUKOPUCTAHI Ha HACTYNMHOMY.
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Puc. 15.13. 306paskeHHsA nic/a ¢inbTpa Maycca (niBopyy) Ta rpagieHTy (npaBopy4)

Pe3ynbTaT manke TaKuUK, AK o4iKyBanoca, ane mm 6baunmo, Wwo aesaki pebpa ToBCTi, a
iHWIi —TOHKI. ETan noporyBaHHA BEAMYMHUN JONOMOKE HaM 3MEHLUUTUN TOBCTI KOHTYPM.

binbwe TOro, piBeHb iIHTEHCUBHOCTI rpaji€HTa 3HAXOAUTLCA B Aiana3oHi Big © ao 255,
o He € oaHopiaHMm. Kpai KiHUeBOro pesynbTaTy MNOBWHHI MaTWU OAHAKOBY
iHTEHCUBHICTb (TO6TO 6inni nikcenb = 255).

165



15.3.3.I10POryBAHHSA BEJIHYHHH I'PA/IIEHTA

MiHiMyMHe Bigpi3He NPUrHiYyBaHHA BEIMYMH rpadieHTa, abo NoporyBaHHA HUXKHbOI
MeXi, — ue ogHa 3 MeToAUK BUTOHYYBAHHA KOHTYpIB.

BigpisHe npUrHidyyBaHHA HUMXHbLOI MeXi 3aCTOCOBYHOTb A1A MOWYKY Micub i3
HaMPIi3KiWO 3MIHOK 3HAYeHHA ACKPABOCTI. AATOPUTM AN KOXHOro Mnikcena B
rpafgieHTHOMY 306parKeHH;:

" MNOPIBHATN BMPAXKEHICTb KOHTYPY B MOTOYHOMY MiKCesi 3 BUPAXKEHICTIO KOHTYPY B
nikcenax y 4oAaTHOMY Ta Bif'€EMHOMY HaNpPAMKaXx rpagieHTa;

"  AKLL0 BUPAXKEHICTb KOHTYPY B MNOTOYHOMY Mikceni HanbinbLia NOpPiBHAHO 3 IHWKMKN
NiKCeNAMM B MacLi 3 TUM e HanpsMKOM (Hanpuknag, nikcenb, WO BKa3ye y
HanpPAMKY Y, NOPiBHIOBAaTUMETbLCA 3 MIKCENAMM HaZ, i Nig HAM Ha BEPTUKANbHIN OCi),
TO 3HayeHHA byae 36epeXkeHo, iHaKLWe 3HAYeHHSA byae NpUrHiyeHo.

Po3rnaHemo fK ue npautoe Ha AEKiIbKOX NPUKNaaax.

YepBOHUI MPSMOKYTHUK Y BEPXHbOMY J1iBOMY KyTi 306parkeHHA (puc. 15.14) ue
nikcenb rpagieHTHOI iHTEHCMBHOCTI, WO 06pobnAeTbCA. BignoBigHWI HanpAMOK
rPagi€eHTa NOKa3aHUM NOMAapPaHYEBOIO CTPIZIKOKO 3 KYTOM -TT pajiaH.
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Puc. 15.14. PparmeHT KOHTYpPY 3 HanpAMKamMMU rpagieHTIB

Po3rnaHemo BepxHii NiBM NiKceb, WO NO3HAYEHMN YEePBOHMM KBaApaToOM, Ta MOro
cycigis (puc. 15.15).

Puc. 15.15. Tlikceab KOHTYpPY Ta MOro cyciau
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HanpamoK rpagieHTa — Ue nomapaHyeBa MYHKTUMPHA NiHiA (ropM30OHTaNbHO 3niBa
HanpaBo). MeTa anropuTmMmy — NePEBIPUTK, UM € NiKCeNi B 0AHOMY HaNPAMKY GinbLu un
MEHLW iHTEHCMBHUMMW, HiIXK Ti, WO 06pobnsatoTbca. Y npuknaai nikcenbs (1i,3)
06pobnAeTbCA, a nikceni B OAHOMY 3 HUM HanpAMKY Mo3HayveHi cuHim (1,j-1) Ta
(1,j+1). AKWoO oAMH i3 unx ABOX NiKCENiB IHTEHCUBHILLIMIA 3@ TON, WO 0b6pobaseTbCA,
To 36epiraeTbca AnwWwe iHTeHcUBHIWMN. Mikcenb (i,j-1) 343€TbCA IHTEHCUBHILLUM,
OCKi/IbKK BiH 6inni (3HavyeHHA 255). OTKe, 3HaYeHHA iHTEHCMBHOCTI MOTOYHOrO
nikcens (1,j) BcTaHOBAIOETLCA B O. AKWO B HANPAMKY rpPafi€eHTa HEMAE NiKcenis 3
IHTEHCMBHILLMMM 3HAYEHHAMM, TO 36epiraeTbCA 3HAYEHHA NOTOYHOTO MNiKcens.

Tenep po3rnaHEMO iHWWIK NPUKAaL — NiKcenb 3 KyTom rpagieHTa 3m/4 (puc. 15.16).

4
’

—> (i-1,j+1)

Puc. 15.16. Mikceab KOHTYpY Ta MOro cycign

OyeBMAHO, WO HAMIHTEHCMBHILWMM NiKCeNeM y LbOMY HanNpAMKY € nikcenb (1-1, j+1).
OTKe, 3HAYEHHSA IHTEHCUBHOCTI NOTOYHOrO Nikcena (1,j) BCTAaHOBNOETLCA B O.

Micns 06pobKu BCix NiKceniB MM OTPMMAEMO HacTynHe 306paxeHHs (puc. 15.17).
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Puc. 15.17. 306pakeHHA 4,0 Ta Nic/1A NPUrHiYYBaHHA HUMKHBOI MeXi
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15.3.4. I[1oABIFIHUH I1OPIT

Micna 3acTocyBaHHA NPUrHIYYBAHHA HUMKHbOI MeXi pewTa nikceniB KOHTypiB
3abe3neyytoTb TOYHIWE NOAAHHA CMNPaBXHiX KOHTYpiB Ha 300paxeHHi. lpoTe
NINWAKOTLCA AeAKi KOHTYPHI NiKCeni, CIPUYMHEHI LLYMOM Ta MiHAMBICTIO Konbopy. LLLo6
BpaxyBaTW Ui MOMWKOBI peaKuii, BakIMBO BiAPiNbTPYyBATU KOHTYPHI Nikceni 3i
cnabKknm 3HauYeHHAM rpagieHTa, Ta 36eperti 3 BUCOKMM. Liboro gocsratotb 06paHHAM
BEPXHbOIO Ta HUKHbOIO MOPOroBUX 3HAYEHb. AKLLO 3HAYEHHA rPagi€EHTA KOHTYPHOrO
nikcens BULWE 3a BEPXHE MNOPOroBe 3HAYeHHA, MOro MNO3HAYYITb AK CUAbHUU
KOHTYPHMI NiKcenb. AKLLO0 3HAYEHHA rPagieHTa KOHTYPHOrO NiKCeNs MeHLLe 33 BEPXHE
Noporose 3Ha4yeHHA Ta Binblie 33 HUXKHE MOPOroBe 3HAYEHHSA, MOro NO3HaYYOTb AK
C1a6Kuli KOHTYPHMI NiKcenb. AKLLO 3HAYEHHA rPaALiEHTA KOHTYPHOrO NiKCensa MeHLe
HiXK HUXHE NOPOroBe 3HayeHHsA, noro byge npurHideHo. Li A4Ba noporosi 3HaYeHHA
BU3HAYalOTb eMNIPUYHO, | IX BUSHAYEHHA 3an1eXaTume BiJ BMICTY 3a4aHOro BXig4HOro
306paxKeHHs.

Pesynbtatom poboTn LbOro etany € 306pa*keHHA nuwe 3 ABOMa TMNaMM NiKCenis:
CUNbHUMM Ta cnabkmumum (puc. 15.18).
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Puc. 15.18. 306paxeHHsA g0 Ta nic/1A No4BiHOro NoporysaHHaA (c/1abki nikcei
noAaHi Cipum KO/IbOPOM, @ CU/IbHI — 6ium)
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15.3.5.IIPOCTE)KYBAHHA KOHTYPIB 3A JJOIIOMOI'OIO T'ICTEPE3HCY

CunbHi nikceni ogHO3Ha4YHO ByayTb NPUCYTHIMKU B KOHTYypax 06'ekTiB 306pakeHHs, a
OT 3i cnabkmmu nikcenAammn NOTPiIGHO AOAATKOBO Po3ibpaTnca. BOHM MOXKyTb ByTK
NPOCTO e/lIeMeHTaMM WYMY Ha 306paXKeHHi — ToAi iX cnig BUAANAUTU, ane TaKoXK BOHMU
MOXYTb BYTW YaCTUHaMM KOHTYPIB peasibHMX 06'€EKTIB — B TaKOMYy pasi ix HeobxiaHO
NepeTBOPUTU HA CUJIbHI MIKCeNi KOHTYpY.

BnacHe anropuTtm rictepesuncy aosoni npoctuii (puc. 15.19):
" [epeBipuUTU BICIM CyCigHIX NiKcenis ANA NOTOYHOrO;
"  9KLWO cepea CycCifiB HEMA€E CUNbHOIO MNiKCeNA, TO iIHTEHCUBHICTb Nikcena pobumo 0;

" AKWO cepen cyciaiB € xoda 6 0AMH CUABbHUI NiKcenb, TOAi MOTOYHUIM TEXK CTaE
CUNBbHUM (iHTEHCUBHICTb 255).

: i
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Puc. 15.19. Airoputm rictepesucy
Pe3ynbTat poboTH rictepesncy nokasaHuii Ha puc. 15.20.
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Puc. 15.20. 306parkeHHA 40 Ta nic/A rictepesucy
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OTpvmaHe 306paxKeHHA CKNA[QETbCA /MWeE 3 ABOX KOAbopiB: 6inoro ta 4YopHoro.
YopHui Konip no3Ha4vae $oH 306paxkeHHs, a 6innit — KoOHTYypu 06'eKTiB.

3ANUTAHHA 4149 CAMOKOHTPOJIIO

1. AKMM YNHOM MOXKHA 36iNbLWNTK YiTKICTb 306parkeHHA? A AKMX 33434 Le MOXKe
6yTn akTyanbHUM?

2. Aka cninbHa puca B 6iNbWOCTI MeToAiB BUABNEHHA KOHTYpiB 06'ekTiB Ha
306parkeHHAX?

3. fAkmMn po3mip agpa ¢inbTpa, WO BUKOPUCTOBYETLCS B onepaTopax PobepTca,
Cobens i Mptoitt?

4. Ulo BwupisHAO onepaTtop Jlannaca Ha ¢OHI iHWKMX onepaTopiB BUABNEHHA
KOHTYpiB?

5. CKinbKu etanis mae anroputm KeHHi 4nsa BUABNEHHA KOHTYpIB?
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