3MICT
. Pagu

1. Ywucnosi paau. 301kHICTH 1 cyma psay. HeoOxinna ymosa 36ixkHOCTI. [ii 3
psanamu. Y3araabHEHUN TapMOHIMHUK psia. Psi, 1m0 ckimamaeTbes i3 WieHIB
TreOMETPUYHO] Mporpecii.

2. JlocraTtHi O3HaKM 30DKHOCTI JOJATHUX YHCIOBUX PSJIiB. O3HAKH
nopiBHsaHHES; [lanambepa; panukanpHa o3Haka Korri; iHTerpanpHa o3HaKa
Kori.

3. 3nako3MiHHI psau. 3Hakoueprosi psau. JlocratHs o3Haka JleiOHina mpo
301KHICTh 3HAKOUEpProBOro psay. AOCONOTHA 1 yMOBHa 301KHICTb.
Teopema mpo OIIHKY 3alMIIKy 3HAKOYEproBoro psay. HaGmmxene
00YHCIIEHHSI CyMU 3HAKOYEPTOBOTO PSAY.

4. O®ynkuioHaneHi psau. CremeneBi psau. [HTerpan i pamiyc 301KHOCTI.
Posknan ¢yHkIii B cTreneHeBi psau. 3acTOCYBaHHS CTEIICHEBUX PSIiB B
HAOJIMKEHNX 00YHMCITIOBAHHSIX.

Psnu ®yp’e. Po3kian ¢pyukii B psau Oyp’e.

[I. KpatHi inTerpanu

1. TlonxgiitHi Ta MOTpiHI IHTETPAIN; IX OCHOBHI BJIACTHUBOCTI.

2. OOuucriieHHS TOABIMHUX Ta TOTPIHHUX IHTErpalliB B JIEKaPTOBUX
KOOpJMHATaX.

3. 3acTocyBaHHS KpaTHHX 1HTETpalliB 10 OOYMCIICHHS 00’ €MiB Ta IUIOIII.

[ll. KpuBoJiniiiHi inTerpaau

1. 3agaui, 0O NPUBOIAATH O TOHATTA KPHUBOJNIHIMHUX IHTErpaliB.
[To3HaueHHs KpUBOJIHIMHHMX 1HTErpajiB MEPIIOro Ta APYroro THUITY; iX
OCHOBHI BJIaCTUBOCTI.

2. OOuncrneHHs KPUBOJIIHIHHUX 1HTETPAIB.

l. PSIAN
1. Ywucaosi psaau, OCHOBHI NOHATTHA
Hexait U,U,,...,U , ne mnocnigosuicts U = f(n) — HeckiHYeHHa
YHCIIOBA TIOCHII0BHICTh. Bupas
o0
U+U,+..+U +..=> U. 1)
n=1
Ha3MBAETbCA uucoeum paoom, a wacna U, U,,...,.U — uirenamu paoy:
n

U = f(n) —HasuBaeTbcs 3azanvHum uienom pady. Cyma nepmux n uieHis

YHCJIOBOTO PS/Iy HA3HBAKOTH 7 -OK0 YaCTHMHHOIO CYMOIO DSy i MO3HAYAOThH
uepes S

S =U +U,+.+U,. 2)

n
Psn (1) Ha3uBaeThes 301KHHMM, SIKIIIO MOCHITOBHICTh WOTO YaCTHHHUX CYM
IpU N — 0O Ma€ CKIHYEHHY I'paHUILIIo!

limS =S 3)

n—od
Yucio S Ha3WBAIOTh CyMOIO PSIY.
SIKIIO TpaHUIlSE YaCTUHHHUX CYyM NP 7 — 0O He iCHye abo HEeCKiHYeHHa,
T0 psix (1) Ha3UBaIOTH PO30IKHUM.



Sxmo B pani (1) U,U,,...,U +..., U >0, To Takuii psiJ| HA3UBAETHCS

TOJATHUM.
Heo0xigna ymoBa 30iskHocTi psigy. skmo psa (1) 30ikHuii, To ioro
3araJbHUIA YWICH MPU HEOOMEXKEHOMY 3pOCTaHHI HOMEpa MPSMYE 10 HYJIS.

imU =0 (4)
JlocTaTHsA yMOBa po301KHOCTI PATY: SKIIO
limU =0, (5)

n—0o0

TO PSIJT PO30O1KHUIA.

Ipukaan 1. locniauty 301KHICTD PATY
>
n=1 5n - 1

Pos3é’ sazanns.

3acTocyemMo HEOOX1AHY 03HAKY 301)KHOCTI:

limU = lim—n: limngz 0.
n—oo " n—00 5TL _ 1 n—00 5 1 5

n
Ockimpku lim U = 0, manuil psan po36DKHHEA, TOMY HIO HE BHUKOHYETHCS

n—0o0

HeoOXimHa ymoBa 30DKHOCTI. [IpM IbOMY BHKOHYETHCS JOCTAaTHS YMOBa
PO301KHOCTI.

Po3rnstHeMo Jesiki 4MCIOBI Psijiv, SIKi NIMPOKO BUKOPUCTOBYIOTHCS Ha
MPAKTHIII.

2.Y3arajabHeHUil rapMoOHiliHUH psia.
YucnoBuii psn
-~ 1
— (6)
n=1 n
Je « JIHCHE YHUCII0, HAa3UBAETHhCA y3aralbHEHMM TapMOHIiHMM psiIOM.

301KHICTB IILOTO PSALY 3aJIEKHUTH BiJl 3HAUCHHS MOKAa3HUKA ( .
npu « > 1 pan 301KHUI;

(7)

npu o < 1 psa po30iKHUT.

1
[Ipn o =1 psn mae Bursag g — 1 Ha3UBa€THCS rapMoOHiiiHUM. Bix
n=1

PO301KHUM.

=1
Hpuxnan 1. Z—Q —301KHUH, OCKUIBKH @ = 2 > 1;
n=1 TV

) ) 1
Ipukaang 2. Z \/_ — pO301KHUN, OCKUTBKH (v = 5 <1.

Psn, m1o ckiaga€ersed i3 4ieHiB reoMeTpHYHOI Iporpecii.
Takuii psia Ma€e BUTIIA
x
-1
>oa-q" 9)
n=1



[Tpu ‘q‘ < 1MaemMo cHajHy TE€OMETPUYHY TPOTPEcito 1 BIAMOBITHUNA psiA
301KHH.

[Tpu ‘q‘ > 1 MaeMo po301KHUI PSI.

JocTraTHi 03HAKHU 30i1KHOCTI JOXaTHUX YHUCJTOBUX PAAIB.

PosrasHeMo aesiki 1ocTaTHi 03HaKK 301KHOCTI JOJITATHUX PSIIIB.
a) 03HAKU NOPIGHAHHS PADIE.

Teopema 1. (moctatHs 03HaKa po30iKHOCTI).
Hexaii maeMo aBa 1oAaTHUX PSAIU
U+U,+c4U, +.y , Vi+V,+ 4V +...

Hexaii unenn nepmioro psjay He NEpEeBUINYIOTh BiJIMOBIIHUX WICHIB IPYTrOTo
pany: U, <V,U,<V,,...U <V .. i gpyruit pang (V) 306ixkuuit. Tomi
nepimit psx (U) Takok 30DKHUI i HOro cyma He MepeBHUIIyE CYMH JIPYTroro
psny.

Teopema 2. (mocTaTHs 03HAKa PO30iKHOCTI).
Maemo psgn U, +U, +...+U, +..., , V,+V,+...+V +..
Hexait unenn nepuoro psay (U) He HEpeBHIIYIOTh WICHIB APYroro psay
V): U, <V,U, <V,,.,U, <V .. i pan (V)poszdixuuit. Toni psan(U)

TaKOX PO30O1KHHM.

IMpukaan.l Jocniguty 301KHICTD PATY
1 1 1 1

—+t—=+—F+..F+—.. (20)
22 3 4 n"

PosrasHeMo gomomMi>kHUHN psij
AT )
gttt

. . e s 1
Leit psax (11) € psigoM 3 TeOMETPUYHOT POTpPecii i3 3HAMEHHUKOM ¢ = B <1

1 30DkHMA. Ockinbky wieHu psay (10) He Ounblie BiJMOBIHUX YICHIB DSy
(11),3a Teopemoro 1 psa (10) Takok 301KHHMIA.

Teopema 3. fkmo icHye cKiHYeHHA 1 BiIMIHHA BiJ HYJIS TPaHHIIA

. U = R
lim—"=C =const =0, To o0uaBa psIx ZUnl ZVn OJIHOYAaCHO

e n n=1 n=1
301kH1, 200 OJTHOYACHO PO3OIXKHI.

. . >\ 3n—1
IMpukaang 2. locniauty 301KHICTD PATY 253—2 .
n=1 0T +

Po36’ azannus. IlopiBHAEMO TIEH psij 3 psIOM

U)

S v)

n=1 n
3a Teopemoro 3:



U . (Bn-=1)-n* . 3’ —n’

lim — = lim-~—————=lim———— =

s [ mees Bpd 42 now Bp® 42

2
= lim u(:;a npasuiom Jlomitanst) = lim n-2_3_ const = 0.
n—co  15n n=oo - 30n 5

Ockinbku psia (V) 30bkHME SK y3aranbHEHUI rapMOHIMHMN, 301KHUM 1 psi
).

3BUYalfHO BUKIIMKA€E TPYTHOIII MOMEHT MiA00Opy APYroro psay 3a yMOB
BUKOPUCTAHHS TEOPEM MOPiBHSAHHS. YacTo Ui MOPiBHAHHS MiIOMPAIOTh PAAH
CKJIaJIeH] 3 WICHIB T€OMETPUYHOI IIporpecii, ado y3araabHEHUH TapMOHIMHHMA
psan. CkaxiMo, SKIO 7 -Wd 9iIeH STy, MO0 MU JOCHIDKYEMO, € ApoOoBO-
pamionansHOO QyHKUif0, To pag (V) mimOupaemo sk y3arajgbHEHU
rapMoHiiiHui psn. [Ipu mpomy, mo6 mpaBwiIbHO MiAOUpaTtH «, Tpebda Bif
CTapUIOro MOKa3HHWKa 3HAMEHHHUKA JOCTIKYBAHOTO PSAY BIAHSTH CTapUINil
MOKa3HHUK YHCETbHHKA.
Tak B ocranupoMy npukmnani: a« = 3 —1=2. Tomy V = —..

2
n

0) oocmammus o3naxa /laramoepa
Sxmo s pomaraoro psaxy U, +U, +..+U, +... (1) icHye rpanums

L — 1, 1o nmpu | <1, psan 30ikuuit . mpu [ > 1, psaa pos3dixHMiA, npu

n

n—oo

[ = 1 nuTaHHsA PO 301KHICTH PAY 3aTUIIAETHCS BITKPUTHM.

3n+1

Mpuxaan 1. locniauty 301KHICTD PATY Z

n=1
Pos36’ aizanns. BukoprucraeMo 03HaKy I[anaM6epa.

U:3n—|—1 U _3n+D)+1_ 3n+4

n o ) n+1 2n+1 o 271+1

)

[ = lim 2l — M 111 snt+4 _
YV w2 (3p 4 1) 2% 3n 41

n

L. 3+4, 1
p— 1 p—
T 2mx 3l
OTxe psi 301KHU.

<1.

Mpuxkaan 1. Jochaiautu 301KHICT Py

> on —1
Z (2n)!"

n=1

Po36 si3auns. 3a o3nakoro amambepa U L= 5(7; _)'1 ,
n)!
_5(n+1)—1  bn+4 T (bn+4)-(2n)!
O 2n+1) 2 +2) n—o (2, + 2)1(5n — 1)
_ lim 5n +4 lim 1-2-3-...-2n C1.0=0<1

7'—>:>O5n 1 nex1-2-3-..-2n-2n+1)-(2n + 2)
OTxe psia 301KHUIA.



B) padukanvha o3naxa Kowi
SIKIIO 7St JOAATHOTO YMCIIOBOTO Py icHye rpanung lim /U, = ¢, To npu
q <1 psg 300kHMHA, pu ¢ > 1 psg po30ikHuA (Mpu ¢ = 1nHMTaHHSA MPO

301KHICTD 3aJIMIIAETHCS BIIKPUTUM).
Mpuxaan 1. locniauty 301KHICTD PATY

2
| 3n—1
.

‘— | 5n + 2
Po36 s3anns. 3a pagukanbHOI0 03HaKor0 Korri

3n—1]2” . [5n—1]
) lim p
2n 42 n—oo \[{ BN + 2
2 1 2
:hm[sn 1] = 2%1 :[ﬁ] ) — <1
oo\ 5n 4-2) ol 5427 5) 25
OTxe psi 301KHUIA.
r) inmezpanvua o3naxa Kowi
Hexait unenn nomarHoro psgy U, +U, +...+ U, +... (1) € 3Ha4eHHAMH

npu z = 1,2,3,... neskoi ¢yHkuii f(z) nomatHOl, HemepepBHOI, MOHOTOHHO
cnamHol Ha 1HTepBai 1<z <4 TaK 1 (0)

U = f(1),U0, = f2),..,U, = f(n),... Toni, axmo ff(x) dz 30DKHHH, TO
1
36bkHwm 1 psag (1).

SIKIo f f(z) dz po36ixkuuii, To po36ixuuii i ps (1).

IMpukaax 1. locniguty Ha 301KHICTD P

00 2

> s
=25 +9
Po36’ a3anns. 3acTtocoByeMo iHTerpanpHy o3Haky Kori:
2 2
n x
U, =——, fl@)=——
" 25n° +9 @) 252° +9

PosrasneMo HeBIacHUM iHTErpas
00 A

gl *d
f259; —2;9 f25g; —T—Q

A
:ilimf%:ilim larctg5i
15 4= (52°)" +3° 1547 3

3

= 4_}11%10 arctg

2

OTxe, OCKUIBKH 1HTerpall € 301KHUM, BUXITHUNA P TAKOXK € 301KHUM.

—arct § = —[z —arct §] = const
&3 &3 '

3HaKO3MiHHI pAIM Ta IX JOCTIKEHHS

3HAKO3MIHHUM HA3WBAETHCS PSJI CEPEJl WICHIB SKOr0 € K JIOAaTHI, Tak i
BiJ' eMHi yncia. Hanpukian



YacTHHHUM BHUIAJAKOM 3HAKO3MIHHOTO DSy 1 € PSJl y SKOrO 3HAKW YICHIB
CTPOTO YePTYIOTHCS, TOOTO 32 KOKHUM JIOAATHUM WICHOM CIIiy€ BiJl €EMHUH, 1
3a KO)KHUM BiJl EMHUM CIIIy€ TOJAaTHUH.

Slxkmo BBakatu, mo U ,U,,...,U — abCOMOTHI BENMYMHU YIEHIB PALY. TO

3HAKOYEPTOBHH Psi/i MOYKHA 3aIMCaTH TaK:
U-U,+U, U, +...(=1)""U, +... (12)

JIst 3HaKOUEPTOBHIA PAJIIB MAa€ MiCIIe IOCTAaTHS 03HaKa 301kHOoCTi JIelOHira.
O3naka Jleuoniya. Slxmo B 3Hako4yeproBomy psai (12) abOcomroTHi
BEJIMYMHH WIEHIB CIIaAAI0Th.

U1 >U2 >U3 > > Un > ...

1 3arasibHUM WieH paxy npsamye 1o Hyns: lim U, = 0, To psj 301xHuUM, a oro

n—0o0

CyMa He TICPEBHIIYE TIEPIIOTO YiCHA PAIY.
Mpukaan 1. Jocniautu 301KHICT Py

o]

S —— (13)

2
n=1 5TL + 3
Po36 szanns. Jlanuii psa € 3HakoueproBuM. OCKUIBKHM HOTO 4iICHH 3a
12 3 4
aOCOJIIOTHOIO BEJTMYMHOI0 MOHOTOHHO CIAJIal0Th. — > — > — > — > ... 1|
25 48 85
3arajibHAN WIEH MPU N — OO0 MPAMYE A0 HYIIS:
1
. n .
limU, = hmﬁ— lim n5 =0,
n—00 n—00 9N, + n—00 v
o+ 2

3a o3Hakoto JlehOHina psix 301KHMM.

3HAKO3MIHHUHI psJT HA3UBAETHCS A0CONIOTHO 301KHHUM, SIKIIO 301KHUN
PAI, CKJIQJCHHH 13 MOAYJIiB WICHIB.

3HAKO3MIHHUH psAJT HA3UBAETHCS YMOBHO 301KHHM, SIKIO BiH 301KHWUA,
ajie He 301KHUH psil, CKIAJCHUH 13 MOJTYJIIB HOTO YJICHIB.

HepeBipHMo OCTaHHIM psia 13 aOCOMIOTHMUMHU BEIMYMHH JAHOTO DSIY.

Maemo Z . 3acTOCOBYEMO JI0 HBOTO O3HaKy TOpPIBHSHHS B
{5n° +5
1
rpaHuuHii Gopmi i TOPIBHSIEMO HOTO 3 TAPMOHIHHUM PSIIOM Z—. Tob6to
n=1
n
n 2 ) an =
on” +95 n
n-n . 1 1
= lim ———— = lim —— = — = const = 0.

n—00 ‘/n n—00 (5TL -+ 5) n—00 5 + 32

OTxe, OCKITbKM TapMOHIMHUI psi po30ikHuE (o = 1), TO po30KHMI 1 psi
>
. .
n=1 5” + 5
Ie o3nauae, mo 3uakoueproBuit psa (13) 301kHUI HIIE YMOBHO, OCKIJIBKH
caM psiI 301KHUH, a psAJl CKIAJACHUH 13 MOTYJIiB HOTO YICHIB PO301KHMIA.
Hpuxnan 2. [lepeBiputu abcomOTHY 301KHICT PATY

6



S ) (14)

— 5271,
n=1
3acTocyeMo o3Haky JleiOHima i mepeBipuMo 301KHICTh Py

: 2(n+1
limU = lim (1) _ = (3a mpasuiom Jlomitamns) = lim ﬁ =
n—oo n—so B2 oo 52 In 5. 2

1 1 1 .

= lim B S lim ————— = — = 0 = psx (14) 301KHUI.

n—oo B2 Inf  n—0 2.5 . In* §
Tenep po3rIsTHEMO BiIIOBITHUN JAHOMY HOAATHUH PsiT

2—5% (15).
n=1
[TepeBipumo roro 301KHICTh 3a 03HAaKOI0 Janambepa:
SRNUES) R UES

n 527], n+1 5271,+2

2
U 2 20 1+/

%151010 U~ o572 (n 4+ 1) 25 ool ]y / T %5
psin (15) 36ixHui.

OTtxe psin (14)301KkHuI aOCOTIOTHO.

3ayeaccennsn. SIKmo 30DKHUNA TOMATHHM Psii, TO 3HAKO3MIHHHH Psij
YWICHNU SKOTO 32 a0CONIOTHOI BEIIMYUHOKO JIOPIBHIOIOTH UYICHAM BKA3aHOTO
JOJIATHOTO PsiAy, Takok 30DKHUM 3a Teopemoro mopiBHsHHS 1. Tomy mpu
nepeBipii 3HAKO3MIHHOTO Psiy Ha aOCONIOTHY 301KHICTH MOXKHA MOYaTH 3
JTOCTIPKEHHS JOJATHOTO Psiy Ha 30DKHICTh. SKII0 301KHUN AoaAaTHUE psij,
TO 3HAKO3MIHHUH psaa 30DKHUA aOCONMIOTHO. SKIo X JAogaTHHE psij
pO301XKHUN, TO HEOOXIJHO 3acTOoCyBaTH O3HaKy JIeiOHINa s mepeBipKu
3HAKOYEProBOro psay. SAKmo psn 301KHUHN, TO B IIbOMY BUITAIKY BiH 301KHUI
TUTBKH YMOBHO.

Mpuxaan 3. Jocniautu Ha aOCOMOTHY 301KHICTD PSIJT

o0

Sy (16)

n=1 (n + 3)|
Po36 si3anms. Po3riisHEMO TOTaTHHUMA PsT
- n
—_— a7
; (n + 3)
[TepeBipumo ioro 301KHICTh 3a o3Hakamu Jlamambepa: U = L,
" (n+3)
U !
=L i e gy P EDO D L
" (n+4)! nooo U nmee (n44)kn n—oe n(n + 4)
el .
= lim Z2—2 — — — 0 <1 =pag (17)36ixHuii.
n

Otxe psan (16)30ikHui aOCOIIOTHO.

Teopema (IIpo OLIIHKY 3aJIUIIKY 3HAKOYEPTOBOTO PSIY).
Skmo 3HakoueproBuil psia 301KHUN 3a o3HaKoro JlelOHina, To #oro n -ui
3aJTMIIOK 32 MOJYJIEM HE MEPEBHUIILYE MEPIIOTO i3 BIKUHYTHX YICHIB.



Ils BIACTHBICTH TO3BOJISIE OOYMCIMTH HAOIMKEHO 3 JAHOK TOYHICTIO
CYMHU Psy, 3aMIHIOIOYH CYMY PSIIY CYMOIO KUTBKOX HOTO TIEpIINX YICHIB.

[Toxubka mpu MHOMY ISl 3HAKOYEPTOBOTO PSIy MEHIIA abCONFOTHOTO
3HAUEHHS MEPIIOTO 13 BIAKUHYTUX YICHIB PALIY.

Mpukaan. OOGuuciuTH Cymy psgy Z:(—l)”n——'—6 3 TOYHICTIO

= 5"
a =0,01.
Po36 s3auns. 3HalineMo 3HAYEHHS KUIBKOX TMEPIIMX WICHIB pALy 1
3aMuIIeMo HOTo y BUTIISIL:
—-1,4+40,32—0,072 + 0,016 — 0,00352 + 0,000768 — ....
st oOUYuCIIeHHST CyMH PSTy 33JaHOI0 TOYHICTIO JOCHUTH B3STH YOTHUPH
nepmux wieHa, OCKiIbKA ‘U5‘ = ‘—0, 00352‘ = 0,00352

Mesnire 3aganoi moxuoku o = 0,01.

OTxe cyma 3aJIaHOTO psy S, 00YUCIIeHA 3 3aJIaHOK0 TOYHICTIO!
S~-1440,32—-0,072 4+ 0,016 = —1,136.

dyukuionaabHi psigu. CteneHesi paan

Bupas
U(@)+Uyf(2)+...+U () +... (18)
Ha3zuBaeTbes QyHKIIIOHATBHUM PSIOM BiTHOCHO 3MiHHOI . CYKYIHICTB BCIX
3HaYeHb 3MIHHOI z, Jig skoi psa (1) 30DKHMI Ha3HBa€ThCS OOJIACTIO
301KHOCTI (PYHKIIIOHAIBHOTO PSIY.
Cyma (yHKIIIOHATBHOTO PsIAy € QyHKIi€ero 3MiHHOT T S(1).
OnHuM 13 BUiB (QYHKITIOHAIBHOTO PS/Y € CTETICHEBHH Psiji BUAY:
2 n
a, +a(z—z,)+a(r—z) +..+a(r—12)" +.. (19)

e x..,a.,a.,a

07707 27"
TO CTETIeHEBUit psil HaOyBa€e BHILY:
a, +a,x + a2z2 +..taz" +.. (20)

Uucno R Ha3uBaeThCsl pajiycoM 301KHOCTI cTemeHeBoro psaxy. [lpu

r ..a —JIHCHI YuCNa, @ T = ¥, —IeHTp poskiany. Skmo z, =0,

‘x — xo‘ < R pan (2) 30ixHu#, npu ‘x — xo‘ > R psaa po30iKHMIA, a TpU
‘m — :EU‘ = R psan mMosxe 30iratucs i posoirarucs. Inrepsan (z, — R, v, + R),

JI0 SIKOTO MOXYTh OyTH MPHUETHAHHI KIHIEBI TOYKH, € 00JacTIO 301KHOCTI

psiny (19).
Paniyc 361xHOCTI R MoOke OyTH 3HaieHo 3a (OpMyIIOoL:

a
R = lim — (22)
n—~o0 Qa
n+1
301KHICTB Py Ha KIHIISIX 1HTepBaly 301KHOCTI MEPEBIPAETHCS OKPEMO.
Hpuxnanx 1. 3naiiti paaiyc i iHTepBai 301KHOCTI psAy
" 3n + 2
Pos36’ azanns. 3naitnemo pajaiyc 301KHOCTI:
1 1

p— ,a p— 5
" 3n42 " 3n 45

a




5
3n+5 3+4_1

a
R = lim — = lim = lim

n—0o0 an+1 n—oo 3n + 2 n—00 3 + y
n

[lepeBiprMO KiHIIEBI TOUKH iIHTEPBATY 301KHOCTI, MMiICTABIISIOYH 10 Yep3i

3HaueHHs = = £1 B ymoBy. [Ipu x = —1 mMaemo 3HaKOUEProBUi s
1 1 1 1
——F———+...(=1)" =
5 8 11 3n + 2
[TepeBipuMo #oro 301KHICTH 3a O3HaKor JlelOHina. YieHn mporo
1 1 1 )
psAoy CHagaloTh 3a aOCONIOTHOK — BEIHYMHOIO g > g > E +... 1
. } 1
lim ‘U = lim =
Orxe B Touni © = —1 psa 30vkaMEA. [Ipn © = 1 MaeMo psin
1 1 1 1
-+ —=—+—4+...+
5 8 11 3n + 2
rodx

3acrocyemo iHTerpaibHy o3Haky Komii: f 5 5 =
T+

1

1 A
= lim de =—lim [ln‘&t + 2” ] =
A—o0 1 3z + 2 3 A—o0 1
1. 1
= —11m(1n‘3A+2‘—1n5) =—-00=00=
3 A—co 3
pan po36ikaMA. OTXKe B Toull & = 1 ps po301KHMIMA.
OcrtarouHo iHTepBa 301’KHOCTI BU3HAYAE€THCSI HEPIBHICTIO
—1<z<1.
Ile moxxHa 300pa3uTH rpadivyHo.

Po30iraerscsa Po30iraerscs

-1 36iraeTscs

Hpuxnanx 1. 3naiti paaiyc i iHTepBai 301KHOCTI Py
(z+5)

nZM/szrn'

Pos36’ azanns. 3poOUMO MIACTAaHOBKY y = Z + 5, BIAHOCHO HOBOI 3MiHHOI
psia OyJie 3BUYaifHUM CTETeHEeBUM. 3Hal1eMo pajiiyc 301)KHOCTI:

1 1
a, = ) n =T
"o +11 T on+13
2+1y
R =lim —2 = 2n+13:11m n —1




ToOto psa 36ixkHuM npu —1 <y < 1. BukoHyloun 3BOpOTHY MiJCTaHOBKY,
MaeMo —1 <z +5<1,100TO—6 <2 < —4.
[TepeBipuMo KiHIII iIHTEpBay, MiACTaBIsAOUN T = —4, £ = —6 B yMOBY.

645 & (=)

IIpn z = —6 MaeMO 3HAKOYEProBUU PsJ Z —_——
n= 1\/2“—’—1 \/271-1-11
Horo YJIeHU 3a a0COIIOTHOIO BEJINYUHOIO CHaIarThb :
1 > 1 > 1 > aTrpaHuns lim 1 =0
Jis o ois Ve = [3n 12
Tomy 3a o3Hakoro JleiOHina npu x = —6 psa 301KHUH.
—4 4 5)" -

IIpn x = —4 maemo psg Z Z;
142n4+11  w=14/2n + 11

[TepeBipuMO 301KHICTB IILOTO PSATY 32 O3HAKOIO MOPIBHSAHHS B TPAHUYHIN
¢dopmi. Jlns TOpIBHAHHS Bi3bMEMO Yy3arajJbHeHMH TapMOHIMHUN psij

1
V = , SIKUH pO301KHUN, OCKITIBKU (v = —

n [
n

U \f
i = lim ——— = lim = const = 0.
e Vo e «/2n +11 "*“,} L

3a 03HAKOIO TOPIBHSAHHSA OOWABAa pSAM TOBOAATHCS OJHAKOBO, OTXKE
po3biraroTbcs. TakuM YHHOM iHTEpBaJl 30DKHOCTI CTETIEHEBOTO psay
BU3HAYAETHCS HEpiBHICTIO —6 < 7 < —4.

po30IraeThCs po30iraeThces

-6 30iraerncs -4

Bim3Haunmo J1esKi BIACTHBOCTI CTEIEHEBUX PsJIIB BCEPENIMHI iX 1HTEpPBaJIiB
3015KHOCTI:
1) nBa cTemeHeBHX PSIIM MOXHA MOWIEHHO T0JaBaTH 1 MEPEMHOKYBATH
(sx OararounieHn);
2) cTEeneHEBHI PsIT MOXKHA MTOYIEHHO MHOYKHTH Ha CIUIBHUN MHOHHK;
3) cTemeHeBUH psji MOXKHA TMOWICHHO IHTErpyBaTH 1 JUQEpeHIioBaTh
Oy/ib-sIKE YHCIIO pa3iB.

Po3kaan ¢gynkuiii B creneHeBi psijau.

Sxuo ¢QyHKIS BU3HAU€HA B JIEIKOMY OKOJl TOYKH T = T, 1 Mae B
TOYLI 1, TOXi/IHI BCIX TIOPAIKIB, TOJi BOHA PO3KIIAIAETLCS B CTENEHEBUH PAJL

BULY

™) (g
F@) = flag) + f (@) (@ — 7).+ L F) n(! 0)

saxuil HasuBaeThes paiaom Teiinopa dynkuii f(z) B Touni z, .

(x—x)" +... (22)

Ipu z, = 0 oTpuMaemMo psiz

%x" +... (23)

fz)=fO)+ f(0)-2+...+

"
f—(o)xQ +...+
21

10



110 Ha3UBA€TbCA pAAOM MakiopeHa.

Haenemo po3kiaz B psim MakinopeHa aestkux (yHKITIH:
2 3 n

e"”=1+£+x—+x—+.”+x—+..., (—o0 <z < ); (24)
20 3! n!
sinx—l—l—ﬁ—z—s—l—z—s— —|—(—1)"£—|— (—oo <z < 00); (25)
o3t 57 @2n+1)! 7 ’
x? (174 (176 x?n
cosr=1———4+———— ...+ (-1)" 4+ ..., (oo < x < 00); 26
20 41 6! ( )(Zn)! ( )y (26)
—1 —1 — 1
(1+x)m:1+ﬂx+mx2+...+m(m )(m n+)$”+...,
1! 21 nl
(Iz1 <1);
(27)

2 3 n

ml+2) =2 —— 4. 4 (1) 4., (~l<z<1); (28)

3 gJomoMororw po3kiany (YHKIIH B CTEIEHEBI psAad, a TaKOXK
BUKOPHCTOBYIOUM BiJIOMi pO3KIaau HesKuX (YHKUIH B psag MakimopeHa
MO)XKHa 3HAXOJWTH HAOJMIKEHI 3HAYCHHS BU3HAYCHHUX 1HTETpaliB, sSKi ab0 He
BUPAXKAIOTHCA Yepe3 eJeMeHTapHi (QyHKIi, abo CKIagHi Ui OO0YMCIIECHHS.
JInst OIIHKY TOXWMOKM 3HAMJIEHO HAOJMKEHOTO 3HAYCHHs MOTPIOHO OIHUTH
CyMYy BIIKWHYTUX 4WICHIB. SIKIIO MaHUU psij 3HAKOCTAIHMA, TO PSIT CKJIaIeHUH
13 BIAKMHYTUX YICHIB MOPIBHIOIOTH 3 HECKIHYEHHOIO CMIAJHOI0 TEOMETPHUYHOI0
nporpeci€ro. Y BUIAIKY 3HAKO3MIHHOTO Psy, WICHH SKOTO 3aJ0BOJIBHSIOTH

o3Harli Jlel6Hila, BUKOPUCTOBYETHCS OI[IHKA ‘Rﬂ‘ < Un L0 e U 4, —TepIImii i3

BIJIKHHYTHX YWICHIB.

05
_t
Mpukaag 1. O6uuciutu fe Adt 3 toynictro 1o 0,0001.
0
Pos36’ azanns. Po3knagemMo miiHTerpanbHy (PYHKIIIO B CTETIEHEBUN PSI.

JU1s 11bOTO B BiIOMOMY PO3KIIaIi
2 3 n

. T T T T
e =14+

121 31 n!
3aMIHUMO T Ha _%.
) 2 4 6 2n
e Lt +...+(=1)" nt + ...
21 4.2! 8.3 2" . nl
Toni
0,5 . 0,5 2 4 6 2n
_ t t t t
fe %dt:f 1——+ - +oH(-1)" = +...]dt:
g g 21 4.21 §8-3! 2" . n!
0,5
tg t5 _1nt2n+1 ’ 1
3-2 5-4-2 (2n 4+1)2" - n! 3-2
+ L — 1 +
3.2 7.6.2"0 7

OCKUTBbKA OTpPUMaHUN PpsiI 3HAKOYEPTrOBUW 1 WOTro WICHH CHAJaroTh 3a
MOJyJIEM, TO, SIKIII0 OOMEKUTUCH CYMOIO NIEPIINX TPHOX YICHIB, MOXUOKA MPH
OoOYHCIIeHHI 1HTErpajly He MEepPEeBUIIUTHh aOCONIOTHOI BEIMYMHU YETBEPTOTO
4IIeHy pAay, TOOTO,

11



Lo b L 0.000023 < 0.0001.

<
7-6-2"  21.2" 43005
Taxkum ynHOM
0,5

r 1 1
fe V2dt = 0,5 — ——+——+... ~ 0,5 — 0,020833 ~ 0,4792...
3.20 ' 3.2

0

IMpukaag 2. O6YuCIUTH HAOTMKEHO \/77 3 tounictio go 0,001.

Pos3é’ sizanns. llpencraBumo 37 'y BUTIISIL PSAAY

ﬁ—m_6,/1+—

Jlnst po3kiaay BUKOPUCTAEMO O1HOMIQJIBHUM PsIJT
m(m —1
(1+z)" =1 +%x +¥$2 +oeny

1
Bin 301kHMI aOCOIIOTHO ISt ‘x‘ < 1. Tomi (14 :E)A =

+ﬁz+%(_%)x2 +%(_%)(_%)x3 T —z—z+...
1! 2! 3! 2 8

MiACTaBUMO 3aMICTh & = %6'

2-36 8-36° 16-36°
=6(140,0139 — 0,0001 + 0,0000035 —...)
mo6 3abe3neuntn HeoOXxinHy TouHIcTh B 0,001 mocuth BpaxyBaTH JwuIle

Y
\/§=6[1+3—16] :6[1+ t 1 1 __”]:

) 1
YJIEHU Psiy, aOCOIOTHA BEIMYMHA SIKUX OLIbINa 3a E -0,001.

OCKTbKH é-0,00000% ~ 0,0000005,T0 HaM JOOCUTH 3aJTUIIUTH TPHU

NepImx YJICHIB pany. TobTto
V37 = 6(1+ 0,0139 — 0,0001) = 6-1,0138 = 6,0828 ~ 6,083.

[Ipomixni obuncnenns mpoBoaumo 3 TouHictio 10 0,0001,a pesynbrar ciif
OKPYTJIUTH JI0 TPETHOTO 3HAKY TiCIIsSI KOMH.

Psiniu @yp’e.

Tpuronomerpuunum psiaom Oyp’e mis byskuii f(x)Ha Biapizky [—7?; 7T]

Ha3UBa€ETHLCA PsiJ BULY
a 00
1=+ 3, cosnr 41, -sinn) @)
=1

Koe(illi€HTH SKOTO0, 110 Ha3UBaIOThCS Koedimientamu Dyp’ e, 00YUCTIOIOTHCS
3a popmymnamu

1T L v '
a, :;ff(x)dm, a, :;:/;f(x)cos nzxdz,b, = ff(x) sinnzdz.  (30)

Teopema Jipixae. Skmo ¢yskmis f(zr), mo 3agaHa Ha TPOMIKKY

[—71'; 7T] 3aJI0BOJIbHSIE HA ITbOMY ITPOMIKKY yMoBaMm /lipixie, ToOTO:

12



1) HemepepBHA 3a BHKIIIOYCHHSM TIIbKH CKIHYEHHOTO YHCJIA TOYOK
PO3PHUBY MEPIIOTO POJY;
2) Ma€e CKiHYEHY KUIbKIiCTh EKCTPEMYMIB,
To pan Pyp'e misa uiei Gynkuii 301>kHUI Ha BCbOMY BiIpi3Ky [—77'; 7T], a
CyMa I1bOTO:
a) nopiBHIOE f(x) y BCiX TOYkax HemepepBHOCTI manoi QyHkiii. 1o
JISKUTH BCEPEAMHI BiJIpi3Ka,

0) mopiBHIOE fz+0) ; fz=0) y BCIX TOUKaX PO3PHUBY;

flz+0)— f(z—0)
5 .
st Toro, mo6 psag @yp’e 36iraBcs came 10 1€l GyHKIIT HA BCiil YnCIOBii
Bici, Tpeba BBaXKaTH ii MEePIOAUIHOIO 3 TIEPIOJIOM 27.
Slkmo ¢yukuis f(z) — mapuaa, to6ro f(—z) = f(x),TO KOedimieHTH
®yp’ € 00YNCITIOIOTH 32 HOPMYIIaMHU:

a, = gff(x)dz, a, = gff(z) cosnzdz, b, =0. (31)
™ [

B) JIOPiBHIOE

skio GyHkiis f(x)— Hemapha, T06T0 f(—2) = —f(2),TO

a, =0, a, =0, b, = %ff(x) sin nz dz. (32)

n

Takum unHOM, MapHa QyHKIISA po3kaanaeTses B psag Dyp’e mo kocuHycam, a
HEMapHi 3a CHHyCaMH.

Slkmo  f(z) 3amaHa Ha TPOMIDKKY [—l;l] 1 3a/I0BOJIbHSIE HAa IBOMY

npoMiXKKy ymoBaMm Jlipixyie, To BOHa MOXe OyTW TNpeAcTaBlieHa y BUTIISIL
cymu psany Oyp'e:

f(z)= C;—O + Z[an : cos@ +b, - cos @], (33)
1 h 1] nmwx
—Eff z)dz, a, =7ff(x) cosde
ne ! - (34)

n:%];f sm

Slkmo f(z)—mapHa, TO q, :%ff

l

2
:7L/:f cos—dx b, =0. (35)
Axwmo f(z)-nenapua, To a, =0, a =0,

:%Llff sm

Slkmo  f(x)3amaHo Ha BiApi3Ky [O; l], TO Ui po3kiany B pan Dyp'e

dz. (36)

JIOCUTH JI0 BH3HAUUTH il Ha BIAPI3KYy [—l;O] JOBITBHUM YHHOM, a TOTIM
po3kiacTu B psg @yp’e, BBaKaro4H ii 3a/1aHOI0 HA BIIPI3KY [—l; l] . HaiiGinpm

JOIITPHO (PYHKITIFO JIOBU3HAYMTH Tak, 00 ii 3HAYCHHS 3HAXOJWIIMCH B

13



TOYKAX BiIPi3Ky [—Z;O} 3 ymoBu f(—z) = f(x), abo f(—x)= —f(z),T00TO

3poOuTH ii MapHOIO a00 HETTAPHOIO.
IMpuxuan 1. Posknactu B psin @yp’e byukiioo f(z), 1o 3amana B IpOMIKKY

[—W;W]:
-2, —m<z<0,
Jw) = z O<z<m
3’ S

Pos36 sizanmsi. TIpogoBkumMo nepionuyno f(z)Ha BCIO YHCIOBOMY BiCh i
noOynyemo 1i rpadik. s yHkiis 3amoBonbHsE ymMoBaM Teopemu Jlipixie,
oTke i1 Mo)kHa po3kiiacTu B psg Dyp'e.

/

y

Buaiiiemo koedimientu DPyp'e mas  f(r) B TOPOMIKKY [—W;W] 3a

bopmynamu (2)

1 1 0 ’”3;‘ 1 . x27r
a, =— f(x)de = — —2)dz+ | —dz|=—(—22) +—| =
o=~ 1@) 4£<> [3] L2+
2
:l 0427+ 0 :2+Z:12+7T
™ 6 6 6

b Iy

1 T 1 0 ‘m x
a, =— zr)cosnrdr = — [ (—2cosnz)dz + [— Ccos nz] dz
S 1@ - art [13

0

0
I, =f(—2cosnx)dx:—sinm: =—(sin0 +sin7) =0
2 n )
1 :f[—cosm;]da:: 1 =
’ 03 dV =cosnzdz|V = Zsin nx
n
e 1 ™ 1 T

=isinnx ——fsinnmdsz—F S Cosny| =

3” 0 3n 0 3TL 0

1 1 (=)' —1
=—(cosnm—cos(0) = —((-1)" 1) =—""F——.
3n? ( ) 3n? (( ) ) 3n?

) 1 (-)"=1 (=1)"-1
Tomt a, = —- = ,
T 3n? 3n’m

14



I, I,

1" 1 0 0 ; '
b =— z)sinzxdr =— —2)sinnzdzr + | —sinnzdz|;
== ] @) J2 J5

™

-

—2 2 © 9
I, = — | sinnzdx = —cosnz| =—(cos0—cosnm)=
J ™ . TN
2 ) 2 1_|_(_1)n+1
ST
™m n
I :]‘Esinmdx: voe dv=de :_—:Ecosn:nﬂjL
4 3 dV =sinnzdz|V =1/ cosnz| 3n 0
0
+i]cosnxdx = _—(cosmr—cosO)—kisinm;?r :1(—1)”’
n 3n 3n’ 0o 3N

0
Orke b = ——- (—1)""!
" 3n
[TigcTaBisro4n 3HAYCHHS
241 &
@) == T L S
IMpukaan 2. Posknactu B psia Oyp’e dyukuito f(z), mo 3amana Ha
BiApisKy [—7;7]:
{3—}—23;, gkupo —7 <z <0

a , b Bpopmyny (1) orpumaemo

07

(—1)" —1

oS nT + — (—1)"" sin nm]
3n

f(w) =

Po3¢’ azanna. 3anana QyHKIS 3a10BOJIbHAE ymMoBaM Teopemu Jlipixiie.
[IpomoBxuMoO Ti epioAMYHO Ha BCIO YHCIIOBY BiCh 1 MOOyIyeMo ii rpadik.

5% gkmo 0<z < 7.

-

21 28 x

Buaiiiemo koedimieatn Dyp’'e mis  f(z) B TPOMIKKY [—7;7] 3a

dbopmynamu:

;]f f(3+2g; dx—|~f5dx

-7

:%(0—(21+49)+35—0)=9.

15



1] nTT 1]y nTIL
a = — r)cos——dx = — 3+ 2z)-cos——dzx +
- Haycos == dw= | [ (3+22)-cos

=l —7

L

7
1
+f5cos?dx :?(I1 +1,);
0

1,

0 U=3+2z dU = 2dzx
N
I = 3+ 2x)cos——dx = =
' L/;( ) 7 dV:coswsz:lsinnm
- 7 nm
0 0
:(3+2x)i-sin nrol 2 7fsin T g =
nm 7 |_7 nm 7
0
= (3+2x)i-(sin0+sin7m)—£ —l]cosw —
nmw nw\ nmw .
98 98 0 98 n
— o -(cos0 + cosmn) = R (1—-(-1") = 3 1+ (=1)");
7
} 7
I, :f5cosmmd.x: > 7sinmm :E S Tnm
g 7 nmw 710 nr

—sin O) = ﬁ(Sin ™ —sin0) = 0;

nm
1| 98 14
a, =550+ 0| == 0+ (=D)")
- Tlinrw nmw

Tenep 3naiinemo b :

0

b :% f(3+2x)-sin

nnx

n

7
1
dx+f5-sin@dx = (I, + 1)
0

=7

Iy I,

0 U=3+2z dU =2dx
nwx
I, = | (3+2x)sin dzr = =
’ ‘f7( ) dV:Sinnﬁxdw'V:lcosw
- nm 7
0 0
:(3+23:)L-cosw _ cos 22 4y :l(3c080—11cosn7r)+
nm 7l nmd 7 nm
0
+%-sinﬁ—m :L(3—11(—1)”)+%(sin0+sinﬂn):
nm 7 1, nmw nm
= L (B 11(=1) 4 0) = ——(11(=1)"" +3):;
nm nm
7 7
1, :f5sinwda::5[_—7]cosw :_—%(COSHW—COSO):
g 7 nm 7 nm

16



= _—35((—1)” —1)= §(1+(—1)”“);

1 (7 5
b, :?(I3 +I4):?[E<11(—1) +3)+E(1+(_1) )]:
Zi(lb(—l)"“+3+5(1+(—1)”+1>):%(11.(_1)%1 L84

+5(—1)") = %(16 (1) +8) = %(2(—1)”+1 +1).

[TizcTaBUMO 3HaiAeH] KoedilieHTH B psag Dyp’e:

14 8
a, = —— 1+ (=D""), b, =—2=1)"" +1);
n°m nmw
a, =9
9 = ( 14 nmwT 8 nmT
x)=—+ —— (14 (=1)")cos—= +—(2-(—=1)""" +1)sin ]
o) = 5 Y[ (1 (1) eos 2 (o (1) 4 1)sin

[I. KpaTHi inTerpasm.

1. Tloagiiini Ta moTpiiiHi iHTerpaau, ix 0CHOBHI BJIaCTHBOCTI.
Hexaii B oOMexeHili 3aMKHEHi oOmacti o tuiomman 20y BH3HAYCHA
¢yukmis  f(z;y). Pos3i6’emo o6macth o IOBUIBHO HAa N MallkX

Ao, Ac,,....,Ac Tak, o0 cyma iX nioml JopiBHIOBaa IO Beiel obaacTi
n

o, TOOTO ‘72 Ao, (puc.l).
1=1

OGepemo Ha KoxHill Maniit Ao, noBinbHy Touky P(7,,y,)

e
S

Ta 00unciumMo GyHKIo0 f(x,y)B miit Touri. CkiageMo cymy 100yTKiB:

S @, y)A0, = f(z,.9,)00, + f(@,9,)A0, + f(z,.9,)-0, (1)

i=1

Cyma (1) HasuBaeThcsi iHTerpajibHOKW cymor it Gyskmii f(z,y) mo
obmacri o .
Hexaii Tenep n — o0, a KO’kHa 3 Maux A0, CTATYETbCS B TOUKY.

[MongiiiHuMm inTerpanom Bix ¢yHkuii f(z,y) mo 006IacTi o Ha3UBAETHCS
TPaHUIS IHTETPATbHOT CyMHU

n

lim > f(z,,y)A0, = [ (w,y)do . )

n—00 <
=1

ne do — mudepeniian (e7I€MEHT) IIIOMII.

[otpiitHuii 1HTErpasm BBOOUTHCS AaHAJOTIYHO TOABIHHOMY. Hexaii
HenepepBHa (YHKIIsE TpboX 3MiHHHX f(x,y,2)BU3HAUeHA B OOMEXKEHil
3amkHeHi oOmacti V. Po3i6’emo oOmacte V' nOBUIBHO Ha 7 Maimx

17



obmacreit A VI,A VQ,...A V Tak, mob cyma ix o6’eMiB g0piBHIOBaIA 00 €My
o0

Bciel obisacti V', tobro V = ZAK OOpaBmm B KOXKHIN Maliid 001acTi
i=1

noBinbHy TOuKy P(7,y,z) Ta obumcmuBmm f(z,,y.,2), CKIamgaeMo

iHTerpanbHy cymy st Gynkuii f(x,y,z) mo obmacti V.

Zf(a:v’yv’zz)A‘/z = f(a:l’yl’zl)A‘/l +.t f(a:n’yfﬂzn)A‘/n (3)

Hexaii Tenep n — 00, a KokHa 3 Manux obnacteli AV, craryerbes B

TOUKY.
[otpiitaum iHTerpanom Bif ¢yHkmii f(x,y, 2) mo obmacti V Ha3uBaeThes

TPaHMILI IHTErPATLHOT CYyMH
lim 3 f(w,,,2)AV, = [[[ fzy,2)dV (@)
=1 Vv

ne d V —nudepeniian 06’ emy.
OCHOBHI  BIAaCTMBOCTI NOJBIWHMX Ta TMOTPIHHUX IHTErpaliB
AHAJIOT14HI.
1. Cranuit MHOXHUK K MOXHA BHHOCHUTH 3a 3HAK IHTErpasa:

[f & fa@yydo =K - [[ fy)do ; (5)
[[[ 5 t@y2av =K [[[ 1@y )

2. InTerpan Big cymu (QyHKIIT TOPIBHIOE CyMi IHTETPAJIiB JOJAHKIB!

ffflxyif}wy da—ffflxydowrfff?my
fffﬁw £ fa,p,2)dV = fffﬁxy, a7+ [[f ey

(6)

3. Skmo obnacte I1HTErpyBaHHA pO3OUTO Ha JEKiJbKa YacTHUH
(manpuxnan o = o, +o0,, V=V +V)), 10

fffﬂfyda—fffzyda+fffxy
ffffx%z)dv ffffxy, dV+ffff:1:yz

4. Slkmo B  o0macti  iHTErpyBaHHS Ji(m, y) = f(z,y)  (abo

h@y,2) = f(2,9,2)), 10

Ifﬁmyda>jjﬁmy
fffflw av > [[[ fwy2)a

5. Hexaii mTa M — BIJNOBIIHO HaliMeHIIE Ta HAWOIIbLIE 3HAYEHHS
¢yukuii f(x,y) B obmacti o . Tomi

mS < fff(m,y)da < MS, (9)

ne S —rroma obiacri o .

(7)

(8)

18



Jlyist moTpiliHOTO iHTETpaja

mV<ffff(x,y,z)dV<MV, (9)

ne V —o06’em obmacti V.
6. Teopema npo cepeaHe 3HauUeHHs (QYHKIIT B 007aCTi 3aUCYETHCS TaK:

ff f(z,y)do = S f(z5,9,); (20)
fff fla,y,2) =V f<x0’yo’zo)7 (207

ne f(z,,y,) —nesxe sHauenHs Gpynkuii f(z,y) B obmacti o (f(z,,y,,2,) B

obuacti V).

2. O04ucaeHHs MOABIMHMUX Ta MOTPiliHUX iHTErpaJjiB B JeKApTOBUX
KOOpAMHATAX
Hudepenuian miomi B aekaproBux koopauHatax do = dxdy. Tomy

MOJIBIHMIA IHTETpas IOPIBHIOE

szff(m,y)dxdy. (12)

[cHYIOTH 1Ba OCHOBHUX BHUH 00JIACTi IHTETPYBaHHS O .
1. Hexaif o0nacte ¢ mpaBwibHa B HampsMKy Bciei Oy . ToOTO oOMexeHa

niHisaMu = a,x = b(a <b), y = f,(z), y = f(z)

Tomi
b 1, (@)
I = f dz f Flay)dy . (12)
a fi(=)
f(2)
Cnioyatky o04YHCITIOETHCS BHYTPIIIHIN 1HTETrpa f f(z,y)dy , me x
hi(x)

BBaXXa€ThbCA CTAIOIO.

2. Sxkmo obnacte ¢ mpaBuibHA B HampsMKy Bciei Oy, ToOTO oOMexeHa
migisma y =c¢, y =d (¢ < d),z = ¢, (y),z = ¢, (y) (puc.3), 10
& (y

d )
I:fdyf f(z,y)dz. (13)

o (y)
& (y)

[Mpu oOumcClieHHI BHYTPIMIHBOTO IHTErpaia f f(xz,y)dx 3minHa vy
& (y)
BBAKAETHCS CTAIIOKO.
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A 1%

fi(x)

=V
=V

Puc.2 Puc.3

TakuM YWUHOM, OOYMCIICHHSI TIOJBIMHOTO IHTErpayia B 000X BHUMAJKaX
3BOIUTHCSA 70 TMOBTOpHOro iHTerpyBanus. Ilepexim Big (12) mo (13), abo
HABIAKW Ha3WBAETHCS 3MIHOK0 MOPSAKY iHTErPYBaAHHS.

Hudepenmian 06’emy B nmekaproBux koopamHatax dV =dxdydz,

TOMY NOTPIHHUYN 1HTETpall MOXKHA 3alucaTH

I= ffff(z,y,z)dxdydz. (24)

Hexaii obmacts V oOMmexeHa 3HH3Y TOBEpXHEI z = z (%) , 3TOPU —
MOBEPXHEI 2z = 2,(2,Y)(2,(2,y) < 2,(,y));00macts V' mpoekryeTbest Ha

wiomuHy Oy B 00JacTh o , MpaBUIbHY B HaNpsiIMKY Bici Oy . Toxi
b A a(ny)
I= fdxf dy f f(z,y,2)dz (15)
a L@ alzy)
SIkmio obxacte V mpoektyeThest Ha ruionuHy 0y B 001acTh o , IPaBUIIbHY B

HarnpsiMKy Bici Oz TO
2(7,9)

d & (y)
I= f dy f dz f fl@,y,2)dz . (16)
aly)  aley)

TakuM YMHOM. OOUMCITIOBAHHS iHTETpaTy 3BOJIUTHCS 10 TPUKPATHOTO
iHTerpyBaHHs. B moTpiiiHOMY iHTerpai mopsaoK iHTerpyBaHHS MOXe OyTH
THIITUM.

Hpuxaanx 1. [MoGynyBaty 06nacTh iHTErpyBaHHS Ta 3MIHUTH MOPSIOK
2 2+

interpyBanus; [ = fd:): f f(z,y)dy.
-2 4_372
Pos3é’ aizanns. Obnacte  iHTErpyBaHHS o O0OMeXeHa  JIHISIMH

c

r=—-2r=~4—2x,y=2+ z(puc.4). [IpeacraBumo 001aCTh 0 y BHUIJIAII

IBOX oOJracten o, +o0,. O6nacti oOMexeHi 371iBa Ta cripaBa 0, —Iyramu Koja

T=1+4-y"(-2<y<0), a obmactb o0, — mpAMEUMH T =Yy —2Ta
z=20<y<4).

0 N 4 2
Toni I:fdy f f(a:,y)da:Jrfdyff(I,y)dﬂ?-

I - 0 w2
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Puc.4

2
Mpukaax 2. O6uucnuTH NMOABIHHKMK iHTETpan [ = f f x—de dy,
Y

Skmo o6nacTe 0 0OMeXeHa MpAMUMHU T = 2,y = x Ta Tinepoosoro xy = 1

v ]

Puc.5

Po36’ sizanns. Obnacts o 300pakeHo Ha puc.S. 3BeIeMO MOABIHHUEN IHTErpat
JI0 TIOBTOPHOTO:

Mpukaag 3. O0uucnuTH NMOTPiHHUHN iHTErpan [ = f f f rdrdydz sk
v

obnacte V' obmexena mmomuHamMu x =0, y =0, 2=0,z+y+ 2z =1.
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Puc.6

Po36 sizanns. 300pazumo obnacte V' (puc. 6) Ta mpeictaBUMO MOTPIiHUN

1HTEerpan y BUTJISAl TPUKPATHOTO
1-z l-z—y 1-z

Izjl‘xdxfdy f dz:]xdxf(l—x—y)dy.
0 0 0 0 0

3HaXO0UMO 1HTETpaIN: BHYTPIIIHINA

1-z D)
y—zy —y—]

f(l—x—y)dyz 5

0

1-z 9

0

1 9 1 3
30BHIIITHIN I:fx[%—g:—i—% dx:f[%—z2+g]dx:i,

0

0

3acTocyBaHHS KPAaTHHUX iHTerpaJiB 1jisl 00YUCIeHHS 00’ eMiB
Ta MJIOLI.

1. O6’em. Hexaii 3agaHO HWJIIHIPUYHE TIIO, OOMEXEHE IOBEPXHEIO
z = f(z,y) > 0, IUIIHAPUYHOIO TOBEPXHEI0 3 BHCOTOK H Ta TBIpHHMH,

napajelbHuMH 70 Bici Oz Ta o6nacTio o B wiommHl 0y . oro 06’ em
V= [[ f@y)dzdy. (20)

OO0’ em Tiia, 110 3aitMae B mpocTopi oonacts V'

V= fffdzdydz. (21)

2. llaomi. ITmoma mmockoi dirypu, oOMexeHoi 00acTi0 ¢ B JEKapTOBUX

KOOpAMHATAX

S = f f dzdy. (22)
[Tnomia nimockoi pirypu B mOMSPHUX KOOPAUMHATAX

S:ffrdrdgo. (23)

Ipukaag 5. 3a A0MOMOrow MOJABIMHOTO IHTErpajly OOYHMCIUTH B
JIEKapTOBUX KOOpAMHATaX Iuiomy Iwiockoi ¢irypu. IToOymyBatu o6macTsb

. . .. 2
iHTerpyBanHs. dirypa oOMexeHa JHisIMUA §y = 20 — 27, y = =, T = 2.

22



Po3é si3anns.  3HaxoouMO TOYKM MEpPEeTHHY KpuBux. /[l 1poro
PO3B’ SI3yEMO CHCTEMHU

1y T=25 1y T2 {y
Yy = —. y = 2. T =2.
Onepxyemo: 0(0,0), A(2,0), B(2,—2)

[lykany obnacTh iHTErpyBaHHs 300pa3umo Ha puc. 7. I3 pucyHka Gadymmo,
110 BHYTPIIIHE iHTETPYBaHHS Kpallle TIPOBOIUTH TI0 ¥ .

Puc. 7

Ipuxnan.6. 3a 10MOMOTo0 MOTPIKHOTO IHTErpany OOUHUCIUTH 00 €M
Tina, 0OMeXEeHOro mapabonoinoM obepTaHHA 2z = x° + 4° KOOPAUHATHUMH
TUTOIIMHAMH Ta IJIONIHHOK © + y = 1.

Po36 sazanns. Tino, 06'eM sSKOro mMoTpiOHO OOYUCIHMTH, 300pakKeHO Ha
puc. 8. BoHo sBnsie co000r0 MUIIIHAPUYHE TiJIO, OOMEXKEHE 3TOpH MOBEPXHEIO

napabonoina z = x” + y*, 3HU3y — muomuHow 0y, crnepey — IIOIKHOO
r+y=1, miBopyd — mionmuoro x0z (y =0), mo3axy — IUIOIIXHOKO
yOz (z = 0). Ob6nactio iHrerpyBanust D Ha rutomuai Oy € TPIMOKYTHUIA

TpUKyTHUK (puc.8).
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x+y=1

—z 22 +y2 -1

V= fffdxdydz_fdg;fdy f dz = jdxfz|g2+y2ldy:
0 0

1 1-z
1
* + iy + dx =
[ f v*) f y 3y]0
1 31 41 1
1 . 1
:f x2(1—$)+—(1—$)3]dx=$— . ——(1-2) =
/ 3 3, 4 12 )
1 1 1 1
==
3 4 12 6

lIl. KPMBOJIHIAHI IHTETPAJIN

1. KpusBoJiniiiHi iHTerpajm nepumoro TUiy.
PosrisiHeMo mpocTopoBy KpuBY L, obMmexeHny Toukamu A Ta B, Ta
BH3HAUCHY Ha Hiii HemepepBHy O¢yHkIito u= f(M)= f(z,y,2), ne
M(z,y,z) — touka kpuBoi (puc.1l). Jyry AB po3i0’emo To4YKamu
M M,,...M na n enementapuux ayr: M _ M (i=12,...,n), NOBKUHH

SKUX TTO3HaYUMO BignmoBimHO Al AL,,... . Al .

A ~




Ha xosxniit 3 enementapuux ayr M, M BisbMemo noBinbHY T. Mi(2i,y,,2i) i

CKIIaAEMO CYyMY

n [ —

Sﬂ :Z(:Bi,yi,Zj)Afi, (1)

i=1
sIKa HA3WBAETHCSI IHTErpaaIbHOI0 CyMOI0 1Mo KpuBiit L dynkuii f(x,y,2).

OsnauenHsi. Kpugoninilinumu inmezpaiamu nepuioeo muny BiI QYHKIIT
f(z,y,z)mo xpuBiii L Ha3uBaeTbCs TpaHuis iHTerpanbHOi cymu (1) mpu
n — oo Ta maxAl, — 0 :

[feyadi= tim S fGE.5.2AC @

max Al; —0
SAxmo kpuBa [ TOBHICTIO HaNekuTh IomwHi 20y, TO QyHKIS
f(M) Bix xoOpaMHATH z HE 3aleKHTh. TOMY 3a O3HAYCHHSIM

[fawpdi= tm 3G 5)AC, ©)

ax Al; —0

Slkmo mipiHTerpanbHy ¢yHkuito f = f(M)> 0 posrmsigata sk JiHIHHY
T'YCTHHY KpHUBOi L , TO KpUBOJIIHIHHUI 1HTErpasl MepIIoro THITY € Maca KpUBOi

L.

2. O04uc/IeHHs] KPUBOJIHIHHUX IHTErpaiB mepmoro THIY
1. fIxmo L 3ajanHa mapaMeTpUYHUMH PiBHIHHIMUA

r=ua(t), y=yt), z=2(t) (t <t<t), 4)
TO

ty
[ 1@2)di= [ )90, 20 OF + GOF + E@Ord ©)

2. Slkmio xpuBa L HanmexuTh miomuHi xOy , TO

[ i = [ 1(a0.00) =" 0O) + (/@) s (6)

3. Jlst mtockoi kpuBoi, 3agaHol piBHsHEIM y = y(z)(a < © < b),

maemo dl = /1+ (y')2 dz, Tomy

[ fy)di = [ fayi+ (P de. (7)

Hpukaan 1. OOGuucautH f xydl, nmne L — ngyra xpuBoi

L

x =acost, y = asint, z = bt oOMexeHa Toukamu, s akux t = 0; ¢ = g .
Po36’ a3anna. 3Haxomgumo ¢’ = —asint, y' = acost,z’ = b,
dl = \/x'2 +y% 42 dt = Ja® sin® t + a® cos® t dt = yJa® + b dt.

OTxe,
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7r/2

fa;ydl:facost-asintw/a2 +b0*dt =

L 0
w/2
/ 2

7r/2 . 9
= a*\Ja® +b2fsint~costdt = a*\Ja® + b? ~SH; t :%\/ag + b2,
0

0

Mpukaan 2. O6uucIuTH f:m/l + 2> dl,ne L —nyra kpuBoi y = Inz
L

MDK TOukaMu £ =1 ta z =4.

1 (1} 1
Po36 azannsa. 3naiinemo y' = —, dl =, [1+ —] dz = =1+ 2° du.
z z

X

Tomi
4 4

fxxll—l—ccg dlzfccx/l—i—a;2 ~l\/1+a:2dx:f(1—|—z2)dz:
x

L 1 1

! 21
41419y
3 3

373
T+ —
3

1
2. KpuBoJainiiiHi iHTerpajm apyroro Tumy

Hexait B3noBx kpuBoi (A B)3anauna neska dynkuis f(z,y) (puc.2).
0

Puc.2

Po3i6’emo kpuBy (AB) Ha neneMeHTapHHX Iyr. BizpMemo Ha KpuBii
AA_ 1o nosinbHiit Toui M, (zi,y,)Ta obuncnuMo B Hilt 3Ha4YeHHs (yHKIUIT
f(M.) = f(zi,y,). TlomHOXHMMO 3HAueHHS (yHKIIi Ha BENMMYMHY HPOEKIIi
niei ayru. Hanpuknan, Ha Bici Oz , TOOTO Ha T, — T = Azq.. CkiragemMo

IHTErpaNbHy CyMy

S fu)A, ®)

O3navennsi. KpuBOdiHIHHUME 1HTETpaJIOM APYroro TUMY MO KOOPIWHATI
Bin QyHKii f(x,y)Ha3uBaeThCs rpaHuLs iHTErpanbHOi cymu (8) mpu n — oo

Ta maXAxl. —0:
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[ f@yde = lim foa,y 9

max Az; —0
(AB)

AHAJOTIYHO BHW3HAETHCS KPUBONIHIMHHUIA I1HTETpasl JIPyroro THUIY TIO
KOOpJMHATI Y :

[ f@ydy = lim foa,y )Ay. (10)

max Ay; —0
(4B)
Slkimo B3m0Bxk KpuBoi (A B) BusHauewi a8i pynkuii P(x,y) ta Q(z,y),
a TaKOX ICHYIOTH IHTETpajH f P(xz,y)dz Ta f Q(z,y)dy ,10 ix cymy

(AB) (4B)
HA3WBAIOTh KPUBOJIIHIHHUM IHTETPaJIOM JAPYTOro THITY 110 KOOPIUHATAX.

foydaH—foydy—fPa:ydaH—Q(a:y)dy (11)
(AB) (AB) (AB)
AHAJIOTIYHO MOXKHA BBECTHU MOHSTTSI KPUBOJIHIHHOTO iHTErpaia APyroro
THITY, 110 Oy/ie PO3MOBCIOKYBATUCH HA MPOCTOpOBY kpuBy (AB), Tomi BiH
OyJle MaTu BUTJIS]

[ P,y 2)d2 + Q(,y,2)dy + R(w,y, 2)d2. (12)

(AB)
Slxmo F = {P(z,y,2), Q(z,y,2), R(z,y,2)}— 3MiHHA cuaa, mix i€

Kol Touka i1 MPUKIAJEHHS MEPEeMIIye€ThCS B3J0BXK KPHUBOL (AB), TO
KPUBOJIIHIMHUN 1HTErpayll APYyroro THUIYy € poOOoTa 3MIHHOI CHJIM B3J0BXK
NUIAXY IHTErpyBaHHS.

4.004nc/ieHHs] KPMBOJIHIHUX iHTerpaJiB Apyroro TMImy

1.5lkmmo (AB) 3agaHa mapaMeTpUYHHMHE PiBHSIHHIME
z=ua(t), y=yt), z==2() ( <t <1,),
10 dz = z'(t)dt, dy = y'(t)dt, dz = 2/(t)dt.

OTrxe f P(z,y,2)dx + Q(z,y, 2)dy + R(z,y,2)dz =
= f P(x(t),y(t), 2(t)x'(t) + Q(z(t), y(t), 2(t))y'(t) +
(4B)
+ R(x(t),y(t), 2(1))2'(t)dt.

(13)

2. SIxmo xpuBa (A B)Hanexuts mwiomuHi 20y ,T0

[ P(zy)dz + Q(,y)dy =
(4B)

— f )a/(1) + Q(a (1), y(1)y' (1)) At (14)

3. [l mtockoi kpuBoi, 3agaHol piBHSHEIM y = y(z)(a < z < b),
maemo dy = y'(z)dx, Tomy

b

[ Pley)de +Qay)dy = [ (Pla,y(@) + Q. y(2)y () dz.  (15)

(AB) a
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IMpukaag 3. OGUUCIUTH KPUBOJIHIHHUHN THTETpas
f(xZ + yZ)dx + 2zy dy.

AB
3a TaKMM U KpUBUMH, 1110 3’ €1Hyt0Th Touku A(0,0) Ta B(1,1):

a) npama y = x 0) mapabona y = z° B) KybiuHa napabona y = z°.

Po3é’ azanns.
a)y =z, dy = du;
1
f(a:Q +y2>dx+2xydy = f(x2 + 2 +2-73-73>d$ = =3
AB 0

0) y =2°,dy = 2zdu;

1
f(a:Q +y2)dx+2xydy:f<x2 + ' +4$4>d$=£;
AB 0 s
B) y = 2’,dy = 3z°du;

1

f<x2 + yQ)dx +2zxydy = f(ccz + 2% + 6z6)dx = é
AB 0 3
Mpuxaanx 4. O6uucanTH fx dz+ydy+(z+y—1)dz, ne (AB)—
AB
Bizpi3ok mpsimoi Bix Toukn A(1,1,1) mo touku B(2,3,4).
Pos36 si3anmsi. 3anuieMo piBHAHHSA npsimoi (AB):
—1 -1 —1
? - =z ,a00 y =2z —1, z=3x—2.
1 2
3naxomumo dy = 2dz, dz = 3dz. Omxe
2
fxdx+ydy+(x+y 1)d fx+ (2z—-1)-2+(z+22—2)-3)dz =

1

2
f (142 — 8)dz = (T2* — 833)\1 = 7(4—1)—8(2—1) =13.
1

IMpukaag 5. O0uucIUTH KPUBOJIHIHHUEN THTETpa f y'dz + 2°dy, ne
(4B)

(AB): z =4cost, y=3sint,t €[0,7].

Po36 sa3anns. 3naxoqumo dr = —4sintdt, dy = 3costdt.

Orxe f y’dz + 2°dy = f<9 sin® ¢+ (—4sint) +16.cos’ t - 3cos t)dt =

(AB) 0

= ](—36 sin® £ 4 48 cos’ t)dt = — 36] sin’® tdt + 48] cos’ tdt =

= 361, + 481, :—36-§+48-0:—48.

I1 = ]‘Sin3 tdt = _LZ‘<1 — cog? t) d(COSt) _ —[Cost_ COZ‘S t]

0 0
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=0

W

I, = ]cosgtdt: f(l—singt

0 0

.3 ™
d(sint) = [sint — t]

0

3aBIaHHS JJIsl CAMOCTIi{HOTO PO3B SI3KY

Tema “Pagn”
1-10.locaiguTu psiain Ha 301KHICTB.

1 SL0. O St
S
3.4) :Ol 57;_1 i n+3 .
4)2 4n—|—1 6)222+1
) 34 baree)
X 9p 1
)2203 1 m;
i n? +1 . z;\/7
o )22n+3 )2%
o )Z in:;) )Z2n+1 ;
SS_n+d )Zm
\/m Bn —2
11-20.Jl0CTiANTH psiiH Ha 301KHICTS:
o o2 .
11.;%; 12. 231 */;1
. [ % (9 —
13.;%; 14.;%;
. , o o2
15.;#2'+1; 162;’2"3;1
. L o o 2
17_;(571 El) = 18';(22n +n1)
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19. Z“ : 2ofj n 5
n=1

= 10n° +1

21-30.a) 6). BcranoBuTH aOCONIOTHY Y YMOBHY 301KHICTh 3HAKO3MiHHIX
PAIB:

= 3in +1°
284) ) (TG 4n+1 92 0 2n74l+1 |
24.2) 2(-””1 v (\/z 3) 0) nf;( g n?i 8
252) nf;(—l)” - ?712 0) :( R 77; nh
26.2) nf;(—l)” 57:1 ; 6) nf;(—l)"“ 6n2n_1
. , -
TARC I 9By
28.2) nf;( Py (2 ;3)3 ’ 6) nf;(—l)” 2;61 :
30. a)z ”“—_2)3; 6) Y (-1 ——

31-40.3naiiTi 0071aCTh 301’KHOCTI CTETICHEBOTO PSITY

> 2n-z" \/2n+
31. E : 32. E
= 15’n—|—3

n=1 n+1

(1), Vn+1
33. : 34,
;5n2+1x’ Z

3n—|—4

o]

35.) Yo 3

2n
36.5 — " e
Hn+17 ;(n2+4)3"x
ad 9" <. n+1
37.2 z" 3.5 Ty
\/7

e

n=1 (3n + 1)3

[e) 971
39. : 40.
;?JLH —1yn+4 v

41-50.CkopHCTaBIINCH BIAMOBIAHAM PSIOM, 3HAUTH

n+l1
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a) HaOJIMDKEHE YMCIIOBE 3HAYCHHS 3 BKa3aHOIO TOYHICTIO (]
0) HaOIMKeHe 3HAUYCHHSI IHTErpally 3 BKa3aHO TOYHICTIO 3.

0,1
41.2) 19, a=10" 6{[64fdx,5::uré
g"Q dz
42.) e, a=107" 6) fm 3=10"
0
0,5
43.a) sin4°, a=10" 0) fx~ln(1 + x2>dx, B=10"
0
0,5
44.2) Y246,  a =10 6)(/}xm(2x2)da; B=10"
108 A 4
45.2) 34,  a=10" 6) fsm Tdz, B=10"
T
0[’]2 1—cos3
46.2) e °, a=10" 0) f—xdz, B=10"
T
0
1 1 N 6—11:2/2
47.a) —cos2°, a=10"% 0) f—de, B=10"
T
0(.)2
48.2) Y84,  a =107 6) [sin(42*)ds, B=10"
1 O[,]Q
49.3a) T, a=10"% 0) f(27 + sin x3>dx, B=10"
(&
0(.)2 )
50.a) {132,  a =102 6) [ e Mz, g=10"

0

51-60.Po3kmnactu B psig Pyp € 3a1any GHYHKIIIIO Ha BKA3aHOMY IIPOMIKKY:
a) Ha POMIXKY [—, 7],
0) Ha ipoMixkKy [, (]

24z, —m<2<0, §+4,—3<x<0;
51.a) f(z) =" 6) f(z) =
4 O<z<m. 6 , 0<z<3.
(10, — 7 <2 <0, 3, —-10<z2<0;
52. = ; 0 =
a) f(z) z D<z<n ) f(z) T 9 0<r<10
L3 12
2, —7<2<0, 34&, —4<2<0;
53.a) f(z) = 6) f(z) =
8, O<z<m 7, 0<r<4
9, —T< <0, o, -9<z<0;
54. = 3 0 =
a) f(z) 3z, O0<z<m ) 1) 3x+5 , 0<z<9
44z, —m<z<0, % , —8<x<0;
55.a) f(z) = 6) f(z) =
1, O<z<m 7 0<z<




3 —r<z<0, -2 ,-7<z<0
56.0) /(1) =1, 0 cpcn 0) f(z) = §+4, 0<s<T
E,_Wgzg(), 20 —-1,-3<2<0
57.a)f(m>=<7? bcren 0 f@)=1, g<s<3
3 —1<z<0, -4, —6<r<0;
58.a) f(x)= 42 0<z<m 6) f(x) 3z 41 | 0<z<6
l1—2, —7m<1<0, éx, —4<2<0;
59.2) f(z) = 1, O<z<m 0) J() g, 0<z<
2, —m <z <0, 2.3,-10<2<0;
60.a) f(z) %7 O<z<m 0) /(@)= 26, 0<2<10

Tema. KpaTHi Ta kpuBoJIiHiliHi iHTErpaam

61-70. IloOynyBaTu 00OnacTh IHTErpyBaHHS Ta 3MIHUTH TOPSAIOK
iHTerpyBaHHsI'
781/

61fdyffxy 62fdzf (z,y)dy;

—4-dy -0 -

63. f dg;f Fl@,y)dy; 64. [ dxl1 Fla,y)dy;
65fdxffmydy, 66fdefa:ydy,
67.fda:ff(:1:,y)dy; 68. fdxf f(z,y)dy;
69.L;fdx:[ F(z,y)dy; 70. [ dz ‘of r F,y)dy;

71-803a monoMororo MmoABIHOrO iHTerpasa OOUYNCIUTH B IEKAPTOBUX
KOOpJUHATax Iuiomy Girypu oOMexeHo1 JiHIIMU:

7l.y=2a" -4z, z+y—4=0. Roy=2"+4, y=x+4.
73.y=1—2z, z=-3. 74.y=2" —51, 3z+2—y=0.
75.y=4—12", y=1"—2z. 76.y = 2" +4z, y=0.
77.y = 42" + 5z, y=2z+1. 78.y=-92-2 y=2"—21+4.

79.y=22+7, y=62"-92—8. 80.y=2"—-32+2, y=23z—3.

81-90I1epeiiTn 10 MONSIPHUX KOOPJIMHAT 1 32 IOTIOMOTOFO TIO/IBIHOTO
iHTerpaya OOYUCIIUTH TUIONTY 00JIacTi, ika 0OMeX)eHa 3aJaHOI0 JTIHIEI0
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81.(z —|—y> <x +y):ax

83. (2> +¢°)’ = a’z’ 84. <x2 + y2>2 =a’ (7x2 + 5y2)
85. (z* + y2)2 =a’ (52° 4 3y°) 86. (2" + yQ)Q =a’ (22° + 3y°)
87.z' =ad’ (scS yz) 88. <x2 + y2)2 =a’ <z2 — yz)
89. (¢ + y2)2 =a’ (2 — 4y°) 90. (#* + y2>3 = a’2’y’.

91-100064uciuTH 3a JOMOMOTOK MOTPIHHOrO iHTerpajga 00 €M Tiia, Mo
oOMeXeHe BKa3aHUMHU MMOBEPXHSIMHU. 3pOOUTH PUCYHOK Tija Ta HOTO MPOEKIIii
HA IUIOLIUHY:

91.2=0,y=0, 2=0, z=4—1 3z + 4y = 12.
92.2=0,y=0, 2=0, 3z+4+2z=6, 3z + 4y = 12.
93.2=0,y=0, 2=0, 6z+ 3y+ 27 =06, y=1.
94.2=0,y=0, z=0, 2=9—2", x+2y =4.
95.2=0,y=0, 2=0, 3z+4+2z=6, 2z + 3y = 6.
96.2=0,y=0, z2=0, z=1—19", 2z + 3y = 6.
97.2=0,y=0, 2=0, 2zx+z=2 2z 4 3y = 6.
98.2=0,y=0, 2=0, 3zx+4+2y+32=6, y=2.
99.2=0,y=0, 2=0, z=4—-2", z+y=3.
100.z2=0,y=0, 2=0, 2x+z=4, z+2y=4.

101-110069ucnuTr KPUBOJIHIMHI IHTETpaIH TMEPIIOTO TUITY.
dl

101, | ————,

‘Lf VT Y

ne L —Biapi3ok mpsmoi © — 2y = 4,

o 3’ ennye toukn A(0,—2) ta B(4,0).

102.f(z2 +y2)dl, ne L —nyra kpuBoi
L
r = a(cost + tsint)
) , (0t < 2m).
y = a(sint — tcost)
Y “ 9 4 4 .
103. | —=—dI, ne L —payra kpuBoi 4y~ = —x° BIJ TOYKHU
[ﬁ yra kpugoi y” = =

A(3, 2\/5) 10 TOYKH B(8,3—32 \/5)

104. *, ne L —nyra kpuBoi z = 2cost,
Tty +z
y = 2sint, z = 3t (ogtgg).
105. f di ) ne L —Bigpi3ok mpsMoi y = 13; -2,
L T—y 2

o 3’ ennye Touku A(0,—2)ta B(4,0).
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106. fzdz,
L

107. f@dz,
L

108. f pydl,
L

109.f(x2 +y?)dl,
L

d!
110. [ ————
‘[Ja:2 +y° +4

ne L —nyra kpuBoi x = tcost,

y=tsint, z=1t (0<t < m).

ne L —nyra kpusoi = = a(t —sint),

y=a(l—cost) (0<t<2m).

ne L —KOHTYp MpSMOKYTHHKA 3 BEPIIUHAMU
A(0,0), B(4,0), C(4,2), D(0,2).

ne L —nyra KpuBoi x = a cost,

y=asint, (0<t< ).

ne L —Bigpi3ok mpsMoi, 1o 3’ €Hye

touku O(0,0) ta A(2,4).

111-120064ncnuTy KPUBOIMiHIKWHI iHTETpaIn APYroro THUITY .

111. f(l +2)dy — yda,
AB

112. fzdy —(y —1)du,
AB

113.fxydx+gdy,
AB x

114.f [3 - 2] dz — 22y dy,
as\Y

115. f(x —2y)dx — Edy,
AB y

116. fxy dz — z°dy,
AB

117. f[f + 1]dx — ydy,
ap\Y

ne AB —nyrakpuBoi z = 2cost, y = 2sint,
A(0,2), B(2,0).

ne AB —nyra kpuBoi x = cost, y = sint,
A(1,0), B(0,1).

ne AB —namana A CB,110 3’ €THY€ TOYKU
A(1,2), C(5,2), B(5,4).

ne AB —namana A CB, 1110 3 €1HYE TOYKH
A2,1), C(2,4), B(3,4).

ne AB —nyrakpusoi y = 2°, A(1,1), B(2,4).

1
ne AB —nyra kpuBoi y = —,
T

ne AB —namana A CB,1mo 3’ €1Hy€e TOUYKH

A(1,4), C(L,2), B(5,2).
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118. fy dr — [2 — 2] dy, ne AB —namana A CB, 110 3 €1HYE TOYKH
T
AB
A(17 5) 9 0(47 5) Y B (47 2) '

1109. nydx +(z—y)dy, ne AB —nayrakpuBoi y = cosz,
AB

A(0,1), B[E,O].

120. fgda: + 2°dy, ne AB —nyra kpusoi y = z°,
T
AB

A(~1,-1), B(2,8).
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